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Summary. The single bremsstrahlung is studied here with Bloch and 
Nordsieck’s approximation. The resulting formula is compared with that 
obtained by the perturbation method. The agreement of the two for- 
mulae for low energy photons is verified. Then we study the polarization 
of the emitted radiation, using our approximate formula. In particular 
we show in a simple way that, for emission angles lying in a certain range 
of values, the emitted radiation is mostly polarized with its electric vector 
perpendicular to the emission plane, in agreement with Wick’s results. 
Moreover it appears that, for a certain angle of emission, the low energy 
photons are entirely polarized with the electric vector perpendicular to 
the emission plane. 


Lately some authors (1#) have applied Bloch and Nordsieck’s approx- 
imation to the study of electromagnetic phenomena for which the perturbation 
calculation should have been too complicated, such as multiple bremsstrahlung 
and multiple production of photons in electron positron annihilation. The 


(1) E. CorINALDESI: Nuovo Cimento, 12, 571 (1954). 
(2) R. Ascott: Nuovo Cimento, 2, 1 (1955). 
(3) R. ARnowirr and $. DESER: Nuovo Cimento, 2, 707 (1955). 
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purpose of this paper is to apply the Bloch and Nordsieck’s treatment (*) 
(in its covariant formulation by Thirring and Touschek (5)) to the study of 
single bremsstrahlung. So, a comparison with the result of the perturbation 
theory is possible, and we verify the agreement of the two methods for low 
energy photons. 

As a result of our approximate treatment, we show that the emitted ra- 
diation is mostly polarized with its electric vector perpendicular to the emission 
plane for an emission angle lying in a certain range of values; moreover an 
emission angle exists, for which the radiation is entirely polarized perpen- 
dicularly to the emission plane. These results agree for low energy photons 
with those of Wick (5), MAY and WICK (7), GLUCKSTERN, HULL and BREIT (**); 
moreover they are deduced in a very simple manner and they hold either 
taking into account the screening or not. Since, as we shall see, Bloch and 
Nordsieck’s treatment of the bremsstrahlung leads to the same formula both 
in classical theory and in quantum theory, this confirms that Wick’s result 
concerning the bremsstrahlung polarization has its source in the classical theory. 


1. — Derivation of the Bremsstrahlung Formula in Bloch and Nordsieck’s 
Approximation. 


We call do the cross section for the single bremsstrahlung process in which 
an electron of initial momentum p, takes a final momentum p contained in 
the solid angle dQ,, whereas a photon is emitted with momentum k in the 
solid angle dQ,, with an energy between k and k + dk () and a polarization 
vector € (e gives the direction of the electric field of the emitted photon). 
Besides, E, and E are the initial and final total energy of the electron, and « 
is the angle between p, and p. 

To apply Bloch and Nordsieck’s method to the single bremsstrahlung we 
must study the emission of one photon in the elastic scattering of an electron 
by a nucleus, neglecting the reaction of the photon on the electron. 

If we call /(«)d2, the cross section for the scattering of the electron 
within the solid angle dQ,, then the cross section do is obtained multiplying 


(4) F. BLocH and A. NORDSIECK: Phys. Rev., 52, 54 (1937). 

(5) W. THiRRING and B. TouscueKk: Phil. Mag., 42, 245 (1951). 

(6) G. C. Wick: Phys. Rev., 81, 467 (1951). 

(7) M. May and G. C. Wick: Phys. Rev., 81, 628 (1951). 

(8) R. L. GLUCKSTERN, M. H. Hutt jr. and G. Breit: Phys. Rev., 90, 1026 (1953). 
9) R. L. GLUCKSTERN and M. H. Hutt jr.: Phys. Rev., 90, 1030 (1953). 

(1%) We use natural units, # = 1, c = I. 
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I(x) 49, by the probability w,dQ,dk for the emission of a photon having a 
momentum contained in the solid angle d@,, an energy comprised in the range 
between k and k + dk and a polarization vector e. 

The photons are emitted independently from each other, so the probability 
w, for the emission of N photons, is given by Poisson’s formula: 


¥ i 
(1) N Wy = N! exp ES N] , 


where N is the mean number of the emitted photons. 
In our case is N <1, (N æ 10-2) (2), exp > N] = 1, and, for N = lf 


(2) w, = Nexp[—N]=N. 


Therefore we may put w,dQ,dk = ndQ,dk where n is the mean number 
of the photons emitted per unit solid angle and per unit energy range with 
polarization vector e. So we obtain: 


(3) do = I(x) dQ,n dQ, dk . 


The elastic scattering cross section for an electron of velocity v) = f, in 
the Coulomb field of a nucleus of charge Ze, is (11): 


72e: à (a Fra | dQ, 
ee 0; oe sin? — |———— . 
(2m)? ge e 2) sin? «/2 


(4) I(«)dQ, = 


Calling q = po— p the momentum transferred to the nucleus, it is @ = 
= 4p; sin? «/2; therefore a simple calculation gives: 


4K 
(5) I(x) dQ, = Ze! 


BON 
a 


On the other hand, Bloch and Nordsieck’s method, in the genera- 
lized form of Thirring and Touschek (5212), gives the following formula 


(1) N. F. Morr and H. 8. W. Massey: Theory of Atomic Collisions (Oxford, 1933), 


p- 58. 
(2) See also J. M. Jauch and F. Ronruicn: Helv. Phys. Acta, 27, 613 (1954). 
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e e? || | Pore pe (2 (y. 


Qn? 2 | Pouky Duby 


Calling # and © the angles of p, and p with respect to k and putting po’ € = Por, 
p'€e = pı we obtain (5): 
e? dk | Pot Pi 


(7 nAQ,dk = d2;, —| = — 
(7) Ä 4m "KR | E,—p,0C08%, H— p cosd 


In our case we must apply this formula to the elastic scattering of the 
electrons by the nuclei; so p, = p, Eu, = E and we have: 


2 


dis 
k 


Pot DE ES 
Ey — Po COS 0, Ep — Po COS Di) 


2 
(8) FAQ dk = dQ, 
ne 


At last, substituting (8) and (5) in (3), we obtain: 


VATA dk A — q° p pi 2 
9 do = — d2,d2, — — a — 
2) à Ar? ; Gs gq) E,— Po COS D) Hy — Po COS Ÿ 


We may now compare these results with those obtained from the per- 
turbation theory. 
This latter gives (515): 


(10) dos 


ans. | & ie + (4E? ol = | 


E — p cos Ÿ) Hy — Po COS Vo 


1 PiPor 

19 (din pes gz) ee u 
( vd) (E — p cos d)(E, — Po C08 05) 

pe E—peosd | E—pcos, : De PME 

(Ep cost, | E—peos? ‘ (E—p cos 0)(E — po 608 D)/] ” 


where here q = po — p — k. 


(3) The formula for n has been derived by THiIRRING and TOUSCHEK for à classical 
electron. Arguments for the validity of the formula for a quantized electron have been 
given by Jauch and RomrLiCH. A proof of the formula for a quantized electron has been 
deduced by one of us (R. Ascorı) and will appear in a following paper. 

(4) In this paper we use non rationalized units for the charge. po,, Pu, k, are four- 
dimensional vectors; po,k, and p,k, denote four-dimensional scalar products. 

(5) We put here p, = |p|, p = |p|. 

(18) M. May: Phys. Rev., 84, 265 (1951). 
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As the photon energy k tends to zero, the last term in the brackets tends 
to zero owing to k?. Moreover, p =p, E = E, and q = p»— p; therefore 
the remaining terms in the brackets give 


2 5 Por Pr 2 
Si a, COs) Bo py cos ;) 
So, whichever the electron energy is, formula (10) gets into formula (9), 
which had been obtained with Bloch and Nordsieck’s approximation. If we 
compare (9) and (10) for k #0, we see that the disagreement between the 
two formulae is mostly due to the difference in the value of the 1/q* factor, 
which is very sensitive to the value of k. Therefore a better approximation 
than Bloch and Nordsieck’s may be obtained in a very simple way taking 
into account the reaction of the fields on the electron only through the con- 
servation of momenta (17). This corresponds to put into (3), for Z(x) the ex- 
pression (5) in which it is q = pp— p—k instead of q = po — p. 


2. — Polarization of the Emitted Radiation. 


We start here from formula (9) derived above by Bloch and Nordsieck’s 
approximation, and we deduce some properties of the polarization of the 
emitted radiation. 

We call @ the angle between the 
planes of po, k and of p, k and y the 
angle which the direction of the photon 
electric vector e forms with the plane 
of po, k (Fig. 1). Then, if po, and p, 
are expressed as the projections of 7 
and p on the direction of e, formula 
(9) becomes 


Zxes 1k 4E2— @? 
Ho do eee 


2 lo = 
ia 47? k q* 


Po COS y Sin Jy  p,cos(p—y) sind |? 
E, — p, cos 3, E,—p cos? | 


First of all, we see from this formula Fig. 1. — The directions of pe, p; k and 
€ are represented starting from the center 


Du Zn an vhs ADD ae Gt sphere. The plane AOB is perpen- 
imation, entirely polarized in some pla-  Gicular to k. OA lies in the plane of po 
ne for a given direction of the scattered and k. OB lies in the plane of p and k. 


(7) On this subject see also E. L. Lomon: Nuclear Physics, 1, 101 (1956). 
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electron. In fact, the cross section do depends on y only through the expression 


in the brackets. This is 
for which do = 0. The 
to this direction. 


a sinusoidal function of y, so a direction of € exists 
radiation is then entirely polarized perpendicularly 


To study the polarization direction, we call do, the cross section for the 


emission of the photons, 


the polarization vector of which lies in the emission 


plane po, k (y = 0), and we call do, the cross section for the photons, the 
polarization vector of which is perpendicular to the emission plane (y = 2/2). 


We have from (12) 


do, = a dQ, dQ, dk AE — q? Po Sin Os Do COS Sin 2 2 | 
Ar? k q° E,— Po COS D Eu — Mo cos Ÿ 
and 
Z2e® dk 4h — q? i sin Ÿ\? 
ane Zre® 40,40, k 0 — 4? {Po Sin y sin 5) 
Art? k q* Ey, — Po COS Ÿ 
Therefore: 
(13) doy x (; sin do sind cosp \ (E,— py cos Ü\? 
do, \E,—p,cos% E,— py Cos Al sin Ÿ sin p | 


Fig. 2. — Spheric triangle 

OL Sıdes 90,0, ln dos D. 

and k denote the inter- 

sections of the vectors po, 

p: k with the sphere of 
Bios le 


Suppose we integrate (12) over the direction of the 
scattered electron. We call y the angle between the 
planes of po, p and of p,, k. Then for each value of 
y the most important contribution to the integration 
comes from the neighbourhood of q = 0 (or « = 0), 
owing to the 1/q factor. Therefore if we make the 
experiment without observing the direction of the 
scattered electron, some conclusion about the photon 
polarization may be driven by considering the behav- 
iour of (13) for small values of «, keeping constant 
Oo and y (2°). 

From the spheric triangle of sides 2%, 9 and « 
(Fig. 2) we have 


COS X = COS Ÿ, COS Ÿ + sin Ÿ, sin Ÿ cos —@ , 


cos Ÿ = cos J COS & + sin d, Sin & COS y, 


(5) This reasoning leads to an exact result at the limit when the photon energy 


tends to zero, and it leads 


to an approximate result otherwise. 
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and 


sin Ÿ sing — sin y sing. 


Using these relations and p,/E, = f, formula (13) may be transformed into: 


2 


(14) d5: 1 = al 


= DE a ee a ES eed 
i sia SGaeh) sin 7, — (cos 9, Ba) cos 7)| 


sin x 


which contains only #,, y and x. 

For sufficiently small values of x, the expression (cos x — 1)/sin x is very 
small and may be neglected. 

Then the right hand side of (14) becomes: 


2 


I — COS Ÿ 2 
Po 7% cotg y| . 


ne 1 — Br cos D, 

This expression vanishes as cos 4, — f,. So a particular emission angle 
exists, for which the radiation is entirely polarized with its electric vector 
perpendicular to the emission plane. 

Moreover for emission angles in the neighbourhood of this value the ex- 
pression (15) is small and the radiation is mostly polarized with its electric 
vector perpendicular to the emission plane. 

These conclusions agree exactly with those that Gluckstern, Hull and Breit 
have derived from the perturbation theory in the limit of vanishing photon 
energy and they agree approximately with the conclusions which hold for 
photons of unvanishing energy (571558), 

It is interesting to observe that both quantities /(x) and # which enter in 
the expression (3) of do, are the same in classical theory and in quantum theory. 
Therefore our results hold in both theories. This shows that the prevalent 
polarization of the bremsstrahlung with the electric vector of the photons 
perpendicular to the emission plane has its source in the classical theory. 

If we want to take into account the screening, we must only substitute 
in (3) the scattering cross section I(~)dQ, for the electrons in a Coulomb field 
with that for the electrons in a screened Coulomb field, whereas the factor n 
remains unchanged. Now the polarization direction of the photons appears 
only in the factor 7, therefore the conclusions concerning the polarization are 
the same even taking into account the screening. 
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RIASSUNTO 


Si studia la bremsstrahlung semplice con l’approssimazione di Bloch e Nordsieck. 
Si confronta la formula ottenuta con quella data dal metodo perturbativo, e si verifica 
la concordanza delle due formole per fotoni di bassa energia. Usando il nostro risultato 
approssimativo si studia inoltre la polarizzazione della radiazione emessa. Si mostra 
in particolare in modo semplice che, per angoli di emissione compresi entro certi limiti, 
la radiazione emessa è prevalentemente polarizzata col vettore elettrico perpendicolare 
al piano di emissione in accordo coi risultati di Wick. Si mostra inoltre che per un 
certo angolo di emissione i fotoni di bassa energia sono totalmente polarizzati col vet- 
tore elettrico perpendicolare al piano di emissione. 
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Summary. — The intrinsic specification of the configuration of a cascade 
of two body decays — such as &° > AP+r7, AP > p+77,, or X0— A+. 
A® + p+zx- — requires a parameter, the distribution of which will reflect 


the dynamical features of the process. A detailed discussion is given 
of these distributions and it is shown that when a sufficient number of 
= cascade decays, and, similarly, of 2° cascade decays, will have been 
collected, the comparison with the theory will furnish information on 
the spins and parities of the hyperons involved. 


1. — Introduction. 


It was firstly pointed out by DALITz (') that the angular and energy di- 
stribution of the three pions emitted in the -*-decay could give information 
on the spin and parity of the 7. In fact in the decay of a 7° at rest into 
three pions two parameters are required to specify the decay apart from the 
spatial orientation. The distribution of these parameters will reflect the dyna- 
mical features of the decay. On the other hand no intrinsic parameters are 
needed to specify, apart from the spatial orientation, the configuration of a 
two-body decay of a particle at rest, averaged over the final polarizations. 
However, a particularly favorable situation occurs in the case of cascade 
two-body decays. To specify, apart from the spatial orientation, the confi- 
guration of the cascade — which includes two successive two-body decays — 
an intrinsic parameter is required. A convenient choice for such parameter 


() R. H. Dauız: Phil. Mag., 44, 1068 (1953). 
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is the angle between the line of flight of the particle emitted in the first decay 
which subsequently disintegrates and the direction of emission of its decay 
products in the center of mass system. The distribution of this parameter 
will reflect the dynamical features of the transition. 

The present statistics of the Kj; events are consistent, excluding high 
spins, only with the spin-parity assignments 0 or 2 to the r+-meson (?). 
However, if the t-meson were 2 one would expect the t+ > x*++y decay mode 
(monocromatie rt of — 127 MeV kinetic energy) to occur rather frequently 
but no evidence has been reported so far of such decay — forbidden for 
0 -t-meson. RUDERMANN and KARPLUS (*), developing an argument similar to 
that proposed (*) to discard the suggested high spin explanation of the long 
lifetimes, conclude that the spin of the A’ is $ or 3 and its parity the same as 
that of the proton if the spin is 3. The angular correlation discussed here will 
give information on the spins and parities of the different hyperons. A preli- 
minary report of the present investigation has already been given (°). A feature 
of these methods is that no knowledge at all is required of the state of pola- 
rization of the parent particle of the cascade, the = or the %°. Therefore 
the statistics may include H and respectively 2° of any origin — any cascade 
= -decay, and similarly any cascade Z°-decay, gives a new point in the sta- 
tistics. The situation is here similar to the case of the determination of the 
spin of the ++ — no knowledge at all of the possible polarization of ++ is 
required. On the other hand, the angular correlations in reactions such as, 
for instance, the sequence n+p = Y+K, Y > N-+7, essentially depend on 
the polarization of the produced Y — to be specified by a certain number 
of parameters, which however are expected to depend on the energy and on 
the angle of emission of the Y. In the case of cascade decays a similar situation 
would occur for the correlation between the first and the second decay plane 
— not considered here. In all such cases the collection of data relative to 
widely different experimental conditions will strongly reduce the correlation 
effects. 


2. — The Cascade Decay of the HE. 


2°1. — Consider the decay of the & in its rest system (see Fig. 1). We choose 
as quantization axis for the angular momenta the direction of emission of 
the A°. The vector L, of the relative angular momentum between the emitted 
A’ and x will precess around the quantization axis, always orthogonal to it. 


(?) Results obtained at Berkeley, MIT, Columbia, Bristol and Padua. 
(?) M. RUDERMANN and R. Karpius: Phys. Rev. (in the press). 
(4) R. Garro: Nuovo Cimento, 1, 372 (1955). 
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If the Æ is in a state with component m, of its spin S, the A° will be 
emitted in a state with component m, = m, of its spin s. In the following we 
shall use the notation [S Psp] to indicate the case refer- 
ring to a H with spin S and parity P (relative to the 
nucleon) and to a A® with spin s and parity p (rela- 
tive to the nucleon). We assume that the A° does not 
suffer any appreciable change in polarization until it 
decays. Consider the decay of the A’ in its rest 
system (Fig. 2). Let us denote with 


(1) <n, 4m2|T,|sm,) , 


the element of the transition matrix for the decay 
of the A° from the state with component m, of the 
spin into a proton and into a pion, the latter being 
emitted in the direction of the unit vector n. We 
call 9 the angle formed by n with the quantization axis — which coincides 
with the line of flight of the A’ assuming that the A® has not suffered ap- 
preciable deviations. The distributions for the angle 9 will be given by 


Five 


2 


SM, > 


(2) I Kr, 3m, \T, 


mL 


Only one value for the relative angular momentum /, between the final 
proton and pion is allowed by conservation of total angular momentum and of 
total parity: 1, = s— 4 if the parity of the A! relative 
to the proton is (—)**?, l, =s + 4 if the parity is 
(—)*-*. As a consequence the angular distribution 
(2) is completely determined from geometrical consi- 
derations. We can give an explicit form to (2) using 
the Racah technique. The matrix element (1) is first 
written as 


| 


<n, 4m, | T,|sm,> = (1.4m, m,|sm,) Yi *(n)<4|l|s) , 

where <4(|l,|s> is a reduced matrix element. To evaluate (2) we first use the 
addition theorem for spherical harmonics and then we carry out the sum- 
mations over the magnetic quantum numbers — following Racah’s method, 


after a suitable reshuffling of the arguments of the Clebsch-Gordon coefficients (°). 


(5) The general formalism can be found for instance in F. Cogsrer and J. M. Jaucu: 
Helv. Phys. Acta, 26, 3, (1953). 
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The final result is 


(3) (2) = constant x > (21,00 |10)(slm,0 | sm,) W (sslaly $l) Yı(n) . 
U 


Note that (11,00 10) limits the summation to even values of J (conservation 
of parity) from 0 to 2l,. However, when , = s + 3 the triangular condition 
for the other coefficient cannot be satisfied for 1 = 21, and so the summation 
is in any case interrupted at 1 = 2s— 1 irrespective of the parity of the AP. 
Thus, for the particular case s = 4 one always gets an isotropic distribution 


(independent of the polarization) a well-known result (°). If we start from 


an unpolarized sample of 3° the distribution for the angle 6 will be given by 


(4) W(cos 8) = SS |dm, sm.| Z,|Sm,>|* S| Gn, im; | P|5m,>*, 
ms Ms m} 

where 

(5) <nysm,|T,|Sm,> , 


is the element of the transition matrix for the decay & — A®+z-. The sum- 
mation over m, has been done incoherently: in fact our particular choice of the 
quantization axis destroys the interference terms — starting from the state m, 
only the state with m, =m, is reached. The matrix element (5) can be 
written as 


(6) nm, 


T,|\Sm,> = > (lıs0m, | Sm,)T,(h) , 


ü 


where 7,(l) is proportional to the reduced matrix element. The values allowed 
for 1, by conservation of total angular momentum and of total parity are 
reported in Table I for spin values up to 3. 

The values of [SP] are indicated in the first column, the values of [sp] 
referring to each column are given in the first row. After inserting (3) and (6) 
into (4) we again reshuffle the arguments of the Clebsch-Gordon coefficients 
and then use Racah’s method to carry out the summations over the magnetic 
quantum numbers. Expressing in terms of Legendre polynomials the final 
result is 


(7) W(cos 0) = 
= constant x ¥ T(L)T(L) (41,00 | 0) (11,00 | v0) W (ssl,,yS) W (sslalgv3)P, (cos 0) . 


vll, 


(5) For a general proof on elementary arguments see R. Garro: Nuovo Cimento, 
2, 841 (1955). 
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TABLE I. — Possible values of I, for B = A®°+n-. 


me += $—(, = 2) + (y= 3) 3— (= 2) 
se 1 | 2 3 2 | 
| a + | 
| $- 2 | 1 2 3 

ee 173 | 0, 2 ie 2,4 
| 8 | 0, 2 | 158 294 1,3 
| a 1,3 | 2,4 a 0, 2, 4 | 
NE 2, 4 | in 0, 2, 4 AR 


2°2. — To illustrate the nature of the correlation it may be instructive to 
give an elementary derivation for the cases [$P3p]. It can be seen from (7) 
that in the cases [4P3p] the correlation has always the form 


W(cos 0) = 1 + 3 cos? 6, 


— 
we] 
— 


so that no conclusion on the relative parity of the Æ and of the A’ can be 
obtained from the measurement in these cases. The form (8) of the correlation 
comes out in the following way. We start from an unpolarized sample of = . 
Due to our choice of the quantization axis the only transition which may occur 
are those which lead from the magnetic sublevel + $ for the & ’s spin to the 
magnetic sublevel + + for the A° spin, and from the sublevel — 4 for the = 
to the sublevel — 3 for the A°. The two sublevels = 4 for the A® spin will 
therefore result equally populated — for symmetry reasons — while the two 
other sublevels = 3 will result completely unpopulated. It will be sufficient 
to consider the subsequent decays from the sublevel + 4. The two possibilities 
are: (i) final proton in the sublevel + 4, and, accordingly, the component 
of the orbital angular momentum between the final pion and proton is zero; 
(ii) final proton in the sublevel — 4 and component of the orbital angular 


momentum + 1. The corresponding relative intensities — squared Clebsch- 
Gordon coefficients — are 2 and 1 respectively for case (i) and (ii), if 1, = 1 
(p = + 1), and 2 and 3 respectively if J, = 2 (p =—1). In both cases we 
obtain 
Domne te iby = Wi COs 0) sO) VO ya 

= 2 cos? 0 + 4(1— cos? 0) — 1 + 3 cos? 6, 
p= — iit, = 2 W(cos 0) = 2| Y°|2 + 3] Yi? = 


= 4(3 cos? 0 — 1)? + $ cos? 6(1 — cos? 0) ~ 1 + 3 cos? 6. 


202 R. GATTO 


2°3. — Coming back to the general expression (7) we note that only even 
values of » may contribute to the sum. Therefore the correlation has the form 


(9) W(cos a 26 „(cos 0)”, 


akan 


0,2,- 


as indeed follows from the more general theorems. Moreover the correlation 
only depends on the relative parity of the Æ and of the AP. From Table I 
we see that in the cases [3 + 3—] and [3— 3+], [3 + 3—] and [5 — 5 +] 
the lowest J, is zero and therefore, if — as expected — the contribution of 
the higher values of J, is negligible, the correlation is nearly isotopic in these 
cases, and in the similar ones for higher spin values. In Table II we report 
the angular correlations which are found for the cases considered in Table I. 
For the cases where more values of !, are admitted we have introduced the 
parameter £ to account for the possible admixture of the nearest possible 
l, — Eis the ratio of the reduced matrix element of the next higher /, to that 
of the lowest !,, and it can only take real values. It is impossible to predict 
the value of € in the absence of a detailed theory. However, as a first approx- 
imation, one would assume €=0. This assumption is sufficiently accurate 


TABLE Il. — The angular correlation for the cascade B+ A°+n-, A>p+r 
[+2 +1ll3-3—]1 
= + LR W (cos 0) = 0.500 + 1.500 cos? 0 
[+ 3-14-3 +1) 
[2+ 3+][3 —2—] | Wicos 6) = 1.400 — 1.200 cos? 6 + &(0.600 — 1.800 cos? 6) + 
+ £2(0.600 + 1.200 cos? 6) 
[3 + 3—][8 — 5 +] | Wicos 6) = 1.000 + &(0.448 — 1.340 cos? 8) + &2 0.200 
| (8+ 34+]5—2-—] | Wi(cos 9) = 0.900 + 0.300 cos? 6 + (0.980 — 2.939 cos? 0) + 
| + £2(1.100 — 0.300 cos? 0) 
| [8 —24]78+ 3—] | Wicos 6) = 1.357 — 1.071 cos? 6 + &(0.700 — 2.100 cos? 6) + | 
+ £2(0.643 + 1.071 cos? 6) 
iL, ot. & DNS 
| 42 2 Il = ] | W (eos 0) = 0.750 — 1.500 cos? 6 + 3.750 cost 0 
| AE ESS; ie 5 ] f 
| A 2 BE 
3+3+123-3-—] | Wi(cos 0) = 0.600 + 1.198 cos? 6 + 
+ E(— 0.367 + 6.616 cos? 0 — 9.186 cos! 0) + 
+ &(0.525 + 2.548 cos? 0 — 1.875 cos? 6) 
[3 +3-]3-3+] | W(cos 6) = 0.429 + 4.286 cos? 6 — 4.286 cost 6 + 
| + &(— 0.249 + 4.724 cos? 0 — 6.561 cos? 6) + 
| + E2(— 0.696 — 0.536 cos? 0 + 2.411 cos? 0) 
[34+3+]6-3-] W(cos 0) = 1.457 — 1.371 cos? 0 + 
+ &(1.281 — 7.056 cos? 0 + 5.345 cost 6) + 
+ £2(0.858 + 1.550 cos? 0 — 1.875 cos? 0) 
[3 +3—]2—3+4+] | Wicos 0) = 1 + &(0.478 — 1.434 cos? 6) + 
| + £2(0.282 — 0.536 cos? 0 + 0.482 cos? 0) 
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unless the «size» of the Æ° is exceedingly large, comparable, say, to the 
nucleon Compton wavelength, and/or very strong interactionsex ist between 
the emitted A, and xz — these last effects could however be evaluated by a 
procedure suggested by BRUECKNER and WATSON (7). 
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Riou 3. Fig. 4. 


As a consequence of parity conservation the correlation can only depend 
on cos? 0. Therefore we can take for 9 the acute angle between the direction 
of emission of the A° secondaries in the A° center of mass system and the 
line of flight of the AP, and reduce the comparison only to the values 0°< 9 < 900 
— we assume a priori that parity conservation holds and are not interested 
in its verification. The angular correlation W (cos 0) is the probability per unit 


3.0 
28} [23] 
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RENE arf RC 
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Hig. 5. Fig. 6. 


(*) K. BRUECKNER and K. M. Watson: Phys. Rev., 87, 621 (1952). 


204 R. GATTO 


solid angle. In Table II the expressions are normalized such that the integral 
from 0 to 2/2 of W(cos 6) d(cos 0) is equal to 1 if all terms proportional to € 
and & are neglected. In Fig. 3-8 we report the graphs of W(cos 0) for the 
different cases of Table II, assuming that all terms proportional to £ and & 
are negligible. 
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The recent analysis of RUDERMANN and KARPLUS (?) of the mesonic non- 
mesonic ratio in the decay of hyperfragments predicts spin 4 or 3 for the A®, 
and, if the spin is 3, parity + 1 relative 
to the proton. If the A° has spin 4 it 
must always decay isotropically, however 
polarized. Therefore a constant isotropy 


S 
© 
je) 
us 
3 
oO 
8 
fe) 
a 
[=] 
Ë | 
= 
on 
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fe) 
in 
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Ihe ee Se he 9, 1 0 1 ‘ » differe 
[>> $+] [2 + 24 (+ 248 of the decay distributions under different 
[2 = | JS = elle conditions would indicate spin 3. Recent 
2 2 2 2 2 2 2 À : . : 
pis >] results (°) for associated production indi- 
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cate a tendency for strong anisotropies 
Fig... — although the statistics are insuffi- 
cient to draw any conclusion. For the 
cases corresponding to the A° spin 3 the correlation is reported in histogram 
form in Fig. 9. We have divided in two equal regions the total interval 
0 < cos 0 <1 and reported for each region the expected frequency. This pro- 
cedure is perhaps the most convenient one for comparison with experiment 
when à small number of data is available — the random fluctuations are 
reduced and the classification of the events according to the region in which 
they fail is less subject to experimental errors. An event lies in the first 
region, 0 < cos 0 < 0.5, if the acute angle between the direction of emission of 


(5) See, for instance, W. D. WALKER and W. D. SHEPHARD: Phys. Rev. (in the press). 
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the decay products of the A° (in the A® center of mass system) and the line 
of flight of the A° is between 60° and 90°; the event lies in the second region 
0.5 < cos 0 <1 if the angle is between 0° and 60°. It can be seen from Fig. 9 
that a choice between the cases, (i) & with spin 4, (ii) & with spin 3 and 
same parity as the A°, (ii) H with spin 3 and opposite parity to that of A®, 
should in any case be possible. However a distinction between the case (iii) 
and the case (iv), 2 with spin 5 and same parity as the A°, and between (ii) 
and (v), & with spin 3 and opposite parity to the A°, would require a better 
statistics. Up to now it has been possible to the author to collect the data 
from only four cascade decay events: two of them fall in the first region and 
the other two in the second region. 


2°4. — As already remarked the distribution of the dihedral angle y 
(0° < y < 90°) between the first decay plane, that of E87 — A’+r7, and the 
second decay plane, that of AP —p-+r-, may give information on the spins, 
but its theoretical discussion requires a much better knowledge of the dynamics 
of the whole process. In any case from such distribution one can obtain lower 
limits for the spin of the A°— following a method due to TREIMAN and 
WY Lp (°). If the distribution is not isotropic the A® spin is > 3. However, 
if the fraction of events with y<y’ is larger than 


1 
== (2y'+ 0.577 sin 2y') 


(which is 0.174 for w’= 10°, etc) then the A° spin is > = 


3. — The Cascade Decay of the >. 

3'1. — The correlation in the cascade 2° — A®++7, AP > p+r can be written 
in the form 
(10) W (cos 0) = 

= const X > Th) (JE 1 -1|v0)(1,1,00 | v0 |) W (ssl,l»S)W (ssll,r4)P,(cos 6), 


vll, 


in a notation similar to that of (7) — the coefficients (1,1,00|v0) are substituted 
here by (LU, 1 —1|»0) corresponding to the vector and transverse nature of the 
emitted light quantum. In (10) S is the spin of the 2°; !, and U can take all 
values permitted for the relative orbital angular momentum between the 
emitted A° and y. We shall use the notation {SDsp} to indicate the case re- 


(9) S. B. Treıman and H. W. Wyzp: Phys. Rev., 100, 879 (1955). 
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ferring to 2° with the spin S and parity (relative to the proton) D and to a 
A° with spin s and parity p (relative to the proton). The possible multipole 
orders for the emitted y-ray in the 2° decay are reported in Table III for spin 
values up to 3. Electric transitions are denoted by (e) and magnetic tran- 
sitions by (m). The favored cases are denoted by (F), the unfavored by (U). 


TABLE III. — Multipole orders for X°—A°++. 
IS sp | 5 | 
FIN 3+ (= 1) 3 (5 = 2) 54 (I, = 3) | 3 — (I, = 2) | 
L+ ik, Gi) ah Um) | 9 8 CHERS (U) 
(m)(e) (e)(m) (e)(m) (m)(e) 
| 2 1, (aan ET (U) 2 (U) 23 (F) 
| | (e)(m) (m)(e) (m)(e) | (e)(m) 
ie hia DDR Ie eed | SACU lied 2 (F) | 
| (m)(e)(m) (e)(m)(e) (m)(e)(m)(e) (e)(m)(e)(m) | 
3 — 122,03 (F) 1923 (U) 1023,54 (F) 1, 2,0804 (U) 
(e)(m)(e) (m)(e)(m) (e)(m)(e)(m) (m)(e)(m)(e) 
I Ty 25 Sh. et (U) i ey ches (0a) 1,2, 822000) en (WA) | 
| | (m)(e)(m)(e) (e)(m)(e)(m) (m)(e)(m)(e)(m) (e)(m)(e)(m)(e) 
| 3 — SEE NU) al, Be Be MR) 152,232 48 (F) E23 TADEL) | 
(e)(m)(e)(m) (m)(e)(m)(e) (e)(m)(e)(m)(e) | (m)(e)(m)(e)(m) 
= | Le 


The values of {SD} are in the first column, the values of {sp} in the first row. 
The correlation (10) has still the form (9) according to the general theormse. 
In the favored cases one may assume that only the lowest multipole con- 
tributes. A rigorous justification of this assumption cannot be given at present. 
The emitted y-ray in the &° decay has a wavelength = 0.3-10-12 cm — the- 
refore it seems that, unless the involved « size » of the %° is unreasonable large, 
the assumption that only the lowest multipole intervenes in the favored cases 
should be generally valid. In the unfavored cases a similar assumption would 
require a better justification. In Table IV we report the explicit form of the 
angular correlations calculated for the cases considered in Table III, supposing 
that only the lowest multipoles contribute. The parameter & is the ratio of 
the reduced matrix element of the next higher I, to that of the lowest J, and 
it can only take real values — for the favored cases one may assume & = 0. 

Since we are not interested in the verification of parity conservation we 
may a priori assume that the correlation will only depend on even powers 
of cos? #. Therefore we take 9 to be the acute angle between the direction of 
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TABLE IV. — The angular correlation for the cascade °+A°+7, A>p-+r-. 


1) 
bole 


Dip] W (cos 0) = 1.250 — 0.750 cos? 0 + &(— 0.866 + 2.598 cos? 6) + 
+ £2(0.750 + 0.750 cos? 0) 


| [3DËp] | Wicos 0) = 0.800 + 0.600 cos? 6 + &(— 0.775 + 2.324 cos? 0) + & 

| [$D3p] | W(cos 6) = 1.050 — 0.150 cos? 6 + &(0.592 — 1.775 cos? 0) + 

| | + £2(1.179 — 0.536 cos? 0) 
| [4937] W(cos 0) = 0.500 + 3.000 cos? 6 — 2.500 cost 6 + 


| + &(0.354 — 6.364 cos? 0 + 8.839 cos? 0) + 
+ £2(— 0.375 + 0.750 cos? 0 + 0.625 cos? 9) 
[3Dp3] | W(cos 6) = 1.200 — 0.600 cos? 6 + &(— 1.014 + 3.043 cos? 0) + 

| + £2(1.143 — 2.143 cos? 6 + 2.857 cos! 0) 
[3D3p] | W(cos 6) = 0.771 + 0.686 cos? 6 + &(— 0.542 + 1.626 cos? 6) + 
+ €2(— 0.964 + 1.071 cos? 0 — 1.607 cost 0) 


emission of the A° secondaries in the A° center of mass system and the line 
of flight of the A°, and reduce the comparison to values 0° <4 < 90°. In Table IT 
the normalization is chosen such that if £ = 0, the integral of W(cos 9) d(cos 4) 
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from 0 to 7/2 is equal to 1. The corresponding graphs of W(cos 9), for the 
favored cases — fon which the assumption & = 0 should be valid — are re- 
ported in Figs. 10-12. If the A° spin is } its decay distributions are always 
isotropic. If the A° has spin 3 and if the X° has opposite parity to that of 
the A’ it should be possible to distinguish between (i) £° with spin 3, (ii) with 
spin 3, (iii) with spin 3, as the histograms of Fig. 13 illustrate. In the histo- 
grams of 13 we have divided the total interval in two regions, 60°< 9 < 90° 
and 00< 0 < 60°, and reported for each region the predicted frequency. 
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In general, reactions which lead to the production of X° are also expected 
— unless particular rules intervene different from strangeness conservation — 
to lead also to the direct production of A® (in place of %°). Therefore, for the 
measurement of the correlation proposed here one must be able to find kine- 
matical criteria for distinguishing between the A° which are produced directly 
and those which are produced by the successive 
decay of the X°. The distinction can be done easily 
in the case of the simplest production processes 
such as m+p > %°(A°)+K°, K +p > X0(A°) +, 
however it could be difficult in the case of com- 
plicated production processes. On the other hand 
one could hope to measure the emitted light 


Bere 
Be] BH B# 
1a, 119% Fig. 13 


quantum in &° — AP+y, which in itself would be an important experimental 
result — and one would also have the possibility of triple correlation exper- 
iments. To show in simplest cases the possibility of distinguishing between 
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the AP produced directly and those produced through the intermediary 2° — 
which only must be used for the statistics — we report in Fig. 14 the A° 
energy spectrum from K- absorption at rest in hydrogen, and in Fig. 15 the 
A® energy spectrum from K--absorption at rest in deuterium (1°). The sha- 
dowed parts of the spectrum correspond to A° which are necessarily produced 
through intermediate X°. | 


(1%) M. K. Case, R. Karpzus and C. N. YANG: Phys. Rev., 101, 358 (1956). 
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RIASSUNTO 


La specificazione intrinseca della configurazione di una cascata di decadimenti di 
due corpi — come 3 —A°®+7-, AP> p+r-, 0 20 > AP+y, AP> p+r- — richiede 
un parametro, la cui distribuzione riflettera gli aspetti dinamici del processo. Viene 
data una discussione dettagliata di queste distribuzioni, e viene mostrato, come, quando 
un sufficiente numero di decadimenti a cascata di & , e, similmente, di decadimenti 
a cascata di XP, sara stato riportato, il confronto con la teoria dara informazioni sugli 


spin e sulle parita degli iperoni. 


IL NUOVO CIMENTO Von Lee IN 2 1° Agosto 1956 


On Some Solutions 
of Gürsey’s Conformal-Invariant Spinor Wave Equation. 


F. KORTEL 


Institute for Theoretical Physics, University of Istanbul 


(ricevuto il 23 Aprile 1956) 


Summary. — Some classical solutions of Gürsey’s conformal-invariant 
spinor wave equation are given. 


Introduction. 


Recently the conformal-invariant spinor wave equation 


has been proposed by GÜRSEY (1) as a possible basis for a unitary description 
of elementary particles. The present paper deals with several solutions of (1) 
some of which are also common to the more general equation 


0 SA 
(2) Vu ae + Ep) y = 0, 


where / > 0 has the dimension of a length and n is a real number. We begin 
by a study of (2) and then pass over to two solutions which are characteristic 
of the case n = }. 

As already pointed out by GÜRSEY (1), (2) has plane wave solutions from 
which one can obtain others by conformal transformations if n = }. Those 
solutions will not be considered here. 


(1) F. Gürsey: Nuovo Cimento, 3, 988 (1956). 


ON SOME SOLUTIONS OF GURSEY’S CONFORMAL-INVARIANT SPINOR ETC. DAT 
Following HEISENBERG (?) we seek solutions of (2) of the form 
(3) p = (2,7,x(8) + p(s))a 


with a an arbitrary constant spinor and y(s) and œ(s) real functions of the 
interval 
SS Se Se (e = 1): 


u 


1. — Differential Equations for y(s) and y(s). 


Inserting (3) into (2) and equating the coefficients of a and L,Y ,0 to zero, 
we obtain for y(s) and œ(s) the system of two ordinary non-linear differential 
equations 


(4.1) Qsy'+ 4y + ag(sy? +)" =0, 
(4.2) = 20 ay(sy Ep) = 0, 
where 

(5) a = 18"-1(aa)" . 


In order that y(s) and q(s) may be real, « must be such that « is real as well. 
It is often more convenient to use a second set of variables defined by 


+ = Ale) (2), o=Bls g(), = ine, 


U, o=7-+ ft, eet", Br Asgnd. 


In these new variables first introduced by HEISENBERG (?) the equations (4.1) 
and (4.2) read 


| < 
we) 2j + (3 =A GET UE 
Fra ie 1 

2) geet at Sian (Up S20 


(?) W. HEISENBERG: Zeits. f. Naturf., 9a, 292 (1954). 
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for s > 0 and 


1 
(8.1) 2+ (se) + mr =0, 
6 / 1 > 9 
(8.2) 29 PEN eens 
fons —<< 0: 


2. — The Simplest Solution of (2). 


Choose the constant spinor a so that aa = 0. Then (4.1) and (4.2) are 
equivalent to 


(9.1) sy’+ 24 =0, 
(9.2) HD, 


which are readily solved to give 
(10) p=, x = Dis’, 


with C and D two arbitrary real constants. Absorbing D into a and putting 
C/D =x we have 


(11) y= (“a ae “a ee 


3. — y(s) and o(s) as Powers of s. 


We obtain a second solution of (2) valid for s 2 0 and n > 1, assuming 
f(e) and g(z) as constants, f, and g, say, to be determined from (7.1) and (7.2). 
We find for x(s) and œ(s) 

(12) y= Als sane. p= Ag,sgnas— 4" , (s > 0), 
x =p—=0, (8 < 0), 
where 


fn =  (6n)-*(6n = DEN) Gn = + (6n— 1)?F,. 
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In particular, we have for n = À 
(13) Dez 


absorbing Af, into a and setting g,/f,-sgyna = x. 


4. —- Two Solutions of Gürsey’s Equation (1). 


The two solutions (11) and (12) given so far are common to (1) and (2). 
In this paragraph we present two further solutions which are valid for n=! only. 


41. — Let us try to find a solution of (2) assuming a linear relation 
(14) DENT 


between y and @ with x a real constant. Inserting (14) into (4.1) and (4.2) 
we easily find that in fact 


DS xK 
X= Guy a on 


s + ae’ Oe tee 


will lead to a solution of (2) if n = 4 and if the real numbers K, x, x satisfy 
the condition 


(15) 4x + «Ki = 0. 
Thus we get a solution 


(16) yp=— 


of Giirsey’s equation (1), absorbing K into the constant spinor a. It is inte- 
resting to observe that this solution has no singularity for s > — x?. 


42. — Finally, we give the general solution of (1) which contains (16) as a 
special case. Writing (7.1) and (7.2) in the form 


; 
(17) df nn UE") + ay|(s ali Pg net) =, 


we see that it is integrable if n = }. Similarly, it is seen that (8.1) and (8.2) 
form an integrable system if n = }. Denoting by © and D two constants of 
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integration, we have therefore 


(18) 4fg+(P +9) =C, (s > 0), 
and 
(19) Ag + (g?— =D, (s < 0), 


respectively. Let us first consider the domain s > 0. 
Eliminating (f?+ g?)” between (7.1) and (7.2) we have for n=} 


(20) BEN. 

Clearly, (18) and (20) are satisfied by any solution of (7.1) and (7.2), provided 
that n = }. It can easily be shown that, inversely, any non-constant solution 
of (18) and (20) also solves (7.1) and (7.2) for n = 3. Therefore it is sufficient 
to solve the system (18), (20) in order to obtain the general solution of (7.1) 
and (7.2) for n = 4. This can be done by introducing the variables 


(21) ll, ml ln 


in terms of which the system (18), (20) reads 


(22.1) LOVE 7 + se 0), 
(22.2) E' + 37 = 0. 


Solving (22.1) for 7 we get 


} , CO—&s)2\4 
(23) n= 4(6 2 ry 


(24) ge it à 
A final substitution 

&S = y? 
and subsequent integration result in 


2 Ss du 
(25) @— % = In = = ——— , 


Re 
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Similar considerations apply to the domain s < 0. Here f(z) and g(z) are 
determined from (19) and 


bo 


(26) HEC eg") 0% 


which is obtained from (8.1) and (8.2) for n =} by eliminating (g2 — fe). 
Introducing again & and n as defined by (21) we get 


(27.1) Love — 7? D, 


(27.2) „+3E=0, 


from which we deduce 
dv 


=+] CDR; 
Inne) 


4v 


(28) z—2,= In 


by putting 7% = v?. 

Transforming back to s, x(s), y(s) we see that for s > 0, y(s) and g(s) are 
somewhat complicated functions of s and an Abelian function of In s/s,, s, being 
an integration constant introduced in (25). The same applies of course to the 
domain s< 0. It should be noted that we have so far introduced four inte- 
gration constants C, D, s,, se They cannot be all independent; C and D are 
connected with each other by the condition of continuity at s = 0, and for 
the same reason s, and 5 depend on each other. On the other hand, if con- 
tinuity at s — 0 is not required, €, D, s,, 8) are all independent. 

The integrations in (25) and (29) can be carried out in an elementary way 
if C = D = 0; however, nothing new is obtained but another derivation of (16). 

Some physical implications of the solutions described above will be treated 
in a sequel to this paper. 


RIASSUNTO (*) 


Si danno alcune soluzioni classiche dell’equazione d’onda spinoriale ad invarianza 
conforme di Gürsey. 


(*) Traduzione a cura della Redazione. 


IL NUOVO CIMENTO Vor. IV, N. 2 1° Agosto 1956 


General Dispersion Relations. 


J. ©. POLKINGHORNE (*) 


California Institute of Technology - Pasadena, California, U.S.A. 


(ricevuto il 28 Aprile 1956) 


Summary. A formalism is developed whereby dispersion relations may 
be obtained for all meson-nucleon scattering processes, including those in 
which mesons are created or destroyed. A suitable kinematical description 
of the processes is first given and a new amplitude is defined in terms of it. 
This amplitude has two important properties. Firstly it coincides with 
the Feynman amplitude for positive energies of the incoming and out- 
going particles. Secondly it satisfies a certain causality condition. These 
enable one to obtain dispersion relations. The significance of these results 
in affording a new way of formulating quantum field theory is discussed. 


1. — Introduction. 


Recently there have been several investigations (+?) of the results of ap- 
plying the causality condition to the elastic scattering of a single meson by 
a nucleon. It is found possible to derive a dispersion relation for this process. 
In this paper the causality condition will be used to investigate the general 
process in which n, mesons interact with a nucleon to produce n, outgoing 
mesons. This.includes, of course, the case of inelastic processes in which 
n~n,. The interest in doing this is twofold. Firstly we are enabled to write 
down exact relations for these processes. Secondly it has been suggested (?) 


(*) Commonwealth Fund Fellow; on leave of absence from Trinity College, Cam- 
bridge, England. 

(1) M. GELL-MANN, M. L. GOLDBERGER and W. THIRRING: Phys. Rev., 95, 1612 
(1954); M. L. GOLDBERGER: Phys. Rev., 97, 508 (1955); R. KARPLUS and M. A. RUDER- 
MANN: Phys. Rev., 98, 771 (1955); M. L. GOLDBERGER: Phys. Rev., 99, 979 (1955); A. 
SALAM: Nuovo Cimento, 3, 424 (1956). 

() M. GELL-MANN: unpublished. 
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~1 


that dispersion theory may provide a new way of formulating quantum field 
theory closely in accord with the original S matrix ideas of HEISENBERG (?). 
In order for this to be true it is essential to be able to obtain a general dis- 
persion theory for these processes. 

For simplicity the case of neutral pseudoscalar mesons interacting with 
nucleons will be considered. It is very easy to introduce isotopic spin into 
the formalism if required. Consider the process in which mesons of momenta 
Pi... Pn, are scattered by a nucleon into a state with outgoing mesons of 
momenta k,, ..., Kn, All these mesons are real, ie. p? =—yp?, k? =— p?. 
The process is described by the amplitude 


Lee] 


(1) F(k;; D;) = i far, dy; exp[— 1 > Ka, > Ps): 


| TTC) Ion) ++ Ya) » 


where j(x) is the Heisenberg current density of the nucleon field and the state 
vectors refer to the initial and final states of the nucleon. The causality con- 
dition states that 


(2) ea), ia] = 0, 


! 


when z and w’ are spatially separated. 

The case that has been previously discussed (1?) is that of F(k; p), repre- 
senting the elastic scattering of a single meson. There the argument proceeds 
by constructing an amplitude M(k; p) which coincides with F(k; p) when k 
and p are positive timelike vectors and which also satisfies a causality condition 
leading to a dispersion relation. This amplitude is in fact given by“ 


co 


(3) Mk; p) = | da dy exp [— tke + ipyln(w—y)<f Lit), | 


The main task of this paper is to define the generalized amplitude M(k,; p;) 
which must: 


(i) coincide with F(k,; p,) when all the k, and p; are positive timelike 
(the comparison theorem); 


(ii) satisfy a certain causality condition, to be specified exactly later, 
which will ensure that it satisfies a dispersion relation. 


(3) W. Hersenpera: Zeits. f. Phys., 120, 513, 673 (1943). 
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In Sect. 2 the kinematics of the process is discussed. It is important to 
find the appropriate mode of description. For example in the single meson 
case (2) the momentum transfer must be fixed, not the scattering angle. In 
Sect. 3 the amplitude is defined and in Sect. 4 it is shown to satisfy the com- 
parison theorem. In Sect. 5 the causality condition is defined and in the 
appendix it is shown that the amplitude satisfies it. This proof, though simple 
in technique, is somewhat prolix in statement since it proceeds by enume- 
ration of the different cases. In Sect. 6 it is shown how this leads to a dis- 
persion relation. In the concluding section the significance of these results 
is discussed. 


2. — Kinematics. 


The translational invariance of the theory implies that energy and momentum 
are conserved and so 


(4) Lk Das =A, 


where A is the change in the four-momentum of the nucleon. This is a space- 
like vector and it is convenient to use a frame of reference in which it has 
zero fourth component. Three-vectors in this frame will be denoted by bold 
face type. Thus A becomes A. We write 


= Wr elle conn ese 


(5) 


es a oe 
on 
S 


Pio = OV, » PA, 8) is 


Thus for positive timelike k, and pj, »,…., v, are positive and 9, +13 +. In tn 


2 


are negative, if « is positive. In the chosen frame of reference we must have 


where n = nm. As part of the specification of the kinematics the »’s will 
be given fixed values. (In fact it is only their ratios together with their in- 
trinsic signs that matter. Multiplication of each by a positive constant only 
has the effect of trivially redefining w.) The spatial part of each vector is 
now determined in magnitude in terms of «© as being Vm?»?— u? but the 
mutual orientations of these vectors have still to be specified. 

From a four dimensional point of view the process is specified uniquely 
when the values of the invariants k;k,, p,p;, and k,p; are all known. These 
may be specified in the following way: 


ee 
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For the given v’s it is possible to construct other vectors in addition to A 
that have zero fourth component. (In particular a number of these vectors 
arise from the different correlations discussed in Sect. 5 when the causality 
condition is formulated). The spatial parts of a set of these vectors are given by 


(7) DD AE, > Ap,, 


where /’s are determined by the v’s alone. Including A there are n — 1 li- 
nearly independent 6* corresponding to the n— 1 linearly independent solu- 
tions of the equation 


(8) > A Pie ie 


However to fix the magnitude of k;-k;, p;-p;, k;-p;, it is necessary to fix 
the magnitudes of n(n— 1)/2 of the 6*. (The magnitudes assigned must satisfy 
certain consistency conditions, in the form of inequalities, that need not 
coneern us in detail here). It is easy to see that it is possible to choose a set 
of 5°, including A, so that this determination is unique. Any other 6* not 
belonging to that set must « fortiori be linearly dependent on members of 
the set. Thus, since 


(9) [> #,5°|< | 4,||8*], 


ome 


it follows that the magnitude of every 6* is bounded as © varies. This fact 
proves of the greatest importance in the derivation of dispersion relations. 
In terms of this kinematical description we may write 


(10) F(k,;2;) = Flo; »,; | Al, |8*|) , 


and @ will be the only variable to be considered explicitly. For this reason 
we shall often write just F(o). 


8. — Definition of the Amplitude. 
The amplitude is defined by 
(1) M(@37.;|A|, |8"|)= Mee; p,) = | ax, dy, exp[—i D kn, +i Dd py: 


SG WE CRA en Wendl es es Us Ma) 
where the operator A is defined by 


(12) Alan SEPT A IERNRI CAES a DE (2,5 ¥:,5 3%, Ve). 
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The sum is taken over all permutations 4, ..., 7, of 1,..., n and the function E 
is defined by 


(13) E21, M43 2.5 Say Yn) = [9% — on (1) — na — an n)]: 


DO Cokes, cereus ae 


5 Inn — 2) Pı { eee t VW) (Ex nam Vi — «+» — Yn-a)] - 
Here 


(14) | 


[ (iG) =e) linea UE 
(15) 
| =0 if »<0. 


This definition reduces to that given by eq. (3) in the single meson case. 
If M denotes the Hermitian conjugate of M with respect to the nucleon 
variables it follows that (*) 


(16) M(—-@; v:; | A|, |§*|) = M(o;,3| A|, |8*|) . 


4. — The Comparison Theorem. 


The case in which k; and p, are all positive timelike vectors is obtained 
by taking © > 0. Introducing sums over complete sets of intermediate states 
the amplitude may be written as 


co 


(17) M(w) = Ja ay, exp —i > k;-x,;, + i> psy): 
>) S Filz) | ><e | j(z:,) | 0 > tee CALE TS > 
CIC (B, Ey O(Vn } ste + Ve) = de) Ach (FA, == PR OV» =: ic) . 


Here E, is the energy of the initial nucleon state and E, is the energy of the 
state « Only those states that contain one nucleon contribute to the sum 
and for them 


(18) BOSS 


(*) This is the Gell-Mann-Goldberger crossing theorem for this theory. 
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The term —+ie occurs in a denominator if that denominator arises from 7(2) 
and the term —s occurs if the denominator arises from —- n(— 2). In the 
corresponding expression for F(w) the term +ie occurs everywhere. The sign 
of this term only matters if the rest of the denominator vanishes for some term 
in the sum over states. Eqs. (6) and (13) together show that terms with 
— ie only occur for w(ry,-+...+7;) > 0 (if © > 0) and eq. (8) shows that in this 
case the denominator never vanishes. Hence 


(19) M(w; v,; | A|, |8*|) = Fo; »;; | Al, |*|), 


provided © > 0. 


5. — The Causality Condition. 


In the general case now being considered the definition of the causality 
condition satisfied by the amplitude is a matter of some complexity, though 
the physical notions underlying it are clear and simple. It takes the following 
form: 

The amplitude M is divided into a number of terms each of which cor- 
responds to a certain correlation of the points appearing in A. This corre- 
lation has the following form. Each point corresponding to the creation of 
an outgoing meson (i.e. an x in eq. (11)) is correlated with one or more points 
representing the annihilation of an incoming meson (i.e. a y in eq. (11)). The 
correlations are made in such a way that it is energetically possible for a 
given incoming meson to play a part in creating all the outgoing mesons with 
which it is correlated. Those outgoing mesons for which it is the only cor- 
relate must be created by it alone. An outgoing meson with several incoming 
correlates must be created by a process involving all its correlates. The pos- 
sible sets of correlations depend on the ratios of the »’s and are independent 


of a. 

This relationship will be made more easily understandable by the use of 
an example. Suppose mesons are annihilated at y, and y, with » =—4, 
y =—5, respectively, and mesons are created at &, %, 4, with » — 6, 


y — 92, y —1. Denoting correlation by ~, possible correlations are: 


= 4, 


(i) MT Yrs Ya; To Yr 5 LT Yo - 
(ii) PT Yr Ye; GT Yo 3 T3 Yi: 
(iii) WT Yı, Ya; LT Yi 5 LU —Yı- 
(iv) M Yır Yo Ty Ya; Lg Ye 


15 — Il Nuovo Cimento. 
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The causality condition requires that each term in A vanishes unless every 
outgoing meson point is timelike advanced with respect to each of its incoming 
correlates. The fact that the amplitude defined in Sect. 8 possesses this 
property is proved in the Appendix. In the following Section it is shown how 
this leads to a dispersion relation. 


6. — Dispersion Relations. 
For simplicity we shall consider the case of two incoming mesons only. 


In particular consider the term corresponding to 7,,..., 7, correlated with « 
and 7,,..., 7, correlated with 6. It is possible to write 


(20) V =v, +, 
where 
! 
[ V; ee Ven + Vs + Vs —= 0, 
(21) | F 
| Dye qe co eds se Vase De = O- 


The contribution of this term to M(m) depends on «© through an exponential 
with exponent 


! 


nN 
(22) ofr; (2,9 Leo) +... + V(X; 0 Lao) + DAC &po) + + + Yn(; 9 — Xo) t— 


_ Vom — WEN, x, — ...— Vom: — WES On Ar 


== Vom — WED, Ir V wy — [Png Xp - 


Here n; is the unit vector along the direction of the special momentum 
of the i-th meson. As m-—>co this becomes asymptotically equal to 


(23) of, — Ba) — mx — ru] + + (ao — Duo) — Mee: (24, — x,)] 
ae vel (2 0 — Po) — N (Xi, xp)] + me 6, x, — 08 Xp. 
Here 


| 8. == ihn in IE Ps 3e v,|VsPs— Pa ’ 


[1 
| Op = Din pr IuMmp PD: 


Now 6, and 6; are each the spatial part of a four-vector of zero fourth com- 
ponent. According to the argument of Sect. 2 |§,| and |6;| are bounded as 
© — co. Thus (23) together with the causality condition implies that the 
exponent is asymptotically equal to Aw, where À >0, as © — co. 
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Consider now M'(t) the Fourier transform of M(w). It is given by 


1 
(25) To | da M(w) exp [— ior] , 


DIT 


Substitute for M(m) the expression of eq. (11) and suppose that the orders of 
integration may be changed so that the integration over » may be performed 
before the configuration space integrals (*). Then for T’< 0 we may complete 
the contour by the semi-circle at infinity in the upper half plane to show that 
the integral vanishes. 

Thus M(w) has a Fourier transform M'(r) that vanishes for t/< 0. This 
is precisely what is required for a dispersion relation (1:2). Therefore 


(26) M(w) en dr lo’, 


T DD 


provided the integral is convergent. If it is not convergent subtraction terms 
are required in the manner familiar from previous single-meson dispersion 
theory. 


7. — Discussion. 

The expansion given in eq. (7) enables us to understand why the definitions 
of eqs. (11)-(13) are necessary in order to give an amplitude that satisfies à 
dispersion relation. The infinitesimal terms in e appearing in the denomi- 
nators have the effect of displacing above or below the real axis those poles 
corresponding to real intermediate states. The Feynman amplitude prescribes 
a term —+ie everywhere and this has the effect of displacing the poles for posi- 
tive m below the real axis and the poles for negative m above the real axis. 
The causal amplitude defined in this paper differs by prescribing — ie for all 
poles for negative wm. This has the effect of displacing these poles below the 
real axis also. This is necessary because if a function is to satisfy a dispersion 
relation it must have no poles above the real axis. 

The dispersion relation essentially connects the hermitian and anti-hermitian 
(with respect to the nucleon variables) parts of the scattering amplitude. In 
order to determine them both it is necessary to find another relation between 
them. This is provided by the unitarity condition on the S matrix. Further- 
more eq. (26) requires a knowledge of M(o) for all values of © and not all 


(*) This interchange of the order of integration in fact requires careful discussion. 
A similar problem arises in the single-meson case. 


224 J. C. POLKINGHORNE 


these values correspond to physical reality. M(m) for © <0 may be related 
to M(m) for o> 0 by using eq. (16). There still remain unphysical ranges 
for m. These occur in the neighbourhood of «© = u for the anti-hermitian 
part of the amplitude and correspond to angles between the spatial momentum 
vectors with cosines less than — 1. A similar difficulty arises in the single- 
meson case and the continuation arguments used in that case (2) need to be 
extended to the general situation. This will not be discussed further in this 
paper. 

The resulting set of equations could be used to provide an alternative for- 
mulation of quantum field theory. They are close to the original of notions 
of HEISENBERG (?) in that only particles with p? =— u? appear and energy 
is conserved. They are, however, of immense complexity, in the general case. 
There is also the problem of the uniqueness of their solutions (4). 


“xx 


I am deeply indebted to Professor GELL-MANN for many stimulating dis- 
cussions on these and related topics. I wish to thank the Commonwealth 
Fund of New York for the award of a fellowship. 


APPENDIX 


In this appendix it will be shown that the amplitude A satisfies the causality 
condition. The argument is intolerably prolix for the general case but it will 
be sufficiently illustrated by consideration of the case of two incoming mesons, 
specified by », and »;, and n outgoing mesons, specified by », ,...,,. Of course 


(A.1) De Se Dec Mh SS dos ae Wy ==). 
Consider the product 
(A.2) A Ug eek DUN Les 


occurring in A. à stands for j(x,). à, is called the divider and is defined by 


Vis we + Vi An Ol, 
(A.3) 


| Va te ty tm >. 


(*) L. CastıLLeJo, R. H. Darırz and F. J. Dyson: Phys. Rev., 101, 453 (1956). 
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We shall suppose that a divider exists and consider the case of non-existence 
later. The form of Æ given by eq. (13) requires that 


CSS ty Et do Ce 
on (eos eae Ser i 
(A.4) yee in 
erg io Ste pe 


leer | Oe 


i> 7 denotes (v%— 2X) > 0. The inequalities (23) imply that the product 
is ordered forward in time both ways from x and from ß, and backwards in 
time both ways from i.. 

A natural way of forming the correlations discussed in Sect. 5 would be 
to correlate 7, ...,7, with « and i,, ..., i„ with B. The inequalities (A.3) ensure 
that this correlation would be energetically correct. If the ordering of inequal- 
ities (A.4), which refers to the chosen time axis, could be shown to be an 
invariant ordering then the causality condition would be satisfied also. This 
idea will be used as a guide and the set of correlations generated in this way 
will be called 7 (the tentative correlation). Actually T will have to be modified 
in some cases. The various correlations will correspond to the various possible 
choices of a divider and each term in A corresponding to a correlation in 7 
will consist of sets of products having a given point as divider. For example 
one term will consist of all the products obtained by all permutations of 
iy, +, ds, amongst themselves and 7,,,,...,7, amongst themselves applied 
to (A.2). 

The arguments employed in what follows are mainly based on the following 
simple lemma: if i> j > x, à is spacelike with respect to x, and j is timelike 
with respect to x, then à and j are spacelike. 

Each point will be considered in turn and the consequences of assuming 
it to be spacelike with respect to one of the incoming meson points will be 
examined. It will be assumed that all earlier outgoing points correlated with 
the incoming point are timelike with respect to it. This does not result in 
any loss of generality since it will be clear that it is only the earliest spacelike 
point that is of consequence when there are several such points. This assump- 
tion will not be restated for every case considered but it is always made in 
what follows. Together with the lemma and the causality condition eq. (2) 
it enables us to commute j(i) from one side of the incoming meson operator 
to its correct time-order position on the other side of the operasor if à is 
spacelike with respect to the incoming meson point. In each case considered 
the method used will be to associate with each product another product occuring 
in A but with opposite sign. For the case of spacelike separation considered 
the two products will be equal and so their sum will vanish. 

We now proceed to a particular consideration of the various cases that 
arise: 


(i) Suppose i„ (r <m<s) is spacelike with respect to «. Then (A.2) 
equals 


(A.5) EEE ARTE, 
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where À, occupies its correct time-ordered position to the left of «. However 
the form of E shows that (A.5) occurs in A, but with opposite sign. 


(ii) A similar argument applies for 4, (m <7) if à, < 1%. If i, > 1, two 
possibilities occur. If 


(A.6) yt... +Y L y; Pis ate de Ur VA AU 


then (A.2) equals 

(A.7) Uy pase) CO ON Re le Ce 

and this product occurs in A also, though with opposite sign, and 7,, is now 
the divider. If (A.6) is not satisfied (A.2) and (A.7) are, of course, still equal 
but (A.7) does not occur in A for the given »’s and time-orderings of the 7s 
and « and $. However in this case it is energetically possible to correlate 7, 


with either « or ß, keeping the other correlations unchanged. Also if 7,, is 
spacelike with respect to both « and 5 then (A.2) equals 


(A.8) CARRE Corn eos DEA Un. cad Obs + 
and this does occur in A with opposite sign. This implies that it is only ne- 
cessary to consider the case in which 2,, is spacelike with respect to one only 


of x and f. In this case 7 is modified, if necessary, so as to correlate 7,, with 
the other incoming meson point. 


(ii) Similar arguments to those presented in (i) and (ii) may be used to 
consider the case of à, (m > s) spacelike with respect to P. 


(iv) Suppose 7, is spacelike with respect to «. Four possibilities must 
be distinguished: 
(GM) Open > Ope an! 
(A.9) M + +0. +9 +9, < 0. 
Then (A.2) is equal to 


(A.10) RR EN EN 


and this product occurs in A with opposite sign, having ?,-, as divider. 


CON Oar Gey Brel 
(A.11) Picea TEN Re pee 0e 
Then (A.2) is equal to 
(A.12) KO en Be en in 


and this product oceurs in A with opposite sign, having 2, as divider. 
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(e) 14 <i, and i,., is timelike with respect to x. Then 7, and i,,, must 
be spacelike. (A.2) is equal to 


(A.13) ET ee a ee era A, 


and this occurs in A with opposite sign provided 


(A.14) Vet. BM + Vin + <0. 


If (A.14) is not satisfied then it is energetically possible to modify T so as 
to correlate i,., with x and 6 and 7, with 6. For 7, spacelike with respect 
to p see (v) below. 


(d) 1, <i,:, and i,., is spacelike with respect to a Then 2,., and 2, 
are spacelike. 

Suppose first that 7, >i... If 
(A.15) vy, + ra tv, +, > 0, 
then (A.2) is equal to 


(4.16) RR NE EU D a 


and this occurs in A with opposite sign and i, as divider. If (A.16) does not 
hold but 


(A.17) Vi To ++ T Vs Vs 7 Vsti T Va = 0 ’ 
then (A.2) is also equal to 
(A.18) RM EU EU UP RR 


and this occurs in A with opposite sign and 7,., as divider. If (A.18) does 
not hold then (A.2) also equals 


(A.19) jee sy Toe N à CL 
and this occurs in A with opposite sign and i, as divider. 
Suppose now that in, >i, > 43. If i, is timelike with respect to x 
and so spacelike with respect to 7, and 7,., then (A.2) equals 
(A.20) TEs Te la Pane IE Oe reper | CDEP EN a 
and this occurs in A with opposite sign provided 
(A.21) Va Le + Ven Va +%,<0. 


If (A.21) does not hold it is energetically possible to correlate 7,., with « 
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and 6 and à, with 6. The case of i,;, spacelike with respect to x may be dealt 
with using arguments similar to those employed above. The extension of the 
argument to the further cases 4,13 > %,-1 > 44, ete., will also be clear. 


(v) Suppose 7, is spacelike with respect to 6. Similar arguments to those 
employed in (iv) may be used. It is important to note that the cases requiring 
special arguments in (iv) (i.e. 4, < 4,1) are just those that are straightforward 
now, and vice versa. 

The only case remaining to be considered is that in which there is no 
divider. Consider first 


(A.22) : RC BAS AE) ces (nn 
where 
(A.23) Pe eno Ve pe 


The point 7, is defined by «>%,, «<%t,,. The form of E ensures that 


HER tp OS Ve cet, 
(A.24) | 
[ 20), Sse baie De 


that is the product is ordered forward in time both ways from f. 

The case of x and 6 mutually timelike will be considered first. This presents 
a considerable simplification in that any i„ (m <r) which is timelike with 
respect to « is timelike with respect to ß also. It is easy to prove using the 
techniques employed above that every 7, (m <n) must be timelike with respect 
to ß. If there is a set i,,, ..., Vex, (a LT, .... % <7) such that they are all time- 
like with respect to « and also 


(A.25) DW. Sr ona SE Va PA Ol, 


then an energetically correct causal correlation can be formed. If this is not 
true it is possible to choose a set day... ig, (Bi <1; +) Bx <7) Such that: 


(1) all à, are spacelike with respect to «, 


(i) 4p > tga (<<), 
(ili) nm +... + », Vy Vp nee ANG, 0, 
(iv) +... +», Vga AW poate di 0 0, 


and the 7, are the set closest in time to « having these properties. Then (A.22 
is equal to 


(A.26) Oe ... ag, ... Up, br+1 ... p ... Ue , 


and this occurs in A with opposite sign and i,, as divider. 
Consider now the case of «x and 6 mutually spacelike. It is easy to show 


GENERAL DISPERSION RELATIONS 229 


that 7,.,,...,%, must be timelike with respect to 6. Then (A.22) is equal to 


(A.27) des Le Cities. Lao 
and this occurs in A with opposite sign provided 
(A.28) Va ne Viet Mg 0. 


If (A.28) does not hold the argument proceeds as follows. Conventional methods 
show that every 7, (m <n) must be timelike with respect to either & or f. 
Moreover the argument given above to show there must be a set 1, (x <7) 
timelike with respect to « and satisfying (A.25) still holds good. An ener- 
getically correct causal correlation can be formed, therefore, if it can be shown 
that there is also a set 7,,, ...,%, Yı <U, …, Ye < U) all timelike with respect 
to 6 and satisfying 


(A.29) Vy, fn N. 
If this is not so a set 45,, …, 5, (01 <7, …, Oa <r) may be chosen such that: 


i) all is are spacelike with respect to p, 


( 
(i) %>%,, d<l< 4d), 
( 


; VB << 0, 


(va) Er abe Vy — Vs V8 > 0, 


and the 7; are the set closest in time to 6 having these properties. Then (A.22) 
is equal to 


(A.30) On ese p ... ds, ese ig ,% ... I ; 


and this occurs in A with opposite sign and 7;, as divider. 
The remaining case to be considered is that of 


A.31) Dn oon CAN Orton Uy ey 
where 
(A.32) yt... +9, +y, <O0. 


The form of E requires that 


I pel Oey 
(A.33) 
RER ER 


This case may be dealt with using similar arguments to those used for (41). 

This concludes the proof of the causality condition for À when there are 
two incident mesons. The general case may be dealt with using arguments 
that are simple extensions of those given above. 
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RIASSUNTO (*) 


Si sviluppa un meccanismo che permette di ottenere le relazioni di dispersione per 
tutti 1 processi di scattering mesone-nucleone, compresi quelli in cui si creano o distrug- 
gono mesoni. Prima si da un’opportuna descrizione cinematica dei processi e in base 
alla stessa si definisce una nuova ampiezza. Questa ampiezza ha due importanti pro- 
prieta. In primo luogo coincide con l’ampiezza di Feynman per le energie positive delle 
particelle entranti ed uscenti. In secondo luogo essa soddisfa a determinate condizioni 
di causalita. Cid permette di ottenere le relazioni di dispersione. Si discute il signifi- 
cato di questi risultati in quanto permettono di formulare una nuova teoria quanti- 
stica dei campi. 


(*) Traduzione a cura della Redazione. 
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On Sums over Trajectories for Systems with Fermi Statistics. 


D. J. CANDLIN 
Institute for Advanced Study - Princeton, N. J. 


i (ricevuto il 29 Aprile 1956) 


Summary. — A recent derivation of the Feynman action principle from 
the canonical formulation is extended to systems with Fermi statistics. 


1. — Introduction. 


The action principle introduced by FEYNMAN (!) for particle mechanics, 
and extended by him (?), MATTHEWS and SALAM (?) and others to describe 
quantized fields may be interpreted in two ways, until we can give an explicit 
meaning for the integral over all trajectories. We may either postulate (*5) 
that such integrals exist and possess certain reasonable properties, or we may 
assume that the expression is the limit of a multiple integral over the position 
(or field) variable at a number of infinitesimally separated points of time (or 
space-time). The second interpretation is the original one of FEYNMAN, and 
has been shown to follow from the first for particle mechanics by DAVISON (°). 
Recently, TOBOCMAN (7) has shown that it may also be derived from the cano- 
nical formulation for systems with a finite number of canonical co-ordinates 
and momenta, if these satisfy the usual commutation relations. 

A similar derivation for anticommuting co-ordinates and momenta is given 
here. This is of particular interest, because the properties to be ascribed to 


. P. FEYNMAN: Rev. Mod. Phys., 20, 367 (1948). 

. P. FEYNMAN: Phys. Rev., 80, 440 (1950); 84, 108 (1951). 
T. MATTHEwS and A. SALAM: Nuovo Cimento, 2, 120 (1955). 
C. POLKINGHORNE: Proc. Roy. Soc., A 230, 272 (1955). 

. SYMANZIK: Zeits. f. Naturfor., 9a, 809 (1954). 

. Davison: Proc. Roy. Soc., A 225, 252 (1954). 

W. Tospocman: Nuovo Cimento, 3, 1213 (1956). 
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integrals over anticommuting functions in the first interpretation are not at 
all clear. In Sect. 2 the method is given for the simplest case, a single un- 
coupled Fermi oscillator; in the following section it is generalized to describe 
a number of coupled oscillators, and a slight change in the formalism gives 
the theory the symmetry between particle and antiparticle characteristic of 
the Dirac field. The idea of integration over anticommuting quantities and the 
interpretation of sets of values of the variables of integration as trajectories 
are discussed in Sections 4 and 5. 


2. — A Single Fermi Oscillator. 


First we consider the simple case of a system with Hamiltonian 


(1) Anne 
where 
(2) nn + nn = 1. 


There is only one essentially distinct matrix representation of these operators, 
and we adopt the usual form 


OL FO A Oia 
(3) ij = fi 4 and N (i à > 


To set up the action principle in the Bose case, TOBOCMAN (7) introduced 
resolutions of the identity belonging to the canonical conjugates = and p; 
here, we shall need resolutions belonging to n and 7*. Since these operators 
cannot be diagonalized, they can have no true eigenstates. However, it will 
be enough to construct « eigenstates with anticommuting eigenvalues »; that 
is, to find solutions of 


( pla) — 4 ad), (an = Cala, 
(4) | 
| 


i a= ata) and ak ne xa*a*, 


where the quantities a and a* are generalized numbers which all anticommute 
with each other and have zero squares. We shall call such quantities a-numbers. 
Since the vectors in (4) contain a-numbers as parameters, they do not have 
any direct physical significance, and we do not require any particular relation 
between the four vectors. « Higenvalues» and other quantities will be dis- 
tinguished by asterisks if they are associated with 7‘, but this does not imply 
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that they are complex conjugates of the quantities associated with 1. 
An immediate solution of (4) in the representation (3) is 


| a> an); <a| aI AS (1, 0); 
1 
a Mr bs) and ea Ara, 


A and A* are ordinary numbers, and there is a solution for any a or a* of 
the specified type. We should like to choose A and the set S of « eigenvalues » 
a such that 


(6) dYla<a|=> =, 1 


aes aes a 


is the unit operator. This is impossible, but we can arrange in many ways 
that it should be the unit operator multiplied by any given a-number o; for 
instance, one could take a = + io with A = +1 respectively. We shall 
eventually use (§) a different set S, with suitable A. Similarly, we may 
arrange that 


Dia a | == 0% 
are S* 


Suppose that we have a system with Hamiltonian A(t) and that we require 
the transition amplitude between a state W specified at time 0 and a state ® 
specified at time 7. Then, in the Schrödinger frame, 


(7) (®|P> = (O(T)|P(T)>= 


= (D(T)|TI (1 — ie) | P{(0)> + Ole) 


n=0 


as N— oo, where e= T/N and t, = ne. We have assumed that ® and VY 
are normalizable states, and that they remain so under any number of ope- 
rations of H. This will be true for all physical problems other than those of 
divergent field theories, provided that we use wave-packets for scattering 
problems. For the Fermi oscillator (1) we introduce the representation (3), 


(8) For the Bose case, ToBocmaAN (7) naturally used resolutions of the identity 
> |2><x| and > |p><p| which involve linearly independent vectors. This is not essential 
to the method, and we may set up different forms for the transition amplitude by 
using different resolutions. These forms will not necessarily be Lagrangian, as Tobocman 
has shown. 
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and obtain 

(8) o*o(1— ieH) = o*o(1 — iemn'n) = 
= 3 (A*A)“}|a*><a*|1— temyty|a><a| = 
= > (A*A) À }a*){1 + (1 — iem)a*a}<a| = 


= > (A*A)"?|a*) exp [a*a — iema*a]<a|, 


where the summation is over all values of a in S and of a* in S*. On substi- 
tuting an expression of the type (8) for each factor in (7), and introducting 
an extra unit operator, we obtain 


(9) 0704230921: Oy Can PD) Fi 


= > CO) a exp (ar ar dE eo Ni ee 


where 
= AE * 43 
N en bee 
and 
Er . * * | | * * * == 
LE =— 10,0, user. 120,4) ENG eee cdd) 


N-1 
en OF Fi (nt — Gn) /e— mi, à 
n=0 


which is the approximate form of the action 


7 


[. * (da — ima) dt 


of the problem. If 


then 
Wa) = Aka|Py) =A + ua 
is the « wave-function » of the state |Y>. 


We may eliminate the undesirable quantities o and o* from the left hand 
side of (9) by comparing <®|¥Y> with <0|0> = 1, where |0) is the ground 
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state of the oscillator. This will also remove the normalization factors A and A*, 
if they are independent of a and a*, and has been the usual procedure in the 
formulation in terms of sums over trajectories (*). 

Finally, we must show that arbitrarily many quantities 9 and o* exist 
which anticommute, have zero squares and are such that the product of any 
number of them (all different) does not vanish. A matrix representation of 
them (in a space which of course has nothing to do with the state vector space) 
is given by the quantities 4, — 42, + ié,,) introduced in a slightly different 
connexion by TOBOCMAN (7). We need an à, for each o and another one (not 
an ah) for each o*. 


3. — The Dirac Oscillator. 


By a Dirac oscillator we mean a system described in terms of four operators 
y, and their adjoints, with the anticommutation relations 


(10) (Par Vas 0 and {po vi ds. 


The Hamiltonian of the system is 


(11) H = Hp Q Ps — V0 Pa) à 


where Q is an Hermitian numerical matrix (°). For instance, Q is a: k+Pßx 
for the uncoupled oscillator of momentum k and mass ~ The method may 
be immediately generalized to describe a finite number of Dirac oscillators 
linearly coupled to a given external potential, or even interacting with each 
other through non-bilinear terms. We do not wish to discuss the Dirac field, 
since the transition to an infinity of degrees of freedom gives rise to diffi- 
culties which are not peculiar to Fermi quantization (1°) and may presumably 
be more readily understood for a Bose field. 

The 16 dimensional space I used for the well-known «number » represen- 
tation of the operators defined by (10) is the product of four two-dimensional 
spaces N”, each corresponding to one degree of freedom. If y be the ope- 


0 0 ; 
rator which is ( 1 in N” and the unity elsewhere, then 


(9) From now on, we adopt the summation convention for the letters « and B 
only, which range from 1 to 4. Q* is the complex conjugate of Q. 
(20) A. S. WIGHTMAN and 9. S. SCHWEBER: Phys. Rev., 98, 812 (1955). 
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[ vo = y™ 7 (y pe — ppt) 
(12) 
| y} por II (ye typ — pry) 


form the required representation. Corresponding to the vectors (5) introduced 
for one degree of freedom are the outer products 


( | 20> =luuun, y =|— Wu) | us) |— WI ln) , 
a | KU | = CU Uettgtts | = Cy | Lu] (ug | Léa , 
| [ut = |ufususur) = us>|us>|us>|ut> 
| <u = (wurusu, | = (uf |k— ux | cus | — ut |, 


where the factors are given, in the appropriate R®, by (5). If a set of a-num- 
bers o, and o* are introduced, and the summation is of the type described in 


“ax 


Sect. 2, it can be seen at once that 


I |w<u| = 019050: = 0, say, 


UUSUzU, 


*S\ (y*| = o*0*0*%0* = o* A 
2e U*| = 0er or = c*, say, 


ur ug ug alg 


| 
(14) 
| 


which can again be associated in pairs in the representation of the transition 
amplitudes. Further, we see that 

Lulu = (A ATA ASA, ASA AF)TFexp [u ur], 
pudeur uw, 

<ul pi |ur) = u*<u|u* 


and 


<u y,v,|uND = = u, ur<ulur) , 


together with similar equations in which w and u*, y and y are interchanged. 
The transition amplitude is analogous to (9), except that to maintain the 
symmetry we introduce one more unit operator. 


(15) PRO x On 101 ++ Oo QS P|Y> = 
=  O1D(u%, ux) exp[il(u*, u)]P (ux , w,) + O(e), 


u,u* 
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where 
N-1 
TRS 
n=0 
and 
=e 5) RIG) sae ye 1 * ,,* Sis ö en 
L„=— (t/2e)(u a ee Uunzı lan + Yan lan) Un pa Yon Yan Pat) 


So (1/2) (uz 1 — Un) Urn zıle 5 (7/2) HR. Une + 


* * * 
ar (U3 niiV pa Un Un Q BU Br) ’ 


the properly symmetrized form of the approximate Lagrangian. To display 
the symmetry more explicitly, one might write Unis the suffix de- 
noting the time in units of e. The « wave function » 


for u* 


œ,n ? 


4 
= BS 1, * 
P = [J Ai + gu FU, 0)<uo| Y> 
=1 


in the symmetrized form involves both uw, and u, 


4. — The Continuous Realization. 


We now give the alternative realization of (6) mentioned above, in which A 
is independent of a. It is only possible in the symmetrical form, when the 
sums over u and #* may be associated in pairs. If « and w* be such a pair, put 


Ws (2 UY) 0 


u* = (x + iy)o* 


and replace > > by faejay (which we denote, according to custom, by 


UES u*eS* A 


er, with A = A* = (8/3)?22. Then 


À 


| | u*><u*| F|u><u|du*du=oe*oF + O(1/A) , 
=z 


where F is any operator of the system. Thus (15) will remain true, provided 
we take À of order e?. 
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It is essentially this realization which MATTHEWS and SALAM (?) use in 
the evaluation of their integrals over trajectories of the Dirac field. In ge- 
neral, however, there is no relation between the quantities w and w* repre- 
senting the operators y and y, just as there is none between p, and x, in the 
Bose case (7). They are not complex conjugates, so that they may anticom- 
mute without vanishing. 


5. — The Sum Over Trajectories. 


The presence of the a-numbers seems to make it impossible to interpret 
the expression for the transition amplitude as a sum over trajectories. In our 
picture, we cannot say that the field has such a strength at such an intermediate 
time in a given classical trajectory, for obviously no a-number can be the 
result of a measurement. Further, we know that y and y, or even their real 
and imaginary parts, are not observable (11), and also that the problem has 
no classical trajectories. 

However, one can show that our expression for the transition amplitude 
is a sum over trajectories in the only rigorous sense which this statement can 
have, in either Bose or Fermi quantization. The matrix element of any quantity 
observed at an intermediate time is obtained by inserting the appropriate 
function of the field variables into the multiple integral (#2). That is, the 
matrix element of any observable quantity is the average of that quantity 
weighted with the appropriate phase factor. This is the general expression 
of the idea of sums over trajectories. For particle mechanics, it is exactly 
equivalent to Feynman’s original postulate (1) if the observable is the pro- 
jection operator into a given region NR of space-time. 

TOBOCMAN (?) discusses the interpretation of momenta as generators of 
infinitesimal displacements in their conjugate coordinates. Although this 
probably has little physical meaning in the Fermi case, it may be verified. 
Considering for simplicity the single Fermi oscillator, we should have, for a 
variation da in a, 


d|a> =—iG,|a> = n'öalay (in Schwinger’s notation ('*)) 


3 (% 0 Ôa\/fa da 
LA NO® BON ey ONE 
(4) G. C. Wick, A. S. WIGHTMAN and E. P. WIGNER: Phys. Rev., 88, 101 (1952). 
(2) This may be proved for Fermi quantization by a simple extension of the 
method of Sect. 3. 
(18) Reference (1), equation (9). 
(4) J. SCHWINGER: Phil. Mag., 44, 1171 (1953). 


or 
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RIASSUNTO (*) 


Partendo dalla formulazione canonica, si estende a sistemi obbedienti a una stati- 
stica di Fermi una recente derivazione del principio di azione di Feynman. 


{*) Traduzione a cura della Redazione. 
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Analysis of one Hundred Bevatron +* Particles. 
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Summary. — One hundred ++ mesons, obtained from nuclear emulsion 
stacks exposed to the K+ beam at the Bevatron, are analyzed for 
(a) Q-value of the +-decay, (b) possible values of the spin-parity of the +. 
A Q of 75.13 + .20 MeV is obtained. The corresponding 7 mass is 
966.5 +..74m,. The analyses by Daxirz and Fasri were used to assign 
possible spin-parity values to the +. The case of 0— gives the best 
agreement with the observed energy and angle distributions. 


1. — Introduction. 


One hundred t+ meson (t+ > 2x++7-+ 0) found in the systematic scan- 
ning of three emulsion stacks have been analyzed (*). 

The Q-values have been studied and an average Q obtained. The most 
important systematic errors were considered and their limits assigned to the 
(Q-value. 

The distribution of decay configurations has been compared with the ana- 
lyses developed independently by Darıtz (+?) and FABRI (4). All cases of 
spin and parity of the + that are also possible for the K_, were considered 
up to and including spin five. 


(*) Twenty-four of these 7*’s were included in the data presented at the 1955 
Conference on Elementary Particles held at Pisa, Italy. 
(1) R. H. Dazrrz: Proc. Phys. Soc., 64, 710 (1953). 
() R. H. Darrrz: Phil. Mag., 44, 1068 (1953). 
(3?) R. H. Darrrz: Phys. Rev., 94, 1046 (1954). 
(4) E. FABRI: Nuovo Cimento, 11, 479 (1954). 
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2. — Experimental Arrangement and Scanning Technique. 


The strong-focusing spectrometer (5) at the Bevatron was used to select 
nearly monoenergetic positive K particles and focus them on three emulsion 
blocks. 

The emulsion blocks were stacked (without tissue paper between the pel- 
licles), backed with 4-inch bakelite, and held together with bolts passing 
through the bakelite and emulsion. The stack edges were then machined to 
close tolerances to permit accurate measurements (for volume and density 
determinations). 

The scanning was done by the track-following method. Tracks in a gram 
count interval were selected at a region of the stacks where K particles would 
have several centimetres of residual range. These tracks were then followed 
to their ends and the particles were identified by their decay mode. This 
method is thus unbiased in regard to the t-decay configuration. 


3. — Measurements of the (. 


31. Method. — The densities and average plate thicknesses were determined 
from the dimensions and weight of the stacks. 

The average plate thickness was used to compute the chord between points 
where there was either an integrated 10° change of direction in the plane of 
the emulsion or a visible change in the diving rate. The range of the pions 
was taken to be the sum of these chords when corrected for air gaps between 
pellicles. A full discussion of the range measurements is given in Section 3°2. 

The range-energy relation given by BARKAS and YOUNG (5) was used. It 
is based on Vigneron’s parameters; in particular, the mean ionization potential 
of 322 eV is used to extrapolate to high velocity. The relation is for C.2 emul- 
sion of density 3.815 g/cm? at a relative humidity of 55%. 


32. Errors. 


32.1. Alignment. — X-ray marks placed in the stacks before processing 
provide an accurate means of aligning the plates after development. Generally 
the position of neighboring plates is known to within 25 um, but there may 
be a systematic shift to the stack. To eliminate or reduce any systematic 
shift of this type the coordinates of the X-ray marks were measured with 


(5) L. T. KErTH and D. H. Stork: Phys. Rev., 99, 641 (A) (1955). 
(5) W. H. Barkas and D. M. Youne: Emulsion Tables. I. Heavy-Particle Functions, 
in University of California Radiation Laboratory Report No. UCRL-2549 (rev.), Setp. 1954. 
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a microscope stage and used when necessary. The error in alignment is then 
the error in estimating the center of the X-ray mark. 


32.2. Distortion and Rub-off Errors. — The ranges were com- 
puted, not as the sum of path lengths in each plate, but as a chord between 
points where the track changes direction by 10°. Then the distortion and 
rub-oft errors to first approximation enter only as errors in the position of 
the +-decay and pion decay. An error in the position of an intermediate point 
such as to increase one chord length will reduce the following chord length 
by a like amount to the first order. The distortion and rub-off errors are then 
negligible. 


8°2.3. Range Shortening. — The percent difference between the arc 
and chord lengths along a pion track was estimated to be 0.48% in range or 
0.25% in energy. This estimate is good to 30%. The uncertainty of 30% is 
due mostly to an uncertainty in how closely the 10° criterion was followed. 
Then the average Q of the + obtained by measuring chords should be increased 
by 0.19 MeV to account for the effect of range shortening. 


32.4. Air Gaps. — The average densities of the emulsion stacks, obtained 
from their measured areal densities o and the thickness of the stacks, were 
0.7% to 1.1% less than 3.826 g/cm®. The latter is the density for Ilford G.5 
emulsion when it is shipped from the factory. From measurements of indi- 
vidual pellicles of fresh emulsion it is evident that there is little water loss 
through the shipping wrappings. There also should be little change in the 
density during stacking of the emulsion or through the edges of the machined 
stack. The difference between the average density of the stacked emulsion 
and of individual pellicles is attributed to air gaps between pellicles. The air 
gaps (about 5 um thick on the average) increase the total stack thickness 
above its true value and so reduce the stack density. 

Let t,, and o,, be the measured average plate thickness and density for the 
stack, and t, and o, the true average thickness and density of the emulsion. 
The ranges of the pions can then be computed as follows: 


(a) t, is used to obtain the shrinkage factor. This gives the length of 
the track through both emulsion and air. 


(b) The true density o, is assumed to be 3.826 g/cm’. 


(e) The average air gap thickness, t,, is taken to be 


ta = ln Fu t, = o{1] Om sa 1/04} ° 


Mee Oe PRET oe I Zn WE 
z a ee ‘ 
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(d) The range in emulsion alone, R,, is then obtained from 


(1) R, /R: — Z, |Z; — Nuit,|Z,;, 

where R, is the length of the i-th chord in emulsion, 
R, is the length of the i-th chord in emulsion and air, 
Z, is the vertical height between chord ends in emulsion, 
Z; is the corresponding height through air and emulsion, 
Na, is the number of air gaps traversed. 


Then 


R= Dy Ry. 


Any uncertainty in o, is due to an uncertainty in the equilibrium value 
of the relative humidity of the emulsion. Since the stopping power of emulsion 
per g/cm? is a slowly varying function of its water content (relative humidity), 
an error in o, leads to a relatively smaller error in Y. The effect of an error 
in o; on the @-values is given (see appendix) by 


(2) AQ/Q = — 0.046 Aolo. 


BARKAS and YOUNG (5) give the density of emulsion at 35% relative humi- 
dity as 3.90 g/cm’. This is the upper limit of the emulsion density, and the 
measured stack density is the lower limit. Inspection of Eq. (2) shows that 
for 1% uncertainty in the emulsion density the uncertainty in the average Y 
will be 0.05% or AQ = 0.04 MeV. The uncertainty in Q due to the un- 
certainty in emulsion density is therefore negligible. 


3°3. Results. — An average Q of 


74.94 MeV + .19 MeV (range shortening) 

ss 7 MeV (uncertainty in water content of emulsion) 

+ .18 MeV (standard deviation of the average (J) 

+ .07 MeV (uncertainty in the measurement of the 
stack density) 

or 74.94 + .19 + .20 MeV 


was obtained for 67 +’s. For these 7’s all three pions stopped in the stack and 
none of the pions made a large-angle scatter. Fig. 1 shows the distribution 
of Q-values. This distribution is quite consistent with a normal distribution 
(which is also plotted). 
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The corresponding mass of the 7 (in electron mass, m,) is 


966.1 m, + .37 m, (range shortening) 

N (uncertainty in water content of emulsion) 

+ .36 m, (standard deviation of the average Q) 

— .62 m, (standard deviation of the pion masses) 

+ .14 m, (uncertainty in measurement of stack density) 
or 966.1 + .37 + .74m,. 


Lu 


The pion masses found by BARKAS, BIRNBAUM, and SMITH (7) were used. These 


masses are 
N (MEAN) 1 C(MEDIAN) 


where the errors indicated are standard 
deviations. 


Fig. 1. — Plot of the distribution of Q-values 
for 67 7’s which had all three pions staying 
in the stack and none of the pions making 
a large-angle scatter. The average Q is 
74.94 MeV and the median is 75.0 MeV. 
The distribution is fitted with a normal 
, curve and the agreement is observed to be 
72.0 70 Q@(mev) 760 280 quite good. 


4. — Spin and Parity. 


The dependence of the decay amplitude on the spin and parity of the + 
has been independently investigated by DALITZ (+3) and FABRI (7), AMALDI (®) 
has compared all available + data with the analyses by DALITZ and FABRI, 
and concludes that the spin-parity of the + may be 0—, 2—, 4—, ete., and 
possible 3—. I would like to review some of the analyses by DALITZ and FABRI 
in order to discuss the so-called ambiguous cases. 


(7) W. H. BARKAS, W. BIRNBAUM and F. M. Smirn: The Mass Ratio Method Applied 
to the Measurement of L-Meson Masses and the Energy Balance in Pion Decay, in Uni- 
versily of California Radiation Laboratory Report No. UCRL-3147, Sept. 1955. Also 
to be published in Phys. Rev., Jan. 15, 1956). 

(8) E. Amarpı: Proceedings of the Conference on Elementary Particles at Pisa, Italy, 
to be published as a Supplemento to the Nuovo Cimento. 
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41. Analysis by Dalitz and Fabri. — Relative co-ordinates are used to 
describe the decay configuration of the three final-state pions. The relative 
co-ordinate r is proportional to the distance between like pions and r’ is 
proportional to the distance between the unlike pion and the center of mass 
of the like pion system. The momenta p and p’ are the conjugate momenta 
and I and !’ the corresponding angular momenta (J is even by Bose-Einstein 
statistics). 

If the orientation of the decay-plane normal and the rotations of the decay 
configuration about the decay-plane normal are neglected, then only two inde- 
pendent variables are necessary to determine the decay configuration. These 
are taken to be |p’| and cos@ = pp'/pp'. The conservation of angular mo- 
mentum requires that the spin of the + be the vector sum of I and I’, ive. 
J_—1-+1. The conservation of parity requires that the parity of the + be 
the product of the intrinsic parity of the three pions and their orbital parity, 
ie, P = (—1)(—1)*" = 1)". 


If the Coulomb and pion-pion interactions are neglected, the final state 
of the + can be thought of as three independent pions. The + is coupled to 
three pion states having the same spin and parity. These three pion states 
are characterized by various values of ! and l’. There are a variety of states 
of three pions having the same spin and parity, and therefore the final of the + 
will be a linear combination of all these three pion states. 

In order to estimate the relative probabilities for decay into different final 
states, DALITZ and FABRI assume that the probability amplitude of these 
states is proportional to the value of the corresponding wave function in the 
volume occupied by the +. The radius of this volume is chosen to be + Compton 
wave length, which is small compared with the wave length of the emitted 
pions. The free-pion wave functions near the origin are approximated by the 
lowest-order term, i.e., the spherical Bessel function of order I, j,~(pr)!/(21-+1)!!. 
Using these assumptions, one derives the magnitude of the relative decay 
amplitudes. TELEGDI (?) has pointed out that if final-state interactions are 
to be neglected then, on the basis of time reversibility, the ratios of the rela- 
tive decay amplitudes are real. The sign, however, cannot be obtained without 
further assumptions about the details of the structure of the +. 

The decay amplitudes are shown to be small except for those states for 
which 1/+/'= min. Then the distribution of the decay configurations is uni- 
quely determined if only one state has /+l’= min. If there are several states 
with the same /+1/’= min, the decay configurations also depend on the rela- 
tive phases between these states. The latter are then the ambiguous cases. 

A single state with /+/’= min exists for the cases of 7 spin and parity 


(°) V. L. TELEGDI: Private communication. 
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For all other cases (except 0+, which is not a 


possible final state for three pions) there are two or more final states with 


71 min: 


42. Comparison of Angular and Odd-Pion Energy Distributions with the 


Analysis by Dalitz and Fabri. 


20 


BE 


04 05 08 10 


Fig. 2. — Plot of expected cos  distrib- 
ution for + spin-parity 0 — 1+, 1 — 
2+,3—. Also shown is the experimental 


distribution. 
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Fig. 3. — Plotof expectedodd-pion energy 

distributions for + spin-parity 0 —, 1+, 

1—, 2+,3—. Also shown is the exper- 
imental distribution. 


42.1. Discussion. — One hundred ++ mesons were found systematically 
by the track-following method described in Sect. 2. Where only two pions 


stayed in the stack or where a pion made 
a large-angle scatter, the Q of these 
T's was assumed to be 74.9 MeV and 
the lost or scattered pion was assigned 


Fig. 4. — Plot of expected cos 0 distribu- 
tions for + spin-parity 2—, 3+, 44+, 5— 
Here ¢ is the relative phase between com- 
peting three-pion states. The cases of 2 — 
and 3+ for y = x are very similar and are 
drawn as a single curve. In like manner 
the cases of 4+, 5 — for g = 0 are very si- 
milar and are drawn as a single curve. Also 
shown is the experimental distribution. 
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an energy accordingly. (The conservation of momentum was also used to 
verify the assignment.) 

All the theoretical distributions (*) were computed by use of the non- 
relativistic approximation. In this ap- 
proximation the relative phase between = 
three pion states appears only in the * 
cos @ distribution, and not in the un- 
like-pion-energy distribution. The rela- 16 
tive phase is taken to be 0 or x for 
the non-unique cases. 

Figs. 2 and 3 show the theoretical 
distributions for the unique cases, i.e., 
0—, 1+, 1—, 2+, 3—. Figs. 4 and 8 
5 show the theoretical distributions for 
the non-unique cases, 2—, 3+, 4+, 
and 5 —. In these only two three-pion 
states have the same /+/'= min. Also ae) 

’ Kinetic energy of unlike pion (MeV) a 
shown in each figure is the correspond- 5 0 5 30 50 
ing observed distribution. 


Fig. 5. — Plot of expected odd-pion energy 


42.2 Statistics. — To determine distribution for + spin-parity 2—, 3+, 
the significance of the results of com- 4+, 5—. Also shown is the experimental 
5 distribution. 


paring two or more theoretical hypo- 

theses with a sample of finite size, it is 

necessary to consider the probability (a) that the sample comes from any one 
of the theoretical distributions, and (b) that a hypothesis will be rejected in 
favor of another, on the basis of (a) when in fact the hypothesis is false. 
If 7? (chi-square) is the statistic used for the comparison then the probability 
of (a) is the Pearson probability and the probability of (b) iscalled the power (1). 
The power depends only on the theoretical hypotheses, the sample size, and 
—of course—the confidence level of (a). Clearly for a pair of hypotheses I an II) 
there are two powers, i.e., the probability of rejecting I in favor of II if in fact I 
is false, and vice versa. 

Table I gives the Pearson probabilities for cases in which the + spin-parity 
is 0—, 14+, 1— 24, 2—, 3+, 3—, 4+, and 5—. Table II gives the power 
for the 7? test for comparing 0— with the remaining cases at the 5% confi- 
dence level of the Pearson probability. Five intervals were used for both 
the cos@ and odd-pion energy distribution. As cos# and T_ have inde- 


(*) All theoretical distributions were obtained from formulas (8) and (14) of 
Fagrrs paper (4). 

(10) See, for example, O. KEMPTHORNE: Design and Analysis of Experiments (New 
York, 1952), p. 219-223. 
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pendent 7? distributions, the y? for each distribution may be added, and the 
corresponding Pearson probability and power are calculated for the sum of 
their degrees ot freedom. 


TABLE I. — Pearson probabilities for various values of spin and parity. Here p is the 
relative phase between competing three-pion states. 
Spin parity .. . 0 — 1+ 1 — 2+ 3 — 
Probability .. . Salm 4-10-8 TO On 2 1020 
Spin, parity . . . 2 — 3 + 4 + = 
Probability . . . Gia) 210 SOs 2-10 10 
pP—= Tr DOS 221022 10259 10-26 


TABLE II. — Power for various values of spin and parity (thereare two powers for each case). 


Spin, parity . . . — 1+ 1— 2 + 3 — 
IROWOrs SEC EE — 0.95 0.9997 0.9945 0.9900 
0.995 1.0000 1.0000 0.9959 
Spin, parity ee. — 2 — 3 + 4 + 5 — 
POWOI EN CR cats oO 0.55 0.915 0.82 0.87 
0.930 0.945 0.91 
g=a 0.55 0.65 0.9965 0.98 
0.65 0.86 1.0000 1.0000 


43. Conclusion. — Assume a 5%, confidence level for the Pearson proba- 
bility and a 95% confidence level for the power as the criteria for rejecting 
or accepting a case of spin-parity. Inspection of Tables I and II shows that 
0 — is the only case that is compatible with both requirements. The cases 
of 1—, 2+, and 3— must be rejected. The case of 1+ is on the border line, 
but 2—, 3+, 4+, and 5— clearly cannot be rejected. 

For the + and K_, to have compatible spin and parity the + most have 
parity P = (—1)’, ie., either 1—, 2+, 3—, 4+, 5—, ete. For these cases 
only ++ and 5— are significantly probable. 


This paper is one aspect of a systematic investigation of positive K-particles 
by Dr. R. W. BIRGE, Dr. DONALD H. StorxK, Dr. M. V. WHITEHEAD, Mr. L. T. 
KERTH, Mr. J. R. PETERSON, Mr. J. SANDWEISS and the author, using the 
strong-focusing spectrometer at the Bevatron, whose design and implement- 
ation is due to Mr. KERTH and Dr. Stork. I wish to thank Dr. BIRGE, 
Dr. Stork, and Dr. WHITEHEAD for their contributions and suggestions in 
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the course of this work; Dr. D. H. HoLLAND for assistance in writing the 
section on z-decay theory; our scanners, Mrs. B. BALDRIDGE, Miss I. D’ARCHE, 
Mrs. E. GooDwIn, Mrs. M. HARBERT, and Miss K. PALMER; Mr. V. Coox, 
and Mr. G. Preston for their assistance with the measurements; and Dr. E. 
J. LOFGREN and the crew at the Bevatron. 

This work was done under the auspices of the U.S. Atomic Energy Com- 
mission. 


APPENDIX A 


Error in Due to Moisture Content. 


The error in Q due to an error in estimating the emulsion density to be 
05 = 3.826 g/em* arises strictly from the difference in water content between 
the assumed and true values of the emulsion density. -To estimate the effect 
of this error: 
1) R;, Z;, Rz,, Zr, are defined in Sect. 3°2.4. k,, is the chord length for 
the true emulsion density o,. 


2) As in Sect. 3°2.4, we have 


Reis ZolZi, R/Rı=2/Z and ot =o = ost, = ot. 


Now we see 


BB 7 Ze tt; = 0i/ox 


from which follows 


> Bu, = 0/0 > Ri, or R, = O:/ork,. 
i i 


3) dT/dz = const-n-f(v) where n is the number of electrons per unit 
volume of emulsion. To within the accuracy of measurement the water 
and dry emulsion volumes are additive. Therefore n depends linearly 
on the emulsion density, i.e., n — bo+d. BARKAS and YOUNG (5) give 
n = (0.2522 9 + 0.0830)-10?4/em* as the dependence of n on 0. Now the 
range is 


Ty 


To 
dr if ar 
L 5 aT/de — const ako re 
0 


0 


Assume for convenience that T= a(Rn)*, where k = 1/1.71. The range index k 
varies by about 14°% over the region of interest; we have taken the mean value. 
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4) T,— T,/T; = AT/T, = (Rim, Rynz)* — 1 = (02%,/0z)*— 1. 


5) Qssume 0,= 0, + A and make a Taylor’s expansion of n,/o, about n,/oz- 
One obtains ”,/0, = Nrlor(1 — dAp/nzox). Then AT/T, = (1— dAo/nzoz) —1 = 
> kdAo/n,0o,. Putting in the values of k, d, and o, given above, one obtains 
AT/T = — 0.046 Ao/o. Then we have 


3 
3 AT, = en (— 0.046) 42 7, =0c- 0.046) Ao/o , 
ei = 0 
and 
AQ/Q = — 0.046 Apjo . 


APPENDIX B 


Original Data on the t+ Particles. 


Energies of x Secondaries. 


Particle mt mt Te Q cos 0 
16-5P 46.0 11.4 1773 74.7 917 
16-7P 32.7 12.4 29.8 74.9 .506 
16-36P 47.8 (*) 17.6 9.5 74.9 (*) 1.007 
16-40P 32.2 30.0 13.0 75.2 .066 
16-51P 32.7 15.7 25.5 73.9 .427 
16-85P 16.8 1473 44.2 72.3 .300 
16-86P 42.0 11.6 20.7 74.3 774 
16-103P 41.7 (*) 28.0 5.2 74.9 (*) .603 
16-123P 18.6 17.6 38.0 74.2 0.30 
16-131 P 46.0 (*) 20.0 8.9 74.9 (*) .894 
16—-163P 39.3 20.7 15.0 75.0 .523 
16-181P 14.6 13.4 49.5 Toit) .024 
16-203P 39.5 17.5 18.2 75.2 579 
16-219P 30.0 9.0 35.8 74.8 .564 
16-236P 21.7 14.2 39.1 75.0 224 
16-248P 42.2 21.6 11.6 75.4 .635 
16-273P 31.2 23.4 21.3 75.9 .198 
16-279P 42.2 6.4 25.7 74.3 .875 
16-297P 30.2 12.3 31.0 73.8 .440 
P: These tau’s were included in tha data presented at the Pisa Conference, 1955. 
(*) One of the z’s left the stack or made a large-angle scatter. 
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Energies of x 


Secondaries (continued). 


Particle x! x! re Q 
16-298P 28.5 2,7 43.7 (*) 74,9 (*) 
16-307P 35.3 21.4 17.6 74.3 
17-308P 39.0 17.2 18.7 74.9 (*) 
16-311P 31.5 22.0 80.5 74.0 
16-312 32.2 12.4 28.9 73.5 
16-315P 18.6 14.5 40,9 74.0 
16-328 17.2 11.5 44.3 73.0 
16-336 41.3 13.9 20.0 76.2 
16-338 20.7 13.9 39.6 74.2 
16-349 38.0 30.4 3.9 76.4 
16—-7A1 31.4 12.3 30,2 73.9 
16-rA2 | 24.0 13.0 38.7 75.7 
16-+A3 14.4 13.0 47.5 (*) 74.9 (*) 
16-TA5 43.1 4.9 25.9 73.9 
16-N1 | 31.2 28.8 14.8 74.8 
16-N 10 34.6 8.8 32.5 75.9 
16-N 20 | 38.3 16.9 19.5 74.7 
16-N23 | 29.7 29.1 16.7 75.5 
16—N 32 19.6 17.5 38.2 74.3 
16-N80 | 43.7 18.0 13.0 74.7 
16-N84 43.0 23.0 | 9.8 75.8 
16-N89 20.1 | 12.2 42.6 (*) 74.9 (*) 
16-N119 37.6 7.9 30,2 75.7 
16-N 129 30.1 18.7 26.5 70.3 
16-N145 31.0 1.6 43.2 75.8 
16-N 149 | 39.0 15.0 20.9 (*) 74,9 (*) 
16-N162 | 36.0 36.0 1.9 73.9 
16-N 194 32.6 25.3 Lt 75.6 
16-N 197 28.6 23.3 25.5 77.4 
16-N210 35.0 28.9 12,7 76.6 
16-N214 39.3 5.4 30,7 75.4 
16—N 225 44.9 (*) 3.4 26.6 749 (*) 
16-N241 47.2 7.8 20.0 75.0 
17-1 39.5 7.0 27.5 74.0 
17-7 37.9 (*) 25.9 iad 74.9. (*) 
17-40 27.9 (*) 20.0 27.0 74.9 (*) 
17-42 32.2 (*) 27.0 15.7 74.9 (*) 
17-54 42.7 17.0 15.8 76.5 
17-90 45.4 (*) 9.5 20.0 74.9 (*) 
17-97 29.8 (*) 14.5 30.6 74.9 (*) 
17-115 46.0 (*) Hall 21.8 74.9 (*) 
(*) One of the m’s left the stack or made a large-anglo scatter. 


cos 0 


068 
O41 
555 
O16 
060 
759 
659 
.285 
.724 
.282 
986 
610 
0 
‚194 
.129 
181 
826 
996 
994 


.800 
.384 
.197 
‚145 
.708 
911 
.385 
.9 64 
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to 
ot 
bo 


Energies of = Secondaries (continued). 


| Particle T+ TT Ta (9) cos 0 
17-145 29.3 | 24.5 20.5 74.3 125 
17-152 46.3 (*) | 8.4 20.2 74.9 (*) .957 
17-170 35.6 16.8 24.0 76.4 .462 
TEST 40.5 16.5 18.5 75.5 .626 

| 17-188 30.4 (*) 26.4 18.1 74.9 (*) .107 

| 17-193 43.2 9.0 23.6 75.8 .833 
17-204 19.3 12.1 43.5 (*) 74.9 (*) .280 

| 17-215 Aner) 2.20 1182 74.9 (*) .618 

| 
20-111 20.2 20.1 36.2 76.5 .003 
20-126 35.0 1.0 39.5 75.5 .957 
20-165 24.5 7.4 43.0 (*) 74.9 (*) .613 
20-200 30.5 2.9 41.6 75.0 .881 
20-233 44.2 DIE 10.8 76.2 .725 
20-268 35.0 33.0 7.0 75.0 .078 
20-270 33.8 29.0 12.9 75.6 .143 
20-274 46.1 (*) 18.0 10.8 74.9 (*) .889 
20-283 22.8 18.9 OD 73.9 .102 
20-297 39.0 9.0 26.0 74.0 .742 

| 20-383 46.0 18.6 10.8 75.4 .865 

| 20-393 39.4 (*) 21.1 14.4 74.9 (*) 1522 

| 20-397 38.0 18.3 15.5 71.8 „560 
20-408 37.2 3 37.0 75.5 941 
20-446 32.4 Dipl 15.0 74.5 151 
20-480 20.7 19.7 34.5 74.9 .027 
20-497 36.5 1.6 36.8 (*) 74.9 (*) .925 
20-506 34.9 23.2 Mies 75.9 .310 
20-518 47.2 (*) | 9.8 17.9 74.9 (*) .976 
20-534 31.9 5.2 37.7 74.8 742 

| 20-552 | 41.6 | 20.2 13 75.1 .626 

| 20-644 39.7 8.8 28.2 76.7 738 
20-699 31.0 6.3 37.0 74.3 .685 
20-703 34.1 5.9 36.0 76.0 .730 
20-707 30.5 (*) 7.0 37.4 74.9 (*) .650 
20-734 24.8 6.4 42.0 7132 .679 
20-749 43.4 (*) 16.2 15.3 74.9 (*) 755 
20-759 45.8 S312) lee 76.5 ‚851 
20-768 33.0 26.0 16.0 75.0 .193 
20-794 38.2 26.6 10.5 75.3 374 

> 0359 35.8 | 10.9 29.2 75.9 .607 

| 20-966 35.0 17.0 Dil 73.6 .463 

(*) One of the 7’s left the stack or made a large-angle scatter. 


LL: 
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RIASSUNTO (*) 
Si analizzano in base (a) al valore Q del decadimento =, (b) ai possibili valori della 


parita dello spin del +, cento mesoni 7* osservati in paechi di emulsioni nucleari esposti 
al fascio di K~ del bevatrone. Si ottiene un Q di 75.13 + 20 MeV. La corrispondente 
massa del + è 966.5 + .74 m,. Si sono usate le analisi di Datirz e FABRI per asse- 
gnare ai + possibili valori di parità e di spin. Il caso 0 — & quello che meglio si accorda 
con le distribuzioni di energia e angolari osservate. 


(*) Traduzione a cura della Redazione. 


17 — Il Nuoro Cimento. 


IL NUOVO CIMENTO WO TI ANG 1° Agosto 1956 


Functional Integration in Quantum Field Theory. 


W. K. Burton and A. H. DE BORDE 


Department of Natural Philosophy - University of Glasgow, Scotland 


(ricevuto il 2 Maggio 1956) 


Summary. — The problem of constructing explicit definitions for the 
vacuum expectation values of time ordered products of field operators 
as functional integrals is discussed with particular reference to systems 
in which the Fermi fields are involved bilinearly in the Lagrange function. 
Whereas a pure Bose system is comparatively easy to treat in this way, 
the presence of Fermi fields involves a complication due to the occurrence 
of non-commuting quantities in the classical action function. We give 
a definition involving only two non-commuting quantities, and work out 
some illustrative examples. 


Up to the present time, the Feynman function integral (+?) in field theory 
has been used mainly as a formal device (*); that is to say, it has not been 
precisely defined as a mathematical object. This is particularly true in the 
case of its applications to Fermi systems, where non-commuting quantities 
necessarily appear in the integral. For Bose systems, the situation is com- 
paratively simple, in fact a reasonable definition of the transformation function 
w't"|\x't') for particle mechanics as a functional integral has been given by 
DAVISON (*), and illustrations of its practical use have been given by the present 
authors (5). DAvIson’s result is that 


(Gata | Cot) = nr | im Jan ju [ow exp | iL (a(t), a(t)) a i 


1 


P. Feynman: Rev. Mod. Phys., 20, 367 (1948). 

P. Feynman: Phys. Rev., 80, 440 (1950). 

C. POLKINGHORNE: Proc. Roy. Soc., A 230, 272 (1955). 

Davison: Proc. Roy. Soc., A 225, 252 (1954). 

. K. Burton and A. H. DE BORDE: Nwovo Cimento, 2, 197 (1955). 
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where 
&(t) = co = PRET. 
L — a , ==, — 
=) ei nn = | 3 ab a d3 


and g,(Z) is a complete orthonormal set of functions on the interval (0,1) 
with ¢,(Z) = 1, for example 


¢,(z) = V2 cos nazz for n >0, ¢,(z)=1 


This is for a system with Lagrange function 


Thus Davison defines integration over a space of (integrable square) 
functions as the limit of a sequence of n-fold ordinary integrals over expansion 
coefficients. This notion has been developed futher by SYMANZIK (*) and by 
MATTHEWS and SALAM (°) in connection with field theory. For these authors 
the aim is to express propagators by functional integrals of the type 


(0| Tp(z,)p(z;) --- G(x) 9) _ Slap (#2) --- gr.) exp [48] d(g) 
(0 0) fexp [iS] d(p) : 


where S is the classical action for the fields under consideration. Again the 
attempt is to define the functional integral as the limit of a sequence of ordi- 
nary multiple integrals over suitable expansion coefficients, due regard being 
taken of the requisite vacuum boundary conditions. These authors appeal 
to the notion of anti-commuting functions g(z) when they treat Fermi fields 
in order to reproduce the desired symmetry properties in the expectation 
values of T-products (ie. of T-ordered products of quantum operators). 
SYMANZIK (*) regards the functions over which the integrations are to be per- 
formed as anti-commuting, whereas MATTHEWS and SALAM (’) appeal to the 
existence of what they call «complete sets of anti-commuting functions y,(x), 
normalized so that 


CAD Sr a= 9¢\2) }p(2) dz’ 6.4.» 


Here the y, are «real» and the y are in the Majorana gauge. This « complete 
set » plays the role that Davison’s (*) g,(z) would play in the case V(z) = 0, 


(5) K. SyMaxzIK: Zeits. f. Naturfor., 9a, 809 (1954). 
(7) P. T. Marraews and A. Satam: Nuovo Cimento, 2, 120 (1955). 
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namely the functional integral becomes the limit of a multiple integral of an 
exponential of sums of squares, which is easy to evaluate. It is by no means 
clear, however, whether such a set can be found, or indeed what precisely is 
meant by the phrase «complete set of anti-commuting functions ». SYMAN- 
zik’s (°) Fermi functional integral must be considered as purely formal until 
the actual process of summing is made more explicit. 

In this paper we try to give a definition which covers both the Bose and 
Fermi cases, and which may be regarded as an extension of Davison’s formula (1). 


1. — In view of their comparative simplicity, we confine our remarks at 
first to the case of Bose systems. Precise definitions have been given of the 


coordinate-to-coordinate transformation functions (4) (xt\æ't') in partiele me- 


chanics and these may easily be extended to matrix elements of quantum 
mechanical operators in the coordinate representation. Analogous definitions 
are feasible in field theory, for matrix elements of functions of field operators 
in a representation in which a basic set of field variables is diagonal. However 
such matrix elements are not the most useful ones; in fact it would be desirable 
to express vacuum-to-vacuum matrix elements of T-ordered operators directly 
in terms of functional integrals. Such notions have already been employed, 
but in a somewhat imprecise sense. 

In order to develop a suitable definition of vacuum matrix elements, we 
first examine how they may be derived from the corresponding coordinate 
matrix elements, in the case of particle mechanics. Consider for example, the 
following identity: 


(1) (xt | (t,)x(t) |e’) = fax Gove (art | yt), (arty | Pale) (Coty | vt’) , 


where t >t, >t, >t’, x(t) and x(t.) are coordinate operators corresponding 
to the times t, and &, and wv, and aw are the eigenvalues of x(t,) and x(f,) res- 
pectively. Then if y,(x) represent a normalized complete set of energy eigen- 
functions for the problem, we can write 


(2) (wt x(t, )a(te) | et) = > | Pate) pr (ay) da Pn (lr) pr (Re) AL Pnr(Lz) AIT RE 


-exp [— iL H,(t—1,) + Eh —t) + En(t—V)]] . 
By definition 


(3) HER eee NED: t’) 


(vac, t| vac, t’) 


= > exp [— (Er — Eo)ltı — La, ALY (11) 21 (ei) Pn (V2) L2Yo(L2) ; 
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bo 
Qt 
— 


where the « vac » notation means that the matrix elements refer to states of 


minimum energy E,. If we set 2 = x' in (2) and integrate over x, we find 


(4) feat) (watt) et) = > exp [— i[#,(t— t, +%,—t) + Et —t)]] 


nn 


* far, Ax, Yn (L1)L1 Yn (Li) Pr (L2)@2Yn(@2) - 


If we can now pick out from the sum over n in (4) the term n = 0, division 
by (vac, t| vac, t’) will produce the expression “e(t,)e(t)> of (3). Let us then 
divide both sides of (4) by (vae, t vac, t’) and then replace Æ, by E,,(1 — ie), 
where e> 0; this produces an expression which has the following property: 
if we let t — co, t'/+— oo and subsequently let & > + 0, we are left with 
(a(t Jet). 

In Davison’s (*) definition of (1), the integration is over a set of functions 
a(t) taking the values x and 2’ at t and ?t’ respectively. Since in obtaining 
<a(t,)e(t.)> from (1) we set 7 — + and integrated over all values of «, this 
suggests that we should define the functional integral for €x(t)r(&)) as an 
integral over a set of functions satisfying periodic boundary conditions at t, t/, 
adding a term ieH to L, where H and Z are the classical energy and La- 
erange functions, and subsequently taking the limits to, t/+— co, 
e — + 0 in this order. 

We therefore adopt as the definition of the vacuum expectation value 
of T-products of quantum dynamical variables 


(vac| Tp(a) ... p(x,)|vac) __ 
(vac | vac) 


(5) Ko) .-- V(&n)> = 


Spt) … p(x,) exp [iS[o]]d(g) 


=i ; 
a exp [iS[gl]d(p) 


where z,, ..., 2, Mean space-time points in a field theory and the times ty, ..., En 
in particle mechanics. The functional integral is to be performed in the fol- 
lowing way. Write 


k 


(6) px) = > a(x) , 


j=1 


where the g,(z) form a complete orthogonal set satisfying periodic boundary 
conditions in a volume V in space-time. Then S[q] is to mean 


(7) Se] = | dr(£ + ie) , 
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(8) L=L9, 0,®) ; FR = (y; Cf) 


are the classical Lagrange density and energy density, respectively, for the 
problem. At this stage we shall have S[p] = S(a, ..., ax), and (5) represents 
a k-fold ordinary integral, the volume element being 


(9) dp) = II du. 


Finally the expression <¢(%,) ... ~(@n)> is obtained by letting k > co, V— co 
and e+ +0 in that order. This procedure will in future be indicated by 
the notation «lim » as in (5). 

The systems of quantum mechanics may be divided into two classes, one 
in which 5 vanishes identically (perhaps after the addition of a total deri- 
vative to £) when the g(x)s are interpreted as numerical functions: these 
are the Fermi systems; the other class of systems, the Bose systems, do not 
show this behaviour. We shall call the corresponding functional integrals 
Fermi integrals and Bose integrals respectively. Our definition so far applies 
only to Bose integrals. Before considering Fermi integrals we shall consider 
a simple first order Bose system by a method which may be easily extended 
to apply to a similar Fermi system. 


2. — We take as our Lagrangian 
(10) L?(x) =— x"(ißD + w)x, DTA Ar 


where æ represents a real two-component vector and the matrix ß is 


0 a i À 


(11) jo == ; (ope 
—i 0 (ee! 


This system is a harmonic oscillator, and has been discussed previously to- 
gether with the analogous Fermi oscillator by BURTON and TOUSCHEK (°). 
Since the classical energy is wx!"#, wm being a scalar constant (the frequency), 
the effect of the term ie# in (7) is taken care of by supposing that m has a 
negative imaginary part. As pointed out by MATTHEWS and SALAM (7), the 


(8) W. K. Burton and B. F. Touscxek: Phil. Mag., 44, 161 (1953). 
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calculation can be considerably simplified by a special choice of the complete 
orthogonal set mentioned above. We consider the z,(t) which satisfy 


(12) (BD + w)r, — 2,%, , 
or 
(13) (BD + 2,)c,=0, 2, = © — 1, 


where x,(f) satisfy periodic boundary conditions over a time T. It is easily 
verified that the general solution of (13) is 


(14) L, = (o,— io,ß)r, 
where 
‘cos Q,t 
sin Q,t 
(16) 2 meet ere YE Bh n integral, 


and 6,, o, are arbitrary (possibly operator) constants, independent of #. If 
we choose a particular o, and o,, then for a given n there is a second solution 


(17) x, = (0, + io.f)r, , 
which is linearly independent of #,. If we choose 
(18) a 


we find that x, and x. are orthogonal in the sense that 


n 


(19) | exp + wr,dt =0, 


1 
2 : : : 
and in fact the entire system of functions z,,, x, form an orthogonal set: 


(20) | r¥(ipD + w)r,dt = | ex(igD 4+ w)r,dt = À,T(0 + 02) 5 mn - 
À 


T 
Tf o,. 0, are thought of as numbers the orthogonal set is complete. If not, 


the question of whether the set can be extended further is considered in the 
discussion of the not so trivial Fermi case below. 
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We now expand æ(t) in the form 


en = {ur +3,80): 
Then 
(22) S—— 3 2,70 + blo? + où). 


We define 


(23) 23) = ot) = 12®) , 


where # and x are the components of the vector x. 
we have 


(24) #*(t) = Dfa,lo, + io,) exp[+ 12,t] + du(oı 


We are now in a position to evaluate <#-(t,)v*(t,)>. Omitting certain terms 
which vanish on integration by parts, we have, putting o; = #i[o,, 03] 


(25) <ar(h)at(t)> = 


(aa) db) Sf a2(o +03 — 20,) + b2(02 +03 +20,) } ents ex p[—iT (03463) À, (a2, +03) ] 


By (14), (17) and (2 


102) exp[ + iQ 2,1}: 


0) 


=lim 


f(a) d(b) exp [— iP (02 + 03) > An (a2, + b2,)] 


Sp > i, = Zu 


Here we have used an additional limiting process to ensure the convergence 


of the integrals. Taking the limit T — oo, (25) gives 


1 Fr 10, —1)] 


2 a-(t,)et(h)> = li 
(26) ch) = lim — 5 | “pda 
= It, — t,) exp [— iw(t 
where 
(27) O(t) =1 
=) 
Similar calculations show that 
(28) (a(t a (te)> = <ar(h)ar(h)> = 0. 


— h)]= art, 


for 


for 


10 


t< 0. 


Using these results, definition (23) yields <v(t,)v(t,)) where x, B = 1, 2 
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3. — We now consider the Fermi system with Lagrangian 
(29) Lx) =— a" (iD + oß)e = — x"ß(ißD + w)x . 


If the components of x be conceived of as commuting quantities, the Lagran- 
gian is merely a total time derivative. It is therefore necessary to attribute 
operator properties to the components of x in order to obtain non-trivial results. 
We shall do this by exploiting the operator solutions (14) and (17) of (12). 
In fact, using (14) we find 


(30) Lp PUpD L'or, dt =, Tan, Hl ——21,To.0,, , 


D, 


so that the x, are still orthogonal in the new scalar product (30). The second 
solution (17) also satisfies (30) apart from a change of sign (o, > — 6). 
However 


(31) | rmB(iBD + ww, dt = id, T{ or, 62}3mn - 


x 
This will vanish for all m, n if and only if we choose 
2) {o1, o2}= 0, + on = 0. 


We have now found a set of functions orthogonal in the scalar product (30) 
analogous to the set found for the Bose case. The question now is: can this 
set be extended further? The answer is no if the operators concerned are to 
_be non singular. For suppose y = > (0% — io\”ß)v, were another function, 
n 


orthogonal to all members of the set already found. Then we should have 


[nero + w)e, dt = 1A, T (oo, — ofc.) = 0, 


vat 

- 
JyrgesD or, dt = 711, 0 (oo, 10%0,) =D, 
T 


so that 


(n) zum) = 
0, 0, = O3 03 = 0. 


This is impossible if o,, o,, 0%", of” are all to be non-singular. If o, and o, are 
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non-singular, then of” and o/” vanish for each n, and we conclude that y = 0. 
However the set (z,, x,) is not complete in the usual sense. For example, 
the function 0,0%, cannot be expanded as > (Ann + ba) where the a,; b, 
are numerical coefficients. A corresponding result can also be proved for the 
Bose case. If there the o’s are taken to be numerical quantities, the (x,, x!) 
form a complete numerical set in the usual sense. 

Defining #*(t) by (23) as before, we obtain, again omitting terms which 
vanish on integration by parts 


(33) ee )) = 


fd(a)d b) Xia (of +02 — mee }exp[— iQ, (t, —t,)] exp[iS] 
= lim —— ; 
Jd(a) dd) exp [iS] 
where 
iS = 2iTo; > 1,,(a?,— 62.) . 
Hence 
exp [— ion (t, — t)] 


which is the same result as we found in (26) for the Bose example. 
Two important differences between the two cases are the following: 


(i) If we evaluate <at(t,)x-(t,)> we get <x-(f)rt(t)> in the Bose case 
and — <a-(t,)x*(t,)> in the Fermi case, thus showing that the correct 7'-product 
behaviour is reproduced. 


(ii) If we evaluate T-products of four factors in the two cases the results 
will not be the same. For example 


Ce (ty) (ty). (és) (ta) 


vanishes in the Fermi case if 4 > & >t, >t, but not in the Bose case. This 
is because the Fermi oscillator has only two energy levels and the w*(t) act 
as creation and annihilation operators. Corresponding results hold for six 
factors and so on. 

The extension to the case of the Fermi system with Lagrangian 


(34) L(y) =— y"B(iBD + © + f(t))y 


where f(t) is any function of the time is made by making expansions in terms 
of the functions y, satisfying, 


(35) (BD + © + fun = Ann - 
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It is seen that if we take 
t T 

g en ag, 

(36) m= exp |if[u— Daran, j= 7 Jroar. 
0 0 

where x, is of the form (14) or (17), satisfying (12), then y, satisfies (35) with 
À, — 2, + f, and takes the same boundary values as #,: Expanding y in terms 
of the set y, we find 


(37) y=(t) = exp E if f) dt’|-x>(t) , 
which gives ultimately j 
(38) <y(t)y7 (ts) = exp - if no ar <a-(th)ar(t)> , 


where <z-(t,)a*(f)> is given by (33). 


4. — We shall now examine the corresponding field theoretical case. For 
the free Dirac field we have the Lagrange density 


(39) L = y, Dy] = iyly.Dy. + u YDy) » y = iy'ya 
where 
(40) D=y,0,+M, Y = Ya + 


and, following MATTHEWS and SALAM (7), we have split the total field y into 


real parts y, and y, (Majorana gauge, real y,, u = 0,...,3. The elements of 
Yo are y} = y? = — y** —=— yi} — 1, all others zero. y" means the: trans- 


pose of y and y‘ its Hermitian conjugate). 
Following the lines suggested by our previous example, we contemplate 
expansions of the y, and y, in terms of real quantities g"°(x) satisfying 


(41) (v7.0, + Q)ye =0, 2Q2=m—A 
with periodic boundary conditions over a space-time hypercube. A complete 
set of g"» is given by 


(42) gi) = (Q,— yc) cos p\™x-u® , 


where the uw form a complete set of constant spinors, and 


(> = + (— pv?) ; De > 0. 


The pe take on the discrete values implied by the boundary conditions. 
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As in the Fermi example previously considered, it is necessary to include 
non-numerical functions in our expansions. It is adequate to take for the 
spinors 

N) UD (O58 <6 Fox, 0) 
(43) 
| w? = (0, 0, 0, —0) u® == (0, 1, 0,0) 


With this choice, we have 


(44) uU) == 24(— 1)%030 ce 


provided we take as before {o1, O2} — 0. Then a simple calculation shows that 


(45) [are + m)e" da = — 222(m — Q,)Vos(— 1) Oss dun 5 


y 


where V is the hypervolume of the periodicity hypercube. An argument si- 
milar to that used previously shows that if o, and o, are non-singular, any 
further function satisfying 


[rar =0, 
Vv 


for all n and s, must vanish. 
If we now expand y, and y, in the form 


(46) Wa = > GENE Wo = > POS ß 
we find 
Fa S=— > 205m — Q,)Vo(— 1a, HB). 


ns 


Then the normalized expectation value of the T-product of y,(x) and y,(w’) 
is given by 


(48) Wao )Pap(æ Ss A 
(a)2 any (x PB (: ) exp [= DD 2103 V Q2(m — 2,)a2,(— 1)°] 


ns 


—) 2 
a [dla eu 


ns 


x pa (x) p(x )(— 1) 
zn >. 410,82%(m — 2,)V 


>“ (Q,— y0)(Qn + y0')yolas COS PX‘ COS pw 


N 
u 202(m — Q,)V 


un Tete 
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Consider 


(2 70)(Q SE yO' yo exp [ip (x — x')] 
n 2Q2(m eae, 2,)V . 


In the summation, for every term +, there is also a term — Q,. Taking 
these together we find 


(50) I(x, x') = lim > exp [ip™(x— 2')]- 


f (Qn typ )(Qn— typ™)yo , (Qu + iyp™)(Q, + iyp™)yo) 
2.22(m — Q,)V 202(m + Q,)V ise 


meen in 


2(m — typ™) yo 
(pw: + m2)V ' 


= lim > exp [ip™(«— x')] 


using p”*+0Q"°=—0, the latter relation also implying that I(r,—2') = 
= I(— x, x')=0. In the limit V— co, (1/V) ¥ becomes replaced by (22)-*{ dp, 
which gives | 


(51) <palw)pa(a")> = 4(22)-*(m — YO 


P,>0 


[ar exp [ip(a—r N | = ip(x—x')] 
4 p? + m: 


_exp{ip(r — x')] 
? > 2 Yo > 
ptm 


— +4$(27)-4(m ro] dj 


Since <y,(7)y,(2’)> = 0, we obtain finally the well-known result 


exp [tp(2— x')] 
p? + m? ; 


(52) <p(xyp(x)> = — i(22)-4(m — ye) | dp 


ou 


where the integral over p, is performed with m having a negative imaginary 
part which is made to tend to zero after the integration. 


5. — Having treated a number of specific examples of the evaluation of 
vacuum expectations of T-products for Fermi systems as functional integrals, 
we now come to the general case of functional integration over the Fermi 
fields for a system consisting of both Fermi and Bose fields in interaction, in 
which the Fermi field variables are involved bilinearly in the Lagrange function. 
If the Fermi integrations are performed first, the Bose fields may at this stage 
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be treated as external classical fields. Then the action may always be written 
(53) S =|vEpae, 


where L is an imaginary antisymmetric operator. In the example in Sect. 4, 
y would comprise y, and y,, together forming an eight component spinor. 

Let 9,(2) be a complete set of real numerical functions with the same 
number of components as y. Define 


(54) [ration dy = IDE . 


The matrix L,,, being imaginary and antisymmetrical, and therefore Her- 
mitian, can be diagonalized by means of a unitary transformation U: 


(55) > SE PEER = An Ons ’ Am = An 
the 2, being real. Now define 

(56) Y= > UL; 

(57) DU. 


where (57) is the complex conjugate equation to (56). Then 


(58) | y'*Ly daz = > Ut, | pr lpia Ut > Un, Us = none. 
and 


(59) | vaty't de — — Am Omn , 


which follows by taking the complex conjugate of (58). 
Let us arrange the numbering of the rows and columns of U in such a way 
that, using (55) 


(60) > LUE = AU rs ’ 
with 


(61) À:> 0 when t>0, À A0 when t= 0). 


ee eer eee En ap i iis à RITTER 


FUNCTIONAL INTEGRATION IN QUANTUM FIELD THEORY 267 
Then 
(62) [vatvaae = — 2 Oe be Oe — hs > DURE iD BLU 
s 


which shows that 


(63) (nat 4) DULV, = 0, 


Hence, using (61) 


(64) | vat, de’ | yp *Ly'* dx — 0. for m,n> 0. 


u 


Define, for positive values of n 


U * ! Ù 
[ Yu = Ur 102," ? 
(65) MER 
Pre = T1Yy =E 1O2Vn + 


Then (58), (59) and (64) show that 
(66) | umLynde = — 240 — 1) Önnörs ; (r,s =1,2; m>0, n>0), 


provided that we take 

(67) {o,, 0. =0, Gq — 2010, 05] — 10,05 - 
If we expand vw(z) as 

(68) y(z) = Z {arpn(a) + Dipn(t)}; 


we obtain 


(69) Pie (z')> = 


a) a(b) X ZX anpai(e LAC 2) a2 BP ng(& )Wn2(v )}exp [ 2103 2 An = b,)] 
= re : = 
fd(a) d(b) exp [2403 ¥ 2,(a7, — 57,)] 
ra 3 (477,.03)- pe )Yn1l' ) = Wn2(L)Pn2(x") } == 
= lim > (27, y,@)yF(e) — p*(x)p,(e")}; 


where we have used (65) and (67). In view of (61), we can extend the sum- 
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mation over all values of n, which gives 


(70) ppt)» = I (MA) 1, (6), *(@') 


n 


= > (2i) y, (a) U „AU, p 2’) 


mn 


= (20) pe) I), 0 (x Oe 


This presents {y(æ)y(x')> as a Green’s function, as can be seen in the following 
way. First 


(71) Lo,(æ > a Ps: v') Le (x '\ps(@) — > L;:p,(&) 
Then 
(72) Liple)pla!)> = (2) I Lupo) E90’) 


The formulae (70) are to be understood in the sense that Z,, contains an ima- 
ginary part (as explained in Sect. 1) which is made to tend to zero at the end 
of the calculation. This prescription prevents Z,, having a zero eigenvalue, 
and results in the <y(x)y(x')> being the Green’s function which satisfies the 
Feynman vacuum boundary conditions. 

In this section we have made no assumptions of periodicity on the ¢,: 
all we have assumed is that the 9, form a complete orthonormal set. We see, 
therefore, that the restriction to periodic boundary conditions imposed in the 
previous sections may be removed. 


6. — It should be noted that the expansions suggested throughout this paper 
are by no means unique. For example in Sect. 8 we might replace the a, 
of (17) by 


&, = (0, — 10,H)0, 


If we now choose of = o, instead of {os C2} — 0, we find that in the Fermi 
case 


a BBD + w)x, At = i,T(0? — 0?) = 0, 


and <x(t,)a(t,)> may be evaluated to give the same result as before. Similar 
changes miay be carried out in the other examples considered. 
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RATS SUN DE ONE) 


Si discute, con particolare riguardo ai sistemi in cui i campi fermionici compaiono 
linearmente nella funzione di Lagrange, il problema della costruzione di definizioni 
esplicite per i probabili valori del vuoto di prodotti di operatori di campo temporal- 
mente ordinati. Mentre un sistema puramente bosonico e relativamente agevole da 
trattare in tal modo, la presenza di campi fermionici introduce complicazioni dovute al 
sorgere di grandezze non commutative nella funzione d’azione classica. Diamo una 
definizione comprendente solo due grandezze non commutative e sviluppiamo aleuni 
esempi illustrativi. 


(*) Traduzione a cura della Redazione. 


18 - Il Nuovo Cimento. 


IL NUOVO CIMENTO VOL ING > 1° Agosto 1956 


Renormalized Dirac Maxwell Equations. 


P. SEN (*) 
Dehra Dun - India 


(ricevuto il 9 Maggio 1956) 


Summary. — The Dirac Maxwell equations are reformulated by eliminating 
that part of the interaction term which contributes only to the mass and 
charge of the bare electron and then by replacing the bare mass and 
charge of the electron by its experimental mass and charge. Then it is 
shown that a renormalization scheme is contained within them. Two 
schemes for renormalization are described and it is shown that the first 
scheme, although not the same, follows the pattern of Dyson’s renor- 
malization program. 


1. — Introduction. 


In the quantum electrodynamics described by the Dirac Maxwell equations 
the existence of virtual particles gives additional mass and charge to the mass 
charge of a bare free electron, and when they are added together then only 
do we obtain the experimental mass and charge of the free electron. This 
renormalization program, which has been constructed by Dyson (1), is not 
contained in the Dirac-Maxwell equations and is added to them as a neces- 
sary auxiliary condition on physical grounds. We should like to show that 
there exists a physically sensible reformulation of the Dirac-Maxwell equations 
in which a renormalization scheme is contained within them. 

The reformulation of the Dirac and Maxwell equations is obtained by 
removing from them all the contribution of their interaction term and of its 


(*) Now at the Istituto di Fisica dell Universita, Torino. 
(1) F. J. Dyson: Phys. Rev., 75, 486, 1736 (1949); A. SALAM: Phys. Rev., 82, 
217 (1951). 
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derivative which correspond to the energy of a free electron or photon respec- 
tively, and then by replacing the bare electron mass and charge by its exper- 
imental mass and charge. This redistribution is made by means of a « prin- 
ciple energy value» operator. To obtain a consistent scheme of renormali- 
zation we have also to define suitably the region of the Feynman graph and 
the manner in which a particular principle energy value operator acts. Such 
a definition can be simply formulated in several ways specially since it is not 
necessary that the reformulated Dirac-Maxwell equations be equal to the ori- 
ginal Dirac-Maxwell equations and result from only a redistribution of the 
terms within them. 

Two such reformulations and the consequent subtraction schemes are 
described. While it seems possible to give a simpler statement for the second 
scheme, the first scheme follows the pattern but is not exactly the same as 
Dyson’s renormalization program and differs from it specially for the contri- 
butions of the higher order irreducible vertex graphs. Both the subtraction 
schemes have been designed to give the usual contribution for the second order 
Feynman graphs and thus about the same physical magnitudes are obtained 
from them and from the Dyson’s renormalization program. 


2. — The Reformulated Dirac Equation. 


To include a renormalization program within the Dirac-Maxwell equations 
let us consider, in the notation of an earlier paper (?), the Dirac equations 


(1) {H(1)—id(a'(1) + a,(1))}v (1) =0, yA) + (a (1)+a(1)}=0, 


where the external potentiol has been written explicitly and so A, (1) shall 
henceforth denote the internal electromagnetic potentiol only. Then we shall 
define the wavefunction of a free electron to be 


LEP : 
(2) Gide! Dy) == ca ja dtp, exp [—il(p + po)JE(P; Po)(Y'(P; Po)) 


where p, and p,, are the initial energy momentum vectors of the electron and 
photon respectively, and where the «free energy operator» €(1), acting at 
the space time point x,(1) projects the free energy part of the Dirac wave- 
gunction y'(1). Since we wish to indicate two separate possible definitions 
of the operators introduced in this section their specific definitions are given 
later and only their general properties, which are true in either case, are de- 


(2) P. Sex: Nuovo Cimento, 3, 390 (1956). The notation of its Sect. 2 is followed here. 
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fined here. Now an alternate description of the free electron must be given 
by the wave equations 


PETER p*(1)H*(1) = 0, 
| H*(1)K*(12) = iö(12), K*(12)H*(2) = — iö(12) 
(3 
| H*(x © x H* = Q 4 KR m“ 
| (ty) Vu or ia aw” 4 (2,) =a ET En xs Fe , 


where the experimental magnitudes of an electron have been denoted by adding 
a suffix * to its corresponding bare magnitudes. 
Let us now rewrite the Dirac equations in the form 


{H*(1) — i4*(D(1)a/(1) + a,(1))}y*'(1) = 0 
(4) 
| p* (1){H*(1) + i2*(D(L)a'(1) + a,(1))} = 0 


where 1*— e*/he. Here a «principle energy value» operator D(1) has been 
. . . . . ! . 
introduced and it acts at the point of the internal potentiol A, (1). To obtain 
an insight about its physical significance let us write 


(5) D(1) = 1— €(1). 


Then according to the equations (2) and (3) the terms removed by the prin- 
ciple energy operator are exactly those which when added to the bare mass 
and charge of an electron give its experimental mass and charge, and thus 
the equations (4) are derived from the equations (1). But as we proceed 
further, particularly due to the necessity of defining the region of operation 
of the D(r)’s and their ordering for the overlapping Feynman graphs, perhaps 
the relation between the operators D(1) and €(1), will not appear as obvious 
will not appear as obvious as the relation (5) and in that case we should like 
to emphasize that, since henceforth we shall use the equation (4) only, it can 
be considered to be the true Dirac wave equation and the validity of the 
relation (5) is not necessary for our considerations. Then in the absence of 
external electromagnetic field y*'(1) will be equal to w*(1). 

Let K*'(1,2) denote the Feynman oprpagation operator corresponding to 
the wave function y*'(1)}. Then we obtain the Feynman integral equation 


(6) LER) = EU) Ze 2 fran 21a) + a,(3)) K*'(3, 2)d3, 


(7) y) = pr) + » fac, 3)(D(3)a'(3) + a!(3)) p*(3) 43 . 
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We also note that the general vertex operator is given by 
(8) An’, 2) = p*'(1)y,y*"(2) . 


Henceforth the suffix * which occurs in all the terms shall be left out and x 
and 2 shall deonte the experimental mass and charge quantities. To include 
the external potentiols also in the illustration of the definition of P(r) let us 
consider the vertex graph NCL, 2) in the first Born approximation in the 
external potentiol and let p,, and p,, be the initial and final energy momen- 
tum vectors of the electron. Then the external potentiol terms of the equa- 


- 


tion (7) can be neglected and, by the procedure of iteration, (8) becomes 


-D(3)a(3)y(3) d3 d4+...+ Jen} .. | Bm Pm )a(m) we Yu oe D(r)a(r)y(r) dm ... dr+... 


The operators P(r) and M(t) which act at the two terminals of a photon 
line De t) are defined to operate on those electron lines which are contained 
within these terminals. The electron lines preceeding a(r) and succeeding a(t), 
which are also functions of x,(r) and »,(t), will also be used in the specific 
definition of @(r) and M(t) but in such a way that these electron lines are rep- 
roduced after the completion of the operation. Thus, corresponding to every 
photon line of a continuous electron line and hence to every virtual energy 
momentum variable, this combination X(r, t), acting from the left and the 
right, can be used to eliminate the divergent terms of the integrand for this 
variable and every integral in a Feynman graph can be made convergent. 

We must also, as in Dyson’s procedure perform the calculations for the 
innermost graph first that is, defining the internal photon line Z,(k) in the 
momentum representation by 


* 


(10) ANA (EN 


the operation ...Da(k)...Da(k)... which is contained in an operation of the 
form ... Da(k,) … Da(k,) ... must be performed first. But for overlapping di- 
vergences it becomes necessary to define the operation of one D on another. 
This is done by increasing the range of the inner D till it covers the whole 
overlapping region and thus removing the overlap of the Q’s. 

We note that in the absence of an external electromagnetic field D(1)a(1)y'(1) 
is zero and €(1)a(1)y’(1) contributes only to the mass and charge of the 
electron. In the presence of an external electromagnetic field let us as an 
example consider its contribution to the Lamb Retherford shift. There if the 
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calculations are performed according to the procedure of BETHE (*) the con- 
tribution of E(1)a(1)y’(1) changes because y’(1) now includes the effects of 
the external electromagnetic field and their difference gives the Lamb Rether- 
ford shift, but if the calculations are performed according to FEYNMAN (4) 
y'(1) remains unchanged and the Lamb shift is obtained from the term 


P(1)a(1) y' (1). 
3. — The Reformulated Maxwell Equations. 
The Maxwell equations can also be reformulated similarly in terms of the 


experimental mass and charge of the electron and in accordance with (4) we 
shall write (5) 


2 2 
a b ( 
D ou. + p°(0)2()y"(1)) 
£ i dee 7 
doi 4 = ——|P()/17,,(, 2)4,(2) d2 
d e 
z Here the principle energy operators act 
mn. BEA on a closed electron loop and no com- 
SS ae bination of 2’s, which is formed at the 
f 9 initial and final points of an internal 


photon line in a continuous electron line, 
is found. We note furthermore that 
since the photon self-energy vanishes 


ip ; on account of charge conservation and 
Fig. 1. gauge invariance the integrals that 


correspond to photon selfenergy even 
within a electron selfenergy graph, as in Fig. 1-f, shall vanish and we should 
use the operator D after removing such terms. The integral equations cor- 
responding to the Maxwell equations are 


12) «0,1, 2) =1,(12) + = | [2.036706 4)Ly,(4, 2) 43 a4 , 


() H. A. BETHE: Phys. Rev., 72, 339 (1947). 

(4) R. P. Feynman: Phys. Rev., 76, 749, 769 (1949). : 

(5) We should like to point out that in (2) the right hand side of (32) aud the 
corresponding part of (9) should be multiplied by (— 1); in the line below (35) the term 
D (1,4) should be replaced by 271. (1,4); in (49) the factor (u —) should be replaced 
by (u— 1); and in (44), Z,, (12) should be replaced by 37, (12). 


Qt 
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(13) A, AGC) + 2° I nl: 3)P(3)17,9(3, 4)Ag(4) 43 d4 . 


We note that equations (6) and (12) also lead to Feynman graphs of the 
type shown in Fig. 1-g. Here the photon line L,,,(k) in 


(14) DI Be Te. DAE) oc) 


does not enclose any electron lines and hence we can put the expression (14) 
equal to 


(15) A, (6). Tr D (...A,(B) …), 


and no terms are subtracted from the corresponding integral. Thus we note 
that when two A4,(k)s do not lie on the continuation of the same electron 
line, but are situated on separate continuouselectron lines of a Feynman graph 
as in Fig. 1-g and 1h, then the principle energy operator leaves the corres- 
ponding integral unaffected, and it is also not necessary to subtract terms from 
such integrals to obtain convergence. 

Here we should like to summarize the rules for the region and the ope- 
ration of D’s that have been given in the last and in this section. A com- 
bination of D’s acting at the two terminals of a photon line operates on the 
continuous electron line between these two terminals. The electron lines in 
the immediate neighbourhood of this region are also used in the definition of 
the operation of ®’s but they are reproduced after the operation has been 
performed. The ® combination for a photon line which connects two sepa- 
rate electron lines does not affect the Feynman graph. For closed electron 
loops in a photon line we have a single @ acting on the closed loop. If a 
combination of 2’s is contained within another combination of QM’s then the 
operation corresponding to the inner D’s must be performed first. For over- 
lapping graphs, in which a combination of M’s contains single M’s, the ope- 
ration of the combination of D's is performed first and then the single D’s 
are placed just outside the region of the combination of D’s so that they cover 
the whole overlapping region. 


4. — The First Subtraction Scheme. 


We can now proceed to define the free and principle energy value opera- 
tors and in this section a particular choice which makes the subtracted terms 
similar to those removed by Dyson’s renormalization program is given. Let 
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us make the replacements 


Et (1), 
(16) 


I 
lo 


Di a D D)» 


and, in the momentum representation 


(17) €,(p)(X(p)) = E(p)(X(p)) + HDD KDD) — EP)(X(p)))) 5 
where 

(18) EPA (D) = (XP) syosnno.rt stad * 

We shall use the Dyson integral equations for the propagation operators and 


therefore use (6) for the selfenergy era hs and replace the general vertex grap 
SIE: | 
expression (8) by 


(19) AT, 3, 2) = K'(1, 3)y,K'(3, 2). 

Then, the operation of the combination of D,(r) and 2,(t) for the photon 
line L,,,(7, t) is defined in the general term of the expansion of (19), in the 
momentum representation, by 
(20) KD, (p1) (ky) K (pry hr)» KD (pr, k')a(k,) oe Vy ee? 

-a(k,) KD,(po, ky ... k,) ... (hk) KD, (po, kb") ... Alk.) KD,( ps) = 
=... Hp, k') Dols | pay EMA Pr Pay k)) Age.) KD, (2, 1’)... = 
=... K(pı, RX „Pi, Pas k)— €, (Dr, Be Pas k")(X pas Des k)) A g(hs) KD, (ps; Klee: 
= … K (py, K')[X „Pi, Day 6) — Ep(Pay WE (Pr, ")(XpelPry Pas E)) — 
Epa BH (pay BE pes RNA (pas RYN (Pa Per k) — E (Pry KER (Pay #7): 
= (Xiu, Pas k))}) K(p., k")) H(pa, k")| Ass) HD (pas k") ... 


where 
(21) X (Pis Pas k) = = L, gl )y A(pis lis Kip) y, ove Ve ves K(pe; ki, Keays 


Here we have used the abbreviations (p,, k’), (po, hk") and (Pı, pz, k) for 
(Dry Kay ces Ken), (Par; Hr, ess Be) and (Pr, Po, hy, ..-) by.) respectively. The prin- 
ciple energy operator D,(r) is a function of the coordinates 7, (r) and it has 
been so defined in (20) that the principle energy value is taken with respect 
to the energy of the electron propagation function immediately preceeding 


Em = FEINE were = 5 aan. cr - = 
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it at the initial point of the photon line and with respect to the energy of the 
electron propagation function immediately succeeding it at the final point of 
the photon line. 

When in ®,{r.t) the principle energy value operations corresponding to 
D,(r) and M(t) are taken with respect to different energies then the last term 
in the square bracket of equation (20) is found to vanish and the square bracket 
becomes 


(22) X (Pas Pas k)— (Pr. KE (Ps: K’)(X,«(Pı, Pz» R)) - 


But when ®,{(r) and D,(t) lie on the same side of 7, and when 


(23) (ps, k') = (pe, k’) 


so that the definitions of D,(r) ... D,(t) for electron selfenergy graphs is ob- 
tained then the square bracket of becomes 


(24) X, (Pi; Pas À) — E Pas F')(X,(P1, Pe, &)) - 
Then, in this particular case, to show the equivalence to (1) and (4) by the 


use of (2) we shall put p,, —p,, =p, and then note that the relation (24) 
can be derived from the definition 


(25) D, XP, k)) = Xp, k)— €,(p, FX, AP; À) , 
since 
(26) D, (». k)D, Ap, k')(X Ap; k)) = Dp, k’)(X,-(p, k)) . 


We also note that the operation in (20) decomposes into the simple operations 
(22) and (24) and obtains its complex form from the composition of the ope- 
rations (22) and (24) into a singie operation. 

Similarly, for an external electromagnetic field we can define the prin- 
ciple energy operator P, ,(r) of the Maxwell equations by the relations 


(27) DD) UL, (Po: k)) = IL, Bo: k) — &.(P)UT,(P,: k)) 7 
(283) €, (2,)(L, (Po k)) = 


= €, (2) (Pos k)) + PE Po) Ds LL, (Pos 9 — Eros (Pos *))}) » 
and 


(29) Ero(Pe) (IL, De: k)) — (IL, (Po: k))22=0 u 


Here p,,, is the energy momentum vector of the photon that produces the 
closed electron loop corresponding to the polarization term //,,(po, k). 


tw 
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Using the equations (20) and (27) or the equations (22), (24) and (27) we 


note the usual contributions are obtained for the second order graphs and 
the contribution of the Feynman graph shown in Fig. 1-d is 


(30) 2eo12) = — 


ll dip d’k, d’k, exp [-ip(12)_ KD,(pa(k;)- 


= 12 


-KD,(p — kı)alk,)K(p — ky — k)a(k)KD,(p — kılalkk)KD,(p) = 


al 
= nn [fer dk, dir, exp [-ip(12)[KP,(p)alkı)K(p — ki)ya 
270) 
K(p— ki — ky K(p— Ki — ky 2 E 
| e a == E (D | 2 Ke )) Vo HK (p Ta k,)a(k, KD,,(p) ; 


and after operating with the combination of 9,(p)'s we obtain the same con- 
tribution as is obtained by the Dyson’s renormalization program. Similarly 
we obtain for the electron selfenergy graph shown in Fig. 1e, 


> (ab) Y40(12) = — à Br I | d'p dk, dk, exp [-ip(12)[ K2,(p)alkı)' 
‘KD, (p — kı)alk,) K (p — ky — k,)a(k,)KD,(p — ky)a(k,) KP, (p) = 
ae oS [|| dip dk! Ath, exp [-ip(12)]KD.(p)ysAs(kı)E(p — fy): 
(XD kı, ke) — Ep) (D — XP kı, ke) )) A pls) KD (D) = 
en . A*(he)? 


ee [ar d!k, d!k, exp [—ip(12) |K(p)- 
$ (Y(p, ky, ks) — € (PIL Y(p, ky, ky) |) K(p) ; 


where 
X p(P, kı, ko) = y, K(p— Ia — hea) yp K(p — k)y, 1/R y 


Y(p, ks ko) = ygK(p — )(Xp(p; bry ke) — & (PEP — MAX (My kı, ko)]) = ; 
L 
and this is also similar to the expression obtained by Dyson. 

The difference between this subtraction scheme and Dyson’s renormali- 
zation program occurs in the treatment of the higher order irreducible vertex 
graphs. There while Dyson is able to remove the renormalization terms in 
one step we note by considering for example the Feynman graph in Fig. 1-7 
that in our case two subtractions occur. Thus our procedure does not dis- 
tinguish between the reducible and the irreducible graphs. Another difference 
occurs due to the use of different principle energy value operations for closed 
electron loops which are produced by external or internal photon lines and 
it can be avoided by the use of the external photon principle energy operator 
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in both places. But we have been following the general procedure of Dyson 
which is to obtain a scheme which makes convergent the graphs of a given 
order and then to note that in the next order graphs we must first remove 
those terms which contain the divergent terms of the previous order graphs 
as factors and then remove the remaining divergences by the same proce- 
dure as for the lowest order graphs. But by presenting the statement in the 
inverse order Dyson’s conclusions can be obtained in a very simple manner. 


5. — The Second Subtraction Scheme. 


We shall now give an alternate definition of the free and principle energy 
value operators and let this choice, which is called the second subtraction 
scheme, be denoted by the replacements 


Red) edd). 
(32) 
| DU) >24). 


Let us consider a function X(p) which can be represented by 


(33) X(p) = > o,H*(p) , 
where H(p) = iyp + x. Then €,(1) in the momentum representation is de- 
fined by 
0 
(34) E(p)(X(p)) = > cuH"(p), 


and we note that the free energy operator projects the free energy part of the 
function X(p), taking into account its singularities. Similarly if 


(35) X(Pı, P2) = > Lmnll™(p1)H (ps) ; 


then we shall define the projection operator €,(p,|p2) by 


m orn—ive, 
or m=n=0 


(36) er) Ariane DR en) 


m,n= — 0 


and we note that when pi, = Pay = Pus 


(37) E,(p1|P2) = Ep). 


Then corresponding to the equation (20) we define the principle energy value 
operation ... Pr)... P,(t) ... corresponding to the internal photon line, L,,,(rt) 
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in the general term of the integrand of (9), in the momentum representation, 
by the relation 
(38) PD, (p1) (hr) (prs hy) + KDslpı, K)alkr) oe Yu 
ak) KD (pas kay es Kes) + (hi) KD(Mo, ki") + 4(kon) PP Pr) = 
= ... {K(pr, k') KP: gle D «Pi, ke’ | poy k")(YyglP1y Pas k)) 
(pe, kA (ks) K Dopo, Kg... = 
= nn pi, k ie (Pry Pas k)— € (pi, À 
{K (ps, kl) AR) KD.(Do, K')} + , 


2, k") Y (Pis Pr, k)] 


where 


(39) Yus(Pı, Po, k) = 
= Dy p(k.) K(pr; k')ysK(Pı, Hs... Kp) oss Vp ove VE oe K (po, Hey, 0-9 Ben) yp (pa, ie 


Here k, — k, and we have taken the spacetime points x,(r) and w,(t) to lie 
on either side of y, in order to indicate that then the es energy ‘operation 
corresponding to ... a(k,) ... a(k,) ... has to be Re with respect to dif- 
Zip, kl). Li they lie on 
the same side of y: and are equal then we should use 


ferent energy nn vectors by using €,(pı, k 


(40) € s(pı, k' | Po, LED RK: 


Now K(p,,k’) or K(p., k") can always be extracted from €,(p,, k'|p2, k"): 
-(Y s(Pı» Pos k)) after the free energy operation has been performed either 
bec ae they represent the external lines of the Feynman graph or are not 
singular for H(p,) = 0 or H(p,) = 0 and so do not materially affect the ope- 
ration of the free energy operator or otherwise they are of the form K(p,, k') 
or K(p,, k") and can be reproduced by a multiplication by H(pı, k 1) or H(p., k’) 
and the K- terms in the curly brackets just cancel them. Hence the curly bra- 
ckets have been introduced to obtain the correct ordering for the overlapping di- 
vergences and may be neglected in the derivation of the energy rela tion 
between €,(p) and D,(p). Then using the same arguments by which the re- 
lation was deri ved, we obtain 


(41) Dp, k')' Vj g(p, k)) = Yelp) &) — Ep, KY(Y sp, R)) » 
since 


(42) Dp, k' Dp, k')(Y ,e(P; k)) = Dp, k')(Y3(P; k)) . 
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Similarly for an external electromagnetic field we can replace the operator 
D(1) which occurs in the Maxwell equations by ®,.(1) and define it for an 
expression 


(43) Yin) = Ÿ cap?" 

by i se 

(44) Pso(Po)(Y(Do)) = Y (Po) — Ex o( Y(Po)) : 
where 

(45) ENT) = S «ps. 


n=—© 


Here p,, is the energy momentum vector of the photon. We note that in 
Fig. 1-f the photon principle energy value is taken with respect to the energy 
momentum of the photon which produces the closed electron loop. 

The operation (38) can now be used in the expressions for the Feynman 
graphs obtained from the equations (7) and (8), where the external electron 
lines are explicitly denoted and the usual renormalization values are obtained 
for the second order graphs shown in the Figs. 1 a,b and ce. For the higher 
order graphs the subtracted terms are different from those obtained by Dyson’s 
renormalization program and we shall illustrate this as well as the application 
of (38) by considering the fourth order selfenergy Feynman graph shown in 
Fig. 1d. Its contribution is found to be 


Re N Z: 2 = 
(46) >19) = —4 p dipk, d’k, exp [-ip(12)]K2 (p)a(k,): 
HD, (p — kı)alk ites —k, „Jalk, )KD.(p — kı)akkı)yP(p) = 
= ae | [ [fap d!k, d!k, exp [—ip(12)|KD.Ap)a(k,) K(p — ky)- 


; (X(p, res) ee (pe k,)E Ap aa k,) K(p — k,)X(p, ki, k:)K(p — k,)]- 
-K-\(p — k,)) K(p — ky ak, yP.(p) = 


73 
ee | [{{arvar, d*k,exp[—ip(12)](¥(p, ky, k2)—€ (P)LY(p, fi, k)])y(p) » 


er)", 


where 


1 
X(p, ky, ke) = y.K(p hy hz)yaza : 


Y(p, ky, k,) = K(p)yzK(p = k,)(X(p, k; ks) — Hp —&;)- 
= 1 
Ely ED By) X(0, Bry ED KR — By) EP — kı)yazz 
1 
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6. — Conclusion. 


We have shown that the reformulated Dirac and Maxwell equations (4) 
and (11) are renormalized and follow from the original Dirac-Maxwell equa- 
tions in a physically sensible way, and since they give the same results as 
the usual procedure of renormalization for the second order Feynman graphs 
these results agree approximately with the observed values. Since we are 
not able to define the principle energy operator that occurs in them uniquely, 
two possible definitions (20) and (38) are given which lead to the first and 
second subtraction schemes, and the procedure for the ordering of these ope- 

_rators which is given in Sect. 2 and 3 should be considered to be a part of 
these definitions. While it seems possible to state the second more concisely 
the first scheme is more similar to Dyson’s renormalization program and 
ditfers from it significantly for the higher order irreducible vertex graphs only. 
Perhaps the scheme that satisfies the relation (5) will be the most favoured. 

Thus we obtain again but in a very simple manner the results of DYSON 
from the reformulated Dirac-Maxwell equations and furthermore since the 
renormalization scheme is contained within them when they are solved by 
some approximation other then the Born approximation the new approximate 
solutions will also be renormalized automatically. The presence of divergent 
terms which occur, although they cancel one another, can be avoided by fol- 
lowing the procedure of (2), and by combining these two procedures we obtain 
a quantum electrodynamics that is free of divergences and of a renormali- 
zation program. 


The author is very grateful to Professor G. WATAGHIN for kind hospitality 
at the Istituto di Fisica dell’ Universita of Turin and for many helpful discussions. 


RIASSUNTO (*) 


Si dA una nuova formulazione delle equazioui di Dirac-Maxwell eliminando quella 
parte del termine di interazione che dà contributo solo alla massa e alla carica del- 
Velettrone nudo e sostituendo poi alla massa e alla carica nude dell’elettrone la massa 
e carica sperimentali. Si dimostra poi che in tali espressioni & insito uno schema di 
rinormalizzazione. Si descrivono due schemi di rinormalizzazione e si dimostra che il 
primo di essi segue il modello del programma di rinormalizzazione di Dyson, pur non 
essendo uguale allo stesso. 


(*) Traduzione a cura della Redazione. 
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Nevis Cyclotron Laboratories, Columbia University, Physics Department 
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Summary. — The absorption of slow negative pions has been studied in the 
light nuclei helium, cabon and nitrogen. The dominant reaction in each case 
has been observed to be: (1) nr +*He>p+3n; (2) m+¥C > 2«+1p+3n; 
(3) MN =>3x+2n. Prong distributions, proton and alpha spectra 
have been compiled and compared with the theory of Clark and Rud- 
delsden. The frequency of «-emission gives strong qualitative support 
to the «-particle model of nuclear structure. This is supported by the 
similarity of the proton spectra in reactions (1) and (2). The low average 
energy of protons in (1) and (2) and of «-particles in (3) supports the two 
nucleon recoil model in the primary absorption act. In this case (np) initial 
nucleon states 3S, are favored over (pp) states IS, in agreement with 
the inverse reaction — production of mesons in nucleon-nucleon collisions. 


1. — Introduction. 


has 


The problem of the absorption of slow negative pions in complex nuclei 
attracted great attention in the early development of meson physics. 


Substantially all of the previous work (17) on this subject has been done using 


*) This research is supported in part by the joint program of the Office of Naval 


Research and the Atomic Energy Commission. 
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nuclear emulsions in which heavy elements, chiefly silver and bromine, are 
mixed with a group of lighter elements, mostly hydrogen, carbon, nitrogen, 
and oxygen. 

Although the x interactions in heavy elements could be separated from 
those due to lighter elements using sandwiched emulsions and criteria based 
on the effect of potential barrier of the nuclei on the ejected charged particles, 
the emulsion technique is comparatively unsuited for the detailed investigation 
of the absorption process in any specific element. 

The x- meson disintegrations in heavy elements such as silver and bro- 
mine, have been extensively studied and the results have been interpreted (7*) 
with some success using the evaporation theory which is not applicable in 
the case of light elements. 

It is desirable to study the disintegrations in light nuclei under conditions 
in which the complications due to the presence of heavy nuclei are eliminated. 
To this end, the Nevis diffusion cloud chamber was filled consecutively with 
helium, ethylene (carbon) and nitrogen, and absorption of slow negative pions 
in these light elements was investigated. The continuously sensitive, gas 
filled cloud chamber is particularly suited for the observation of complex 
reactions in pure elements. These advantages are offset by the unfortunate 
geometry and low density of the sensitive volume which introduces strong 
bias in many of the detailed measurements. Thus, such interesting aspects 
as the spectrum of «-partieles and protons are subject to large geometrical 
corrections in this technique, and the unambiguous distinction between re- 
coiling hydrogen isotopes and between helium isotopes is quite difficult to make. 

When a negative pion of several MeV energy is brought to rest in matter, 
the Coulomb field of the nucleus acts to bind the meson in an atomic orbit. 
Auger and radiative transitions as well as inelastic collisions with neighbouring 
atoms lead to a rapid cascade down to the lowest lying states. In these states 
(1s, 2p), the meson is very close to the nucleus and the well-known strong 
Yukawa interaction RE — N) manifests itself in various forms. 

The capture of a m meson in hydrogen (1%) leads either to high energy 
y-rays by radiative A or to lower energy y-rays via neutral mesons 
by charge exchange reaction. In deuterium, (!!), however, the y-rays are 
observed in only 30 percent of the cases, while 70 percent of the absorptions 
lead to two neutrons. In nuclei heavier than deuterium, the y-emission is 
very much reduced because of the requirements of the Pauli principle. Theo- 


(8) K. J. Le Courpur: Proc. Phys. Soc. A 68, 259 (1950). 
(2) Y. Yamacucui: Prog. Theor. Phys., 5, 896 (1950). 
(0) W. K. H. Panorsky, R. L. Aamopr and J. F. Hapuny: Phys. Rev., 81, 565 


(1) W. Carnowsky and J, STRINBERGER: Phys. Rev., 95, 1561 (1954). 
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retical estimates (1?) show that in carbon the y-emission is no higher than 
0.5 percent. 

The principal theoretical interest in the capture of slow = mesons by 
helium, carbon, and nitrogen stems from the possibility that it may throw 
some light on the mechanism of absorption of slow negative pions by these 
nuclei and incidentally thereby give new information as to the structure of 
nuclei. An interesting feature of meson absorption (x~ + P +N) in a nucleus 
is that the conservation laws require at least two nucleons to share the energy 
released by conversion of the pion rest mass. This requirement ties the process 
in with an important aspect of nuclear structure: the so-called high momentum 
component or strong correlations of particles in a nucleus (®). 


2. — Experimental Arrangement. 


The experimental arrangement is similar to that employed by SARGENT 
CLR (EE): 

The chamber, in a magnetic field of 10 kilogauss, was filled consecutively 
with ethylene, nitrogen, and helium at gauge pressures of 24, 18, and 206 Ibs/sq 
inches respectively. Oxygen was found not to work in the diffusion chamber 
due to its paramagnetism which caused turbulence in the strong magnetic 
and density gradients. 

Using the technique developed in earlier runs, negative pions are mode- 
rated in copper absorber and allowed to enter the chamber through the 
light portal, where about one meson per 4 photographs spirals to rest in the 
gas. The negative meson is trapped in Bohr orbits of the gas nucleus and is 
captured into the nucleus in a time short compared to that for decay. Ac- 
cording to CAMAC et al. (1°) most of the captures in carbon and nitrogen occur 
from the 2p level. In the case of helium (*) it is estimated that 80 percent 
of the captures take place from the S-state of the mesic helium atom. Exper- 
iments (17) in solyd hydro-carbons indicate that no more than about 1 percent 
of the arrested negative pions are absorbed by the hydrogen. That this si- 
tuation is approximately unchanged in gaseous media is indicated by the 
results discussed below. 
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3. — Experimental Results. 

31. Frequency vs. Prong Number of Pion Stars in Carbon and Nitrogen. — 
The meson beam entering the diffusion cloud chamber consists chiefly of nega- 
tive pions contaminated with negative muons and electrons. Stopped negative 
muons can for the most part be recognized by their associated decay electrons. 
For a given magnetic field and velocity of the meson, the radius of curvature 
of the stopping pion or muon depends on its mass only. The thirty-two per- 
cent difference in the mass of the mesons would result in a change in the radius 
of curvature for a given residual range of the meson. In fact, for a residual 
range of 10cm the momentum of a pion is 22 percent ereater than that of 
a muon in ethylene at — 40°C and 2.8 atmospheres pressure. This enables 
us to separate the muons from pions in the case of meson tracks of residual 
range greater than 10 cm. The small contribution due to muon stars thus 
obtained is subtracted from the total observed meson stars to give the cor- 
rected number of pion stars in carbon and nitrogen. 

Any track of length greater than a millimeter and of definite direction ‘is 
classified as a prong. Sometimes at the end of meson’s range, a small visible 
blob of extension no larger than 0.5 mm is clearly seen and these have been 
attributed to recoil nuclei. 

After subtracting the contribution due to muon stars as explained above, 
the frequency vs. prong distribution of negative pion stars for carbon and 
nitrogen is given in Table I. A total of 944 stars have been observed in carbon 
while the number of stars examined in nitrogen is 430. It is clear that in both 
cases, the three prong stars predominate. 


TABLE I. — TOU Distribution of Pion Stars in Carbon and Nitrogen. 

————— == — — 

> No. of prongs | 
| me per star | 0 1 2 3 4 5 
| Light nucleus 

= - = £ en 
> | 

| Carbon (944 stars) BE | 16.3 13.9 | 23.3 39.1 doll 0.3 
| ’ 
| Nitrogen (430 stars) percent Se 14.7 20.0 34.0 15.6 2.0 


Since ethylene (C,H,) is the filling gas, in the case of carbon, the prong 
distribution has to be corrected for the effect of hydrogen. That this cor- 
rection is unimportant is obvious from a comparison of zero prong stars without 
recoil in C,H, and in N. This implies that hydrogen occurring in gaseous mix- 
tures such as ethylene (C,H,) is relatively ineffective in capturing slow x me- 
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Fie. 1. — Three prone star in carbon: m-+C +2a+1p+3n. a is the incident slow 
I : 


a 


[=] 
meson, b is the proton and the two heavy tracks represent the «-particles 
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sons, in agreement with the earlier results (17). This is explained (1°) as due 
to the high probability of the x” meson being transferred from hydrogen to 
‘arbon atom before the mesic K-shell in hydrogen is reached. 

In slow x meson absorption experiments using nuclear emulsions one 
finds a preponderance of three prong stars in the disintegration of light ele- 
ments. These results are consistent with our results except for the proportion 
of zero prong stars. In the experiments using nuclear emulsions, 28 percent 
of the x~ meson captures lead to stars with no visible prongs except for occa- 
sional observable heavy recoils and these zero prong stars have been attri- 
buted exclusively to the heavy elements present in the emulsion. This number 
can at best represent an upper limit since it cannot be excluded that light 
elements do give rise to stars with zero prongs, even assuming that the zero 
prongs occur more frequently in heavy elements. Indeed, more recent exper- 
iments (18) using emulsions diluted with gelatin in varying proportions show 
that 10 percent of the captures in light elements lead to stars with no visible 
prongs. This is consistent with the present experimental results especially 
since the zero prong stars in nuclear emulsions are due to several competing 
nuclei. To appreciate the significance of zero prong stars, we present below 
the maximum energy of recoil fragments which would still not be observed 
because the range is of the order of track thickness. 


recoil fragment max. unobservable energy 
proton .25 MeV 
a 1.0 MeV 
"Li Ney AMEN 


3'2. Mesie Absorption Reactions. 


32.1. Identification of Prongs. — The primary characteristic which 
serves to distinguish protons from «-particles is the ionization density. Over 
most of the energy region encountered, the ionization of an «-particle is of the 
order of sixteen times that of a proton of the same energy. In case of corres- 
ponding isotopes (*He:*H), the minimum ratios of ionizations in the same 
energy range is of the order of four. The various factors which relate ionizing 
power and track density serve to decrease this difference. The ionization 
produced by the doubly (or triply) charged ions is enormously greater than 
that produced by the electrons or protons and is too great in fact for the local 
vapor supply. Nevertheless, to establish the feasibility of separating hydrogen 
isotopes from «-particles the following procedure was adopted. 


(8) M. G. K. Menon: Private communication. 


288 P. AMMIRAJU and L. M. LEDERMAN 


In carbon, the three prong stars are often of the type shown in Fig. 1. 
Two of the tracks are heavy and often come to rest in the gas. The remaining 
prong is lighter and practically never comes to rest. This event can be repre- 
sented with very small uncertainty as a 2x1p-event (the «p» includes the 
possibility of hydrogen isotopes). 63 percent of the three prong carbon stars 
fall in this category. 84 percent of the four prong stars in carbon are of the 
type 123p where one of the tracks is heavy and often comes to rest in the gas 
while the remaining three are relatively lighter and of the same ionizing power. 
For the estimation of the relative ionization of a track, the width of the re- 
projected track image is measured. The widths of tracks measured range from 
0.3 mm to 1.5 mm and the width can be measured to an accuracy of 0.1 mm 
by a Bausch and Lomb magnifier. Since the stars are formed in regions where 
the degree of supersaturation is not always the same, it was necessary to 
normalize the width of each track relative to that of the incident meson, the 
meson track width being measured at 1 cm from the center of the star. Empi- 
rically it has been found that the square of the relative width of a track is a 
convenient measure of its ionization. The favourable cases in carbon are plotted 
in Fig. 2 where the ordinate represents the number of tracks and the abscissa 
the square of the relative width of the track multiplied by ten (for a convenient 
scale of representation). We can see a fairly clear separation into two main 
groups, corresponding to singly and doubly charged particles. Tracks having 

relative ionization less than or 


© so equal to 15 are tentatively 
à - classified as. protons, while 
a tracks whose relative ionizat- 
à 50 ion is between 20 and 40 are 
© L classified as «-particles. The 
ze tracks that correspond to re- 
Sn l lative ionization larger than 
nn 0 Mr al mi m en a-particles come from three 
RELATIVE IONIZATION prong stars where one of the 


Fig. 2. — Relative ionization vs. number of tracks prongs is heavy and short and 

in ethylene. the other two fall into the 

proton group. These heavy 

tracks can be classified as triply charged ions, consistent with charge con- 

servation in the overall reaction. This plot serves to make the intuitive clas- 
sification more quantitative. 

Particles which are tentatively classified on the basis of the histogram are 
observed for additional criteria; range, curvature, and conservation of charge 
in the reaction. These criteria generally strengthen the above interpretation 
of Fig. 2. If the additional criteria are consistent with the classification, the 
prong identification is assumed correct. In cases for which the relative ioniz- 
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3. — Four prong stars in nitrogen: x=+1#Ni>2x+2p+4n. a is the incident slow 
. b and ce are the protons and the remaining tracks constitute the x-particles. 
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Fig. 4. — Three prong star in nitrogen: 7-+“N >3%+2n. a is the incident meson. 
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ation is between 15 and 20, or where range, curvature, or charge conservation 
information is inconsistent, the prong is unclassified. These usually occur in 
particularly poor regions of the chamber. Using this procedure, for example, 
75 percent of the three prong stars in carbon are classified. 

Fig. 3 shows a typical four prong star in nitrogen where two of the tracks 
are heavy and conie to rest in the gas. One of the remaining prongs is very 
light and is identified as a proton; the other has an ionization density inter- 
mediate between the two heavy tracks and the light one. Conservation of 
charge demands that it be a singly charged particle. This event is classified 
as a 2x2p-event (again «p» includes the possibility of hydrogen isotopes). 
Fig. 4 shows the example of a three prong star in nitrogen. All the tracks are 
heavy and exhibit the same relative ionization. These events which consti- 
tute more than 55 percent of the three prong stars in nitrogen are classified 
as 3a-type. 


3°2.2. Carbon Reactions. 

(a) Classification of reactions. — A total of 369 three prong stars 
is examined. On the basis of conservation of charge and estimates of relative 
ionization (Fig. 2), we find that 63 percent of these stars are identified as fol- 
lowing the reaction 


(1) m + LC > 2a + lp + 3n; 
11 percent of the three prong stars are classified as consisting of two « protons » 


and one heavy fragment while the remainder constitute the unclassified events. 
In addition, the reaction 


(2) m + LC = 1x + 3p + 5n 


has been determined to be the dominant 4 prong reaction. Table IT gives 
the frequency of the dominant modes of reaction in the case of carbon and 
nitrogen. Under the column «others » are included zero, one and two prong 
stars as well as three, four, and five prong stars in which the identification 
of the reaction could not be made. The qualitative predominance of reaction (1) 
is an important fact which will discussed below. 


(b) Indirect disintegration of 120. — An attempt is made to de- 
termine whether in the disintegration of ?C by slow negative pion according 
to the reaction: an +20 — 2«+1p+3n, the two «-particles are emitted directly 
or via one of the levels of an excited *Be nucleus. In the sensitive region of 
the diffusion cloud chamber the two «-particles form a fork apparently ori- 
ginating from the point of disintegration, because the processes under con- 
sideration oceur within a very short time interval. For instance, the ground 
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Taste II. — Classification of mesic absorption reactions in carbon and nitrogen. 


Dominant type Distribution among Others 
Lype of 2 Fe i j 5 
; 4 Star | Number of Prongs 
Light un 241p lax3p = 2 
Nucleus = 0 1 2 3 4 5 
Carbon (total 944) 25.0 5.9 Wes) || AUS) |) BES E14. 10 Tee 0.3 


Nitrogen (total 430) 


188 14.2 1327 1a 20:00 Lo LA 


state of Be decays into two «-particles with half life of < 5-107" 5 (29) while 
the well known level at 3.0 MeV has a half life of 10?! s against disintegration 
into two «-particles. 

The energy of excitation of the beryllium nucleus can be calculated from 
the energies of the two «-particles and the angle between their directions of 
emission. If g is the space angle between the a-particles, H, and E, are their 
kinetic energies, then, from the laws of momentum and energy conservation, 
the excitation energy Q is given by 


QE === VERER COS@. 


For those pairs of «-particles that stop in the gas of the chamber, the 
energies of the «-particles are obtained from their measured ranges. The space 
angle between them is calculated from the measured projected angle and the 
dip angles of the two «-particles. ( has a significant value only when E, 
and Æ, refer to the particles of the reaction m- +220 — (8Be)* + 1p+3n; 
(SBe)* — 2x and is then equal to the excitation energy of the beryllium nucleus 
plus the energy released (0.096 MeV) when the ground state of beryllium nucleus 
disintegrates into two free «-particles. If any levels of excited beryllium nucleus 
are operative, a histogram of all Q-values would show peaks corresponding 
to the levels. A plot of such a histogram is given in Fig. 5. In plotting the 
frequency of events vs. the excitation energy, the energy interval selected 
is larger than the error involved in the calculated Q-values due to errors in the 
energy estimation of the «-particles. Only 20 percent of the stars are included 
in the plot. The paucity of the events and the non-resolution of the peaks 
renders difficult the identification of any particular level. Peaks are barely 
discernable at 0.1 MeV, 3 MeV, and 7 MeV, and thes? may correspond to 


(9) P. AJZENBERG and T. LAURITSEN: Rev. Mod. Phys., 27, 77 (1955). 
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the known ‘Be levels at 0.1, 3.0, and 7.6 MeV (#). The fact that fewer than 
20 percent of the stars are represented in this plot together with the detection 
bias in favor of ‘Be «-particles indicates that this indirect disintegration occurs 
in less than 20 percent of the 2xtp-events. This conclusion is strengthened by 
a study of the angular 
correlation between «-par- 
ticles. 


(ec) Energy spec- 
trum of «-particles.— 
Of the total of 369 three 
prong stars in carbon, 


55) 


233 have been assigned 
to the reaction: m--+ 2C— 
—>2a+1p-+3n. This cor- 
responds to a total of 466 

identified «-particles. Of 7 - 

these 329 stop in the gas Shee ay, EAEAGY 'W MeV FES 
and their energies have 


œ 


+ 


NUMBER OF EVENTS PER 2MeV INTERVAL 


No 


Fig. 5. — Distribution of excitation energy of $Be nucleus 
been measured from their in the reaction: #7-+12C — (§Be)*+p+3n; (SBe)*— 2x. 
ranges in the gas. The The arrows point to the known levels in ®Be that 
geometrical losses, as ex- decay into two «-particles. 

plained in Appendix IT, ac- 

count for an additional number of 95, thus giving a corrected number of «-par- 
ticles of 424. In this way, we account for about 91 percent of the 466 iden- 
tified «-particles. 

We have compared our spectrum with the theory of CLARK and RUDDELS- 
DEN (2°) who calculated the disintegration of carbon into two x-particles and 
one singly charged particle by attributing an «-structure to the carbon nucleus. 
The incoming zm meson is assumed to interact with a proton of one of the 
a-clusters in the initial state, and the transition to the final state is treated 
by the methods of first order perturbation theory. Gaussian wave functions 
are used for the «-clusters and plane waves for the emitted particles. 

The «-spectrum thus obtained does not depend on the details of any spe- 
cifie mechanism of pion absorption in the disrupted «-particle. (For example, 
the inclusion of any meson-nucleon interaction or the participation of a cor- 
related pair of nucleons in the absorption process would only affect the mo- 
menta of the nucleons constituting the disrupted «-particle.) The spectrum, 
on the other hand, depends on the partition of meson rest energy between the 
disrupted «-particle and the residual x-particles. The low average energy of 


(2) A. C. CLark and 8. N. RUDDELSDEN: Proc. Phys. Soc., A 64, 1060 (1950). 
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the «particles calculated from the fitted theoretical curve indicates that the 
residual «-particles receive a small fraction of the meson rest energy, the part- 
itioning of which is expressed by a factor y. y is a function of the parameters 
in the initial Gaussian wave function assumed for the carbon nucleus and of 
the energy available in the reaction. The spectrum is obtained assuming a 
constant for the meson nucleon interaction and is called a « standard » energy 
spectrum. More specifically, the initial spatial wave-function is given by 


3 
D = plyys exp [— b > Ri] 


where R,, is the distance between the centers of the 7-th and j-th «-particles 
and B is a parameter which measures the extent of the distribution of 
a-clusters. The spatial part of y (à =1, 2, 3) is of the form 


4 
exp[—a > ris], 
1 


where r,, is the inter-nucleon distance and a is a parameter measuring the 
extent of the «-cluster. Defining ¢ = 3b/16a, we have 


ne CAFE 
PR Ah°a) ? 


where E is the energy available in the reaction. As ¢ varies from 0 to 1, 
y varies from oo to 0. The case ¢ = 1 corresponds to no «-particle sub- 
division and the spatial part of the wavefunction reduces to 


On the other hand, ¢ = 0 corresponds to three free «-particles. Our spectrum 
fits quite well with the theoretical curve for y = 12, in agreement with pre- 
vious results by MENON et al. We may use this value of y to obtain a crude 
estimate of the extent of the «-partiele cluster inside of the carbon nucleus. 
HOFSTADTER (2422) has determined the r.m.s. radius of carbon and helium 
by electron scattering experiments. He obtains R,= (2.40 + .25) 10° cm, 
Ry, = (1.40 + .2):10-2° cm. R, determines a relation between the parameters @ 
and b in the Clark and Ruddelsden wave functions: 


3 2 + 9c 
Ren, nie 
4 48ca 


(21) J. H. FREGEAN and R. Horsraprer: Phys. Rev., 99, 1503 (1955). 
(2) R. Horsraprer, R. MCALLISTER and E. Wiener: Phys. Rev., 96, 854A (1954). 
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Eliminating e, we obtain for the «-cluster extent parameter a~* = 5.4-10-13 em. 
This is to be compared with R,. = 1.4-10-7% cm. This implies that the 
x-clusters in light nuclei are more loosely bound structures than free «-part- 
icles. It is recognized that the above argument is weakened by the approxi- 
mations in the choice of wave functions and in the calculation of transition 


probabilities. One also assumes that the charge distribution and the « proton » 
distribution (x~ + p —n) are identical. 

The case y = 0 corresponds to no special tendency to group into «-particle 
clusters. This case is called a «statistical spectrum ». Our spectrum is in 
disagreement with such a statistical spectrum. (See Fig. 6.) 

The standard spectrum is obtained on the assumption that the «-particles 
are emitted directly. To estimate the effect of the formation of excited beryl- 
lium nucleus on the energy spectrum of the x-particles, CLARK and RUDDELSDEN 
calculated the «-particle energy spec- 
trum for a specific choice of the wave- 


function of the intermediate state of i 
beryllium nucleus excited to 3.0 MeV. ale 
Our experimental results are compared 

with the theoretical curves for various be 


values of y. The agreement is poor com- 
pared to that obtained in the case of 
direct disintegration as discussed above 
and this was examined by a y?-test with 
the two «-particle energy spectra. We 
estimate from this that the contribution 
from the indirect disintegration is less 
than 20 percent. 


30 


NUMBER PER 15 MeV INTERVAL 


20 


10 


Fig.6.—Experimental histogram of the energy | l | | 

2 SER . Le 15 30 4 60 7500 
spectrum of «-particles in the reaction: n+ PROTON ENERGY IN MeV 
120 >2&+1p+3n. Curve I is the standard 
spectrum and Curve II is the statistical 
spectrum of the energy of the «-particles calculated by CLARK and RUDDELSDEN. 
The errors attached to the experimental points are statistical but corrected for the 

geometrical inefficiency. 


(d) Angular correlation of «-particles in the reaction 
am +20 = 2% +1p +3n. — The projected angular distribution of «-particles 
to be expected from the direct and indirect (i.e. via beryllium) disintegration 
is compared with experiment. The theoretical space angle distributions are 
folded into a projected angular distribution by means of an efficiency factor 
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120 — 
cccceecscccce given by 
Po 
DIE E(0) = [sine (tg p/tg 0) dy, 
Pi 
Me 
Cd where gy is the projected angle and His 
= the space angle. 
= El The solid histogram (Fig. 7), repre- 
a | senting the experimental results, agrees 
quite well with the theoretical distribution 
= 40 — (dashed lines) to be expected from the 
= direct disintegration of the «-particles, 
STE RES while it is in very poor agreement with 
AE the assumption of an indirect disintegrat- 
| ion (dotted lines). This confirms the 
previous conclusion that the indirect 
60 120 0 disintegration contributes less than 20 
PROIECTED ANGLE (DEGREES) percent to the 2x1p-reaction. 
Fig. 7.- Angular correlation of «-par- 
ticles in the reacvion: m-+1C > 2a+ 32.3. Nitrogen Reactions. 
+1p+3n 


(a) Classification of react- 
ions. — A total of 430 stars is analyzed in nitrogen. In the case of three and 
four prong stars, the following reactions have been 


160 + 
identified : | 
140 + 
(3) nm + UN > 38a + 2n 
(4) an + MN > 2a + 2p + 4n 120 L 
19 percent of the stars are classified as following UN 
(3) while 14 percent follow the reaction (4). The x 
. . x 
results are given in Table III. = 
= 6023 
(b) Energy speetrum of «-particles. — 3 
an 
Out of a total of 146 three prong stars, 81 have «og. 
E LU) 
been definitely assigned to the reaction (a). 179 out 
a 
ur 
= 
Fig. 8. — Experimental histogram of the energy spec- 
trum of the «-particles in the reaction: 7 +"N > 3a-+ 20 + 
+2n. The errors attached to the experimental points 
are statistical but corrected for the geometrical ineffi- ; 


ciency. No events are observed in the energy 5 
15-20 MeV but the error is computed for two events. 


10 15 
PARTICLE ENERGY IN MeV 
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TABLE III. - Fast Proton Data on Carbon. 
— aa = — u 
1. Number of prongs per | | 
star 0 1 | 2 | 3 4 5 
2. Number of stars ob- | | 
served. Total 944. . | 154 | 131 | 220 | 369 67 3 
3. Proportion of stars | | 
showing recoil. . 0.36 0.14 | 0.04 — — — 
| 
| 
4. ap ratio . — | 4221.08 | 38 2.04 | 1.55 2.08] SE | = 
5. Proportion of protons | | 
whose energy is esti- | | 
mated by range or by | | 
radius of curvature (a) — Das Das 2150,27 0.48 — 
| | 
| | 
Id. id. including pro- | | 
bable case with | 
Ep > 30 MeV (b) | — 0.80 | 0.46 0.30 0.51 — 
6. Average number of fast | 
protons (Ep>30 MeV) | | 
per meson star (a) . | — | .05+.02 | .08+.02 | 0.12 +.02| .09 +.04 | — 
Id. id. including pro- 
bable cases with | 
Ep > 30 MeV (b) i 012203. f+. 13! 5.03 1029 32931 1707 0 
7. Average number of fast protons (E > 30 MeV) per meson 
star, including all types of stars (a) | 0.08 + .01 
= | 
Id. id. including probable cases with (E,> 30 MeV) (b) 0.13 + .01 
8. Proportion of protons whose energy is estimated either by 
range or by radius of curvature (b) .36 
Id. id. including probable cases with (£, > 30 MeV) (b) 40 


of a total of 243 identified «-particles stop in the gas and hence their energies 
could be estimated from the ranges. Fig. 8 gives the «-particle energy spectrum 
corrected for the geometry as explained in Appendix II. One striking feature 
about the spectrum is the preponderance of x-particles with energy less than 
10 MeV. This low energy peak persists in spite of uncertainties introduced 
by the large geometric corrections. Such low energy x-particles indicate that 
most of the rest energy of the meson escapes in the form of high energy neutrons. 
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In 21 of the stars all three «-particles stopped in the gas of the chamber and 
so their energies could be estimated from their ranges. Assuming an average 
energy per bond of 2.4 MeV of the &-particles in the 12(+ nucleus, the average 
excitation energy of the ?C nucleus is found to be 21.3 MeV. It is known 
that from experiments (2%) on the disintegration of PC by 29 MeV protons 
the 3x-particle disintegration is the most frequent reaction observed. It is, 
therefore, possible that the reaction (3) might sometimes proceed by the in- 
direct disintegration of "N via a residual excited °C. 

The comparison of the «spectrum of nitrogen with that of carbon is qua- 
litatively significant. Similar results were obtained in the emulsion work of 
MENoN et al. The predominance of low energy «’s in N has been explained 
by the deuteron absorption model, most of the rest energy of the pion going 
to the loosely bound «deuteron» in “N, the residual 220 fragment subse- 
quently decaying into three low energy «-particels. An unpublished calculation 
of the «standard » spectrum in #N by CLARK and RUDDLESDEN gives a spec- 
trum with contributions up to over 50 MeV. 


32.4. Fast Protons Emittedin the x Disintegrations of Car- 
bon and Nitrogen. - One of the clues to the mechanism of the x meson 
absorption in carbon and nitrogen can be obtained from a study of the protons 
of energy E > 30 MeV emitted in the disintegrations. Since the evaporation 
spectrum predicts essentially no protons of energy greater than 30 MeV for 
the nuclear excitation considered here, the emission of such energetic protons 
must be the result of a direct interaction between the meson and the absorbing 
nucleons which effectively take up the entire rest energy of the incident meson. 
Table IIL shows the results obtained on the fast protons emitted in carbon 
disintegrations. Row 5(b) includes all the measured protons plus those that 
have projected length {> 3.5 em and whose deviation from straight path is 
less than 0.1mm. The latter protons have an energy E > 30 MeV for the 
magnetic field employed and all exhibit relatively low ionization density. 
Row 6 gives the average number of fast protons per meson star and all the 
quoted errors are statistical. Row 7 shows the proportion of measured protons 
including all the stars. Row .8(a) gives the average number of fast protons 
per meson star considering all the meson stars. Row 8 (b) ineludes the pro- 
bable cases as explained above, plus all the measured protons. Our results 
indicate that about 10 percent of the absorptions in carbon lead to fast protons 
of energy E > 30 MeV. Table IV gives the results for the fast protons in the 
case of nitrogen. 

TAMOR (#4) has made rough estimates of the percentage of fast protons of 


(23) J. L. Nezp: Phys. Rev., 99, 1356 (1955). 
(21) S. Tamor: Phys. Rev., 77, 412 (1950). 
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TABLE IV. — Fast Proton Data on Nitrogen. 


1. Number of prongs per | 


SCL ey eee ee 0 1 | 2 3 4 9 
2. Number of stars ob- | 
served, total 430 . . 59 | 63 63 146 67 9 


3. Proportion of stars 
showing recoil. . . . | 0.46 0.20 0.05 — = — 


4. afp ratio. - - + . - | — | 474.13 | 584.10 |]743 2123) 10 + 09 | — | 


_ 5. Proportion of protons 

whose energy is esti- | 

mated either by range | 

or by radius of curva- 

mire 0) Er 6 ess) = = .72 39 a Bb — 


Id. id. including pro- 
bable cases with 
B,>30M) (2: | — | 74 57 = 25 = 


6. Average number of fast 
protons (E, > 30 MeV) 


per meson star (a) . — .12 — .05 02 — .02 = 07 -- .0£ | = 
Id. id including pro- 
bable cases with 
(E, > 30 MeV) (b) . . — -16 + 08 .05 + .03 == AT 05 | — 
7. Average number of fast protons (E, > 30 MeV) per meson 
star, including all types of stars (a) -- . . . . . . . . 0.02 = 01 
Id. id. including probable cases with E, > 30 MeV (6) . - 0.04 = .62 


8. Proportion of protons whose energy is estimated by range 
Ob Fagus: OF CULVALEES IG). - <-> = 5 5 = — Se we oe 0.43 


Id. id. ineluding probable cases with E, > 30 MeV (4) . - 0.46 


energy greater than 30 MeV on the basis of two models. In one, the pion is 
absorbed primarily by two nucleons and the disintegration is a consequence 
of the subsequent collision of these nuclei. By a Monte Carlo type of cal- 
culation Tamor finds, in nitrogen, that 39 percent of the disintegrations lead 
to protons of energy greater than 30 MeV. In the second model, the absorption 
leads to a fast neutron and a tritium recoil nucleus (multinucleon model). 
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The fast protons in this case arise mainly as a result of charge exchange com- 
ponent of the n-p scattering. Our results would seem to be in accord with 
the second model. However, the high percentage of fast protons calculated 
on the basis of the two nucleon model may be due to the neglect of the spe- 
cific states involved in the absorption matrix element which favors absorption 
of the pion by an n-p pair as compared to that by a p-p pair. This would 
have the effect of a large reduction in the estimated number of fast protons. 
This point will be discussed more fully in Sect. 4. 


32.5. Angular Distribution of Star Particles: Anisotropy of 
Disintegration. — For many of the stars where detailed identification is 
ot possible, a technique is employed to display any possible correlation effects. 
When a r- meson is absorbed by a nucleus such as carbon or nitrogen, the 
angular distribution of the emitted particles would very much depend on 
whether the energy distribution takes place in a random fashion or a special 
mechanism exists for the disintegration. In the former case, the particles would 
be evaporated from an excited compound nucleus while in the latter case, 
correlations exist between different emitted particles probably because of the 
occurrence of intermediate states. 

Following a method employed by HopGson (?°), we procede to examine 
the angular distribution of star particles in the following way. The method 
consists in measuring the least projected angle Ë between any two tracks in 
the plane normal to the axis of the cameras. If the particles are randomly 
emitted from a nucleus, the theoretical distribution of these angles, for an 
n-prong star, is given by 

P(£) al = n(n— 1)/2x (1 — nb /2m)"-? a 6 < Inn 


==) E> 2rin 


For a star of a given number of prongs, the least projected angle is measured 
and the distribution of these angles is compared with the above theoretical 
distribution. A marked difference between the two indicates anisotropy. 

In the case of three prong stars in carbon, the least projected angle is first 
measured, considering all the tracks. The distribution so obtained is compared 
with the theoretical distribution and is shown in Fig. 9. The agreement 
between the two distributions is examined by the y?-test. In applying the 
y2-test (2°27) the theoretical distribution is normalized is such a way that it 


(25) P. E. Hopason: Phil. Mag., 48, 190 (1952). 

(26) A. G. Worming and J. GEFFNER: Treatment of Experimental Data (New York, 
1943). 

(2?) Biometrika Tables for Statisticians, Volume I, Edited by E. S. Pzarson and 
H. ©. HARTLEY. 
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contains the same number of events as the experimental distribution. This 
imposes one restrictive condition. To test whether there is any difference 
between the emission of z-particles and protons, the distribution of the least 
projected angles between the z-tracks is again checked. 
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Fig. 9. — Least projected angular distribution in the case of a three and b two 

prong stars in carbon. The solid histogram represents the experimental distribution. 

The dashed line gives the distribution on the basis of simple evaporation of emitted 
particles. 


Similarly, in the case of four prong stars of the 1z3p type the least projected 
angle is measured for all of the tracks and also for the proton tracks alone. 
For the two prong stars, only one set of least projected angles is possible. 
The results on 7?-probabilities are given in Table V. A probability less than 
0.1 indicates a significant deviation from the assumed distribution. The ani- 
sotropy of emission is obvious from the low values for the y?-probabilities. 

The procedure is repeated for the stars in nitrogen and the results are 
included in Table V. 

We conclude that there is a marked anisotropy in the distribution of emitted 
particles from the += meson absorption in carbon and nitrogen. Similar invest- 
igations (75) involving =~ stars in cosmic rays show that the emitted particles 
from stars without recoils (attributed to light elements) show a marked aniso- 
tropy in their angular distribution. Stars in heavy nuclei (Ag, Br) on the 
other hand show no significant deviation from isotropy. 

Since the negative pion is captured essentially at rest, the momentum in 
the center of mass system is zero and the emitted particles would be expected 
to show an isotropic angular distribution were the evaporation process res- 
ponsible for the disintegration. The observed anisotropy in the angular distri- 
bution of the emitted particles would thus definitely exclude a simple eva- 
poration model for the nuclear disintegrations observed in carbon and nitrogen. 
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Tagce V. — 72-Probability Distributions in Carbon and Nitrogen. 


| Number of prongs All tracks a-tracks only Protons only 
| ; (a) Carbon } 
2 .015 — | — 
= = = = Ira: 
2 > .00001 -003 = 
4 .02 { -- .32 
| (b) Nitrogen | ; £ 
2 _ er | = 
3 | 0009 | 0009 | = 
| 4 .009 = | = 


A moderately excited nucleus, the residue of a two nucleon absorption process, 
would show correlation effects for specific modes of disintegration. As an 
extreme example, the indirect disintegration of "°C would have strongly cor- 
related «’s from ‘Be decay. 


3°3. Disintegration of ‘He. — The capture of a slow negative pion by helium 
leads to the following reactions: 


am + 4He>p-+ 3n 


= d + 2n 
—t + 3n 


where p, d, t, and n stand for a proton, deuteron, triton, and neutron res- 
pectively. For reasons already discussed in Sect. 3°2.1 it was not feasible to 
separate the various isotopes of hydrogen on criteria based on ionization in 
identifying the one prong stars that occur in helium. All the prongs are clas- 
sified as «protons» Where curvature measurement is possible, the average 
error in the determination of momentum amounts to about + 10 percent. 
In Fig. 10 is shown a histogram giving the corrected energy distribution of 
the protons. The plot includes 80 measured events. The energy of 40 of these 
protons is estimated from the curvature while in 20 of the cases, the energy 
is determined from the range of the protons that stop in the gas of the chamber. 
This distribution is corrected for the inefficiency due to finite sensitive region 
as explained in Appendix II. Fig. 10 includes 20 events (identified as protons) 
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observed by LEAVITT (?$) in an earlier investigation of x- absorption in a high 
pressure helium filled cloud chamber. These events have been corrected for 
the geometry of the sensitive region in a manner similar to ours. 

The experimental results are compared (Fig. 10) with the theory of Clark and 
Ruddelsden who calculate the energy spectra of protons emitted from *He as 
a result of zm meson capture for (1) a meson-nucleon interaction o-V(7;) 
where y(r,) is the meson wave function 
(pseudoscalar) at the position of the i-th 707 
nucleon and o is the nucleon spin operator, 
and (2) statistical phase space distribution 
of energy among the four nucleons. Neither 
theory agrees with the experimental re- 
sults. 

Although it is difficult in the present 
experiment to differentiate between the 
hydrogen isotopes, we can get an estimate 
of the probable number of tritons from 
the observed proton spectrum in the fol- 
lowing way. If a triton is formed, it must 
have an energy of 30 MeV and therefore 
a momentum corresponding to a proton 
of 90 MeV kinetic energy. A 30 MeV triton 
has an ionization of about nine times that 
of a 90 MeV proton. There are two one ss Son “ i Be 
prong events in which the energy of the 


NUMBER PER 15MeV INTERVAL 


Fig. 10. — Energy spectrum of protons 
particles, identified as protons, are 86 MeV in the reaction: x-+4He—p+3n. The 
and 101 MeV, one of which (energy solid histogram represents tle exper- 
101 MeV) has an ionization a little heavy imental distribution. Curve I is the 
for a proton of that energy. This could ere eo UNS Re 
action o-y and Curve II gives the 
possibly represent a triton. None of the tatistical Spectrum, as calculated by 
unmeasurable fast prongs are compatible  Crark and RuppELSDEN. The errors 
with this ionization. Thus the number of attached to the experimental points 
triton recoils may be of the order of or less are Statistical but corrected for the 
than 1 in 60. It is interesting to compare ee ee 127 
our results with the frequency of triton 
emission calculated by PETSCHEK (!*) and CLARK and RUDDELSDEN (°°). PETSCHEK 
finds that 22 percent of the absorptions of the z~ meson from mesic K-shell 
in helium lead to triton emission. The high frequency of triton emission, in 
disagreement with our results, has been attributed by PETSCHEK to the pre- 
sence of high frequency Fourier components in the initial state of his helium 


(78) CP. Leavitr: Thesis M.I.T. (1951). 
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wavefunction. CLARK and RUDDELSDEN using less carefully chosen Gaussian 
wave-function with a much lower average kinetic energy find that the proba- 
bility of triton emission is about three percent (2°) which is (probably fortui- 
tously) within range of our experimental value. Here again, the two nucleon 
model will give qualitative agreement with’the data, since the « sticking factor » 
for the recoiling fast neutron will be small. 


4, — Discussion of Results. 


The absorption of slow negative pions in light elements such as helium, 
carbon, and nitrogen was investigated with a view to obtain information re- 
garding the mechanism of disintegration of these nuclei. 

In Sect. 3°3 we have shown that in the disintegration of helium by slow 
x- meson, the triton emission is very small and that practically all the one 
prong stars are either protons or deuterons. Assuming that all the tracks 
are protons, we have compared the energy spectrum of protons with the 
spectrum obtained on the basis of (a) statistical phase space distribution of 
energy among the four nucleons and (b) non-relativistic expression of a meson 
nucleon interaction. The agreement of the experimental results with either 
theory is very poor. 

The proton spectrum fits qualitatively with the « quasi-deuteron » model 
for high energy nuclear processes first employed in meson reactions by PER- 
KINS (2°) and later elaborated in detail by BRUECKNER, SERBER and WATSON (22). 
A recent survey and interpretation of the experiments bearing on the cor- 
relation effects in nuclear wave functions has been given by BREUCKNER, 
EDEN and FRANCIS (5). According to the quasi-deuteron model we suppose 
that the x- meson is initially absorbed by a pair of nucleons. For the absorp- 
tion of the pion in helium, the wave function of the helium nucleus can be 
decomposed into a correlated pair factor either N-P or P-P and a residual 
factor. The absorption by an N-P pair gives rise to two fast neutrons. 

To satisfy the laws of conservation of energy and momentum these two 
neutrons will emerge in opposite directions each with about half the available 
energy, i.e. 55 MeV. Since the helium nucleus is a strongly bound system, 
the primary absorption process would affect the remaining nucleons such that, 
in the case of absorption by an N-P pair, we expect to observe protons (deute- 
rons also) of low energy characteristic of nuclear motions. On the other hand, 
the absorption by a P-P pair gives rise to a high energy proton which, for a 
stationary quasi-deuteron, would be 55 MeV. The relative probability of these 


(29) S. N. RUDDELSDEN: Private communication. 
(8) D. H. PERKINS: Phil. Mag. 40, 601 (1949). 
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two processes is governed by statistical weight factors and by the relative 
magnitudes of the matrix elements for absorption by the nucleons involved. 
Although subsequent nuclear collisions and higher order correlations will 
introduce smearing effects, the presence of both the processes is suggested by 
the « proton » spectrum of Fig. 10 where we find a definite peak for proton 
energy less than 15 MeV (due to N-P pairs) and the suggestion of a peak for 
proton energy between 45 and 60 MeV (due to P-P pairs.) 

For S-state nucleons, statistical weight factors due to spin and parity favor 
the N-P pairs by 3:1 if we assume that this goes principally from the 38 
state of the two nucleons. (For capture in deuterium this is indeed the case). 
In addition, information on the matrix elements may be obtained from the 
inverse reaction: production of S wave mesons near threshold in N-P and 
P-P collisions. The most probable absorption mechanisms correspond to the 
following production processes: 


(a) The absorption of the meson by an N-P pair, i.e. z~+N+P + N-+N, 
corresponds to the inverse of the meson production in P-P collisions, i.e. 
P+P>N+P-+rt, assuming charge symmetry in the production reaction. 
Considering the latter reaction, for the final nucleons in a ?S, state and there- 
fore isotopic spin 0 and the meson being emitted in an S-state, the cross-section 
(near threshold) is given by (31) 00 0.147 where » is the maximum pion 
momentum in the center of mass system in units of m_e. The contribution to 
the cross-section comes from the state T= 0 for the final nucleons, with 
initial protons having 7=1. We neglect the small (*1) 18, contribution. 


(b) The absorption of the meson by a P-P pair corresponds to the in- 
verse of the production reaction: N+P — P+P-+r7-. Considering the latter 
reaction for the 1S, state of the final protons and S state of the emitted meson, 
the initial state of the two nucleons must be a ?P, state and T=1. (For 
T=0 of initial nucleons the meson emission in S states is forbidden.) The 
cross-section near the threshold is given by (?') 0, .02 7?. Since oy > on, 
we expect a large matrix element favoring N-P absorption from considerations 
of detailed balance. A similar conclusion was reached previously by PUPPI (?) 
in connection with the pion absorption in heavy nuclei. Thus, the proton 
spectrum in helium has a bearing on the relative strength of S wave meson 
production in nucleon-nucleon collisions where the isotopic spin J of the two 
nucleons undergoes, under the assumption of charge independence, the changes 
defined by J — 1 —1—0 and 1 —1—17—1. Both meson production and 
meson absorption experiments show that the transition J = 1 — 1 — 0 pre- 
dominates over the transition J — 1 = 1 — 1. The explanation may reside 
in the increased enhancement brought about by the *S, initial state over the 


(31) A. H. ROSENFELD: Phys. Rev., 96, 139 (1954). 
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18, initial state of the correlated pairs inside the nucleus. This may be 
influenced by the presence of the meson in the case of absorption. The con- 
tributions of ?S, state in the nitrogen eround state wave function may also 

account for the predominance of the 3a-reaction with small excitation. 
In carbon, twenty-five percent of the 7 disintegrations follow the reaction 
n-+2C > 20+1p+3n. Suppose that the 


ere carbon nucleus is composed of three «-clus- 
wo ters and that the x meson interacts with 
| . . . 
one of the «-clusters in a way similar to 
| à 


that found in the case of a helium nucleus. 
Then the proton spectrum in both cases 


8 
| 


should be similar. In Fig. 11 we have 


SI 
oO 


superimposed the proton spectrum obtain- 
ed in helium on the proton spectrum 


| obtained in the 2«lp-reaction in carbon, 


a 
fo) 
I 


the spectra being normalized to include 


6 


equal number of events. The low energy 


NUMBER PER 15 MeV INTERVAL 
? 


end of the spectra is the same in both 


| 
5 oe cases to within statistical limits while for 
OF proton energy greater than 15 MeV no 
0! er noticeable peak, such as is seen in the case 
ae of helium, is found. This disagreement is 
5 : = 0 % not significant because carbon is a bigger 


30 45 60 
PROTON ENERGY IN MeV : 
a geen as nucleus than helium, and the fast nucleons 


Fig. 11. — Comparison of energy spec- 
tra of protons in helium (dashed lines) 
and in carbon (solid lines). The er- 
rors attached to the solid histogram helium. This would tend to wash out any 


in the primary stage lose more energy in 
leaving the nucleus than in the case of 


are statistical but corrected for the peaks in the high energy part of the pro- 
geometrical inefficiency. ton spectrum. The similarity of the proton 
spectrum in helium and carbon suggests 
that the primary stage in the absorption in carbon is the same as in the 
case of helium, namely absorption by a pair of nucleons in one of the 
æ-clusters. In the subsequent disintegration, the a-particles receive a small 
fraction of the available energy. This is supported by the low observed 
average energy of the «-partieles of about 7.5 MeV. 


5. — Conclusions. 


In carbon and nitrogen, the data point to a primary mechanism which 
is consistent with the absorption of the pion through a correlated pair of 
nucleons, more usually n-p pairs, leaving relative small excitation to the re- 
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mainder of the nucleus which shows strong preference to the break up into 
low energy «-particles. This is particularly seen in three prong stars, thus 
adding to the evidence for an «-particle structure to these nuclei. This is 
similar to what happens in mild photo nuclear *?) as well as proton (2?) and 
neutron (*) induced reactions in light nuciei. Additional support for the 
primary absorption process comes from the angular anisotropy of the emitted 
particles, from the generally low energy of «-particles emitted, especially in 
HN, from the proton spectrum in ?C (2x, 1p) and in ‘He, and from the low 
probability of triton emission in *He. Subsequent nuclear collisions of the 
nucleons involved in the primary stage will produce new nuclear reactions. 
The fraction of the time that this is expected to happen may be estimated (**) 
and is of the order of 0.7 in the case of carbon. Thus, it is not surprising that 
a wide variety of star types are actually observed. 


It is a pleasure to thank Messrs. M. C. RINEHART, K. C. ROGERS, and D. 
KOPPEL who have participated in the operation of the diffusion cloud chamber 
during cyclotron runs. 


APPENDIX I 
Technique of Measurements. 


The methods of measurement are similar to those described in the previous 
investigations (4) from this laboratory. For those «-particles and protons 
which stop in the gas of the chamber, the energy is determined from range 
vs. energy curves drawn for the appropriate temperature and pressure of the 
gas employed. Use is made of the tables (%) of range vs. energy calculated 
for paraffin in constructing similar curves for ethylene. For nitrogen, the 
ranges in air are employed, the error involved being small for our purposes. 
In the case of protons which do not stop in the gas but which exhibit an 
appreciable curvature, the energy is determined from the measured radius of 
curvature. The radii are measured by matching suitable arcs of circles of 
differrent radii drawn on thin lucite sheets. 

The projected range of particles could be measured accurately to within 
a millimeter. The true ranges are then found from the dip angle of the tracks. 
The corrections due to magnification and reprojection are estimated to amount 
to +10 percent. 


(32) M. Even and V. L. Tereepı: Helv. Phys. Acta, 25, 55 (1952). 

(33) G. M. FRYE, Jr., L. Rosen and L. Stewart: Phys. Rev., 99, 1375 (1955). 
(34) S. FERNBACH, B. SERBER and T. TAyLor: Phys. Rev., 75, 1352 (1949). 
(35) J. O. HIRSCHFELDER and MAGGE: Phys. Rev., 73, 207 (1948). 
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APPENDIX II 


Geometrical Corrections. 


The depth d, of the sensitive region in the present experiment is 5.0 cm 
and this introduces a bias in the energy spectrum of the emitted particles. 
To correct for this, we calculated the probability for the loss to observation 
of a charged particle («-particle or proton) of a given length /, assuming that 
the particles are emitted isotropically at any given point in the sensitive region. 
If P is the probability for loss, we find the following expressions: 


Pee dol L>d, 
ie l<d. 


To correct for the observed spectrum of «-particles or protons, the frequency 
of the events for each energy interval is divided by 1— P depending on the 
leneth of the track. In applying the correction to the spectrum of the «-part- 
icles or protons that stop in the gas, the range of the track corresponding to 
the mid point of the energy grouping is taken. For the proton spectrum in 
the case of helium and carbon where the energy of the proton is estimated 
from its curvatures in the magnetic field, a minimum length of proton track 
for each energy interval in question is calculated for an average value of the 
field and a sagitta of 0.03 em. The correction is computed using this minimum 
length. 

The above correction factor takes into account only the loss of particles 
from the top and bottom of the sensitive region. To account for the loss 
from the sides of the chamber, the diametral plane of the sensitive region is 
divided up into zones and the geometrical efficiency factor for loss of particles 
in each zone is computed as above assuming the sides of the chamber to be 
approximated by an infinite plane. The effective efficiency factor is computed 
by weighting the efficiency factor for each zone by the area of the zone relative 
to that of the whole plane. 


Reais oc UPN Ose) 


Si & studiato l’assorbimento dei pioni negativi lenti nei nuclei leggeri, elio, carbonio 
e azoto. Le reazioni dominanti osservate nei singoli casi sono state: (1) 7*+*He > p+3n; 
(2) m +!C > 2e+1p+3n; (3) n-+UN > 3x+2n. Si sono prodotti e confrontati con 
la teoria di Clark e Ruddelsden le distribuzioni dei rami e gli spettri protonici e alfa. 
La frequenza di emissione « dä un forte appoggio qualitativo al modello a particelle x 
della struttura nucleare. Una prova a favore di tale modello è data dalla similarità 
degli spettri protonici nelle reazioni (1) e (2). La bassa energia media dei protoni in (1) 
e (2) e delle particelle x in (8) è a favore dei modello di rinculo a due nucleoni nel- 
l’assorbimento primario. Nel caso (np), stati iniziali ?S, risultano favoriti rispetto a 
stati (pp) 18, d’accordo con la reazione inversa — la produzione di mesoni nelle col- 
lisione nucleone-nucleone. 


(*) Traduzione a cura della Redazione. 
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Summary. — The electron capture decay of !7?Ta has been investigated. 
No y-rays were observed. The P,/P, capture ratio was measured and 
found to be P,/P, = 1.4 + 0.4. The corresponding transition energy is 
| E, = 94*% keV. By means of a coincidence method the L-fluorescence 
| yield for transition to the Z level following the A-capture was measured 
and found to be w,, = 0.17 + 0.02. 


1. — Introduction. 


Ta was produced by WILKINSON (!) on bombarding lutecium with &-par- 
ticles, and hafnium and tantalum with protons. The decay (7, = 600 d) was 
reported to occur through orbital electron capture. Weak y-rays of 0.7 MeV 
energy and 0.1 MeV'conversion electrons were observed by means of absorption 
methods. 

Low-lying levels of !"Hf are known to have energies of 0.215 and 0.375 MeV 
from the decay of "Hf (?). Recently the Coulomb excitation of hafnium by 
6 MeV «-partieles (?) showed the existence of two levels at 0.119 and 0.260 MeV 
energy in !”°Hf. 
| In view of the lack of agreement between the above results, a detailed 
investigation of the radiations from 17°Ta and a determination of the atomic 
| mass difference between !”’Ta and !”Hf, seemed to us to be useful. 


| (1) G. WILKINSON: Phys. Rev., 80, 495 (1950). 
| (2) J. M. HoLLANDER, I. PERLMAN and G. T. SEABORG: Rev. Mod. Phys., 25, 
469 (1953) 

(3) N. P. HEYDENnBURG and G. M. Temmer: Phys. Rev., 100, 150 (1955). 
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9, — Measuring Techniques. 


19Ta was obtained by bombarding HfO, with 26 MeV deuterons in the 
Amsterdam cyclotron. 

The bombarded hafnium oxide was fused with sodium pyrosulfate and 
some tantalum carrier (potassium tantalate) in a platinum crucible, until a 
complete fusion was obtained. The fusion product was then leached with 
water and filtered, and the insoluble residue (mainly hydrated tantalum pent- 
oxide) was well washed and dissolved in a dilute solution of potassium hydrox- 
ide. The alcaline solution was centrifugated and the clear portion acidified. 
The precipitate of hydrated tantalum pentoxide was washed with water by 
decantation and centrifugation, until essentially free of extraneous soluble 
salts. The aqueous suspension was finally dried. 

A y-ray scintillation spectrometer and a proportional counter spectrometer 
were employed in investigating the radiations from 179Ta. The pulse size was 
measured by means of a twenty channel electronic pulse analyzer (4). y-y and 
X-y coincidence technique was used both between the proportional counter 
and the scintillation spectrometer (5) and between two scintillation spectro- 
meters. The coincidence cireuit was triggered only by the pulses belonging 
to a selected photopeak, by means of a single channel pulse height selector. 


3. — Radiations from the Sample. 


An inspection of the y-radiations from the sample in the y scintillation 
spectrometer showed the presence of a very intense peak at about 55 keV 
and a very faint peak at 740 keV. No other y-rays were detected; in parti- 
cular the 119 keV y-ray arising from the de-excitation of the first rotational 
level of 17°Hf, if present, would have an intensity under 2-10~ times that of 
of the 55 keV peak. 

A careful measurement of the 55 keV peak energy was carried out in the 
proportional counter after calibrating the apparatus by means of the A, X- 
radiations characteristic of Ag (22.10 keV), Eu (41.31 keV), Ta (57.11 keV) 
and Pt (66.25 keV). The previous values for A, X-rays energy are the weighed 
means of the K, and K,, energies according to the table given by FINE and 
HENDEE (°). In this way we have obtained the value Æ = 55.4 + 0.2 keV 


(*) 
(5) A. Bist, E. GERMAGNOLI and L. Zappa: to be published. 


E. Gatrr: Nuovo Cimento, 11, 153 (1954). 
(6) S. Fine and C. F. HenDE: Nucleonics, 13, n. 3, 36 (1955). 
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which corresponds to the energy of the A, X-radiation characteristic of Hf 
(55.36 keV). 

At lower energies two peaks were observed, at 9.4 and 16.4 KeV respectively, 
the first of which was interpreted as due to the Z X-radiations characteristic 
of Hf. No evidence of the second peak and, likewise, none of the 740 keV 
peak was found one year afterwards. Thus we believe that traces of niobium (?) 
were present in the samples as impurities. 

The half-life of the K and Z X-rays of Hf was not measured but the time 
decrease of their intensity observed through one year was consistent with a 
half-life of about 600 d as reported by WILKINSON (!). 


4. — Results. 


41. L/K-capture ratio. — As no y-rays arise from the decay of 17°Ta, the 
emission of the X-rays characteristic of Hf is only due to the electron capture 
decay. Therefore the relative intensities (7,/1,) of the LX- and K X-radiation 
are related to the relative amounts of Z- (P,) and K-capture (P,) by the 
expression : 


(1) 


van (5 ne | O, 
i KL ») 
Yin Br Or 
where n,, is the number of Z-shell vacancies produced in the filling of a Æ-shell 
vacancy ; 
a mean L-fluorescence yield which depends, evidently, on the exci- 


tation probabilities of the three Z-subshells. Strictly speaking 
eq. (1) is a definition of ©, (7); 


a) 


o,, the K-fluorescence yield of Hf. 
In eq. (1) for n,, and ©, we adopt the approximate values derived from plots 
given by ROBINSON and FINK (7) 


and for w, the value w, = 0.94 (®). 
The ratio I,/I, was obtained from the spectra taken in the scintillation 


(7) B. L. ROBINSON and R. W. Fink: Rev. Mod. Phys., 27, 424 (1955). 
(8) I. BERGSTRÖM in K. SreGBAnN: Beta and Gamma-Ray Spectroscopy (Amsterdam, 
1955), p. 624. 
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and in the proportional counter spectrometer by integration of the areas under 
the peaks. Detection efficiencies and escape peak corrections were taken into 
account. We have found: 


Es 
— — 0.46 + 0.04, 
Ihe 
and then 
122 
2 ae = 1.4 0.4 . 
2) pls 


The error in eq. (2) arises mostly from the estimated uncertainty in o,. As 
can be seen from eq. (3), however, it does not affect seriously the value of the 
transition energy. 

The energy E, involved in the transition Ta — VHF can be calculated 
according to the formula given by MARSHAK (°) 


(3) es Gal (a=) (1 as Pin) 
1er: Ix Ey c= BE; Ohi 


where Æ, and E, are the Z- and the A-shell electron binding energies; (9;,/9)° 
and Paru) are the ratios between Z,- and K-shell and between L,,- and 
L,-shell electron densities at the nuclear radius. From 


Gl = 0.14 (2°), 


Ix 


fm = 3 (Z—4.15\* 5 
ke = | 137.3 | WE 


and with the known values of E, abd E, we obtain for the transition energy: 


iy = 947) keV. 


42. L-fluorescence yield arising from K vacancies. — It is well known that 
L-shell ionization arises from reorganization of an atom ionized in the Æ-shell. 
A direct measurement of the Z-fluorescence yield (@,,) for transition to the 
L level following the K-capture can be made in a coincidence arrangement 
in which the K X-rays peak is used to trigger the coincidence eireuit and the 


(°) E. R. Marsuak: Phys. Rev., 61, 431 (1942). 
(1) M. E. Rose and J. L. Jackson: Phys. Rev. 76, 1540 (1949). 
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I X-rays spectrum is recorded. We have: 


T= NÖ pees, 5 


where 1%, is the counting rate due to A X-L X coincidences and I; the counting 
rate due to A X-rays; €, is the detection efficiency of the proportional counter 
spectrometer for Z X-rays. 

For Hf (Z = 72) we have obtained: 


©, = 0.17 + 0.02. 


This value is considerably lower than the total fluorescence yield obtained 
by Lay (1) for fluorescent excitation (@, = 0.26). 


5. — Discussion. 


The low value of the transition energy (EP, = 94 keV) justifies the absence 
of the known y-radiations from the excited levels of 1Hf. 

With 7, = 600d, the log ft value of transition ‘Ta — 1**Hf calulated 
according to the discussion given by MAJOR and BIEDENHARN (?*), results 
to be 

log jt = 6.0. 


This fact suggests that the transition can be classified as allowed (4/=0, 1; no) 
or first forbidden (AT = 0, 1; yes). 

As far as concerns spin and parity of the ground state involved in the 
transition, the following considerations can be made. For "*Hf the value 
of the spin ($ or 3) on the basis of previous estimates is somewhat doubt- 
ful (#). Quite recently SPECK and JENKINS (14). on the basis of the observed 
hyperfine structure using enriched isotopes, assigned the value J = © to the 
ground state of “Hf. According to the classification of MOTTELSON and 
NILSSON (15) of the nucleonic states in deformed nuclei, the expected ground 
state spin and parity are 3+. Concerning Ta, we observe that nuclei with 
odd protons from Z = 65 to Z = 75 have generally ground states 1 or 5 + (18), 


) M. Lay: Zeits. f. Phys., 91, 533 (1953). 
) J. K. Mayor and L. C. BIEDENHARN: Rev. Mod. Phys. 26, 321 (1955). 
(8) J. E. Mack: Rev. Mod. Phys., 22, 64 (1950). 
) D. R. Speck and F. A. JENKINS: Phys. Rev., 101, 1831 (1956). 
(15) B. E. Morrerson and S. G. Nırsson: Phys. Rev. 99, 1615 (1955). 
(16) M. GOEPPERT MAYER and J. H. D. JENSEN: Elementary Theory of Nuclear Shell 
Structure (New York, 1955), p. 71. 
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In view of all these facts the decay of 17°Ta appears very probably as 
t+ — #+ transition. 


Acknowledgement is due to Prof. G. BoLLA for his kind interest. 


RIASSUNTO 


Si studia il decadimento per cattura elettronica orbitale del 1#Ta. Non si osserva 


emissione di raggi y. Il rapporto tra la probabilità di cattura L e la probabilità di 
cattura HW è P,/P, = 1.4 + 0.4 cui corrisponde un’energia di transizione E, = 947} keV. 
Applicando un metodo di coincidenza si determina il rendimento di fluorescenza L per 
transizioni al livello Z che seguono la cattura K. Si & ottenuto w,, = 0.17 + 0.02. 
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On the Nucleon-Nucleus Interaction. 


W. E. FRAHN 


Nuclear Physics Division of the National Physical Laboratory, 
7 C.S.I.R. - Pretoria, South Africa 


(ricevuto l’11 Maggio 1956) 


Summary. — A phenomenological energy-dependent interaction is intro- 
duced to describe the modified propagation character of nucleons in 
nuclear matter and to account for the observed energy-dependence of 
the real part of the optical potential. 


1. — Introduction. 


The nucleon-nucleus interaction has been successfully treated in terms of 
the optical model, which represents the nucleus as a region with a static 
attractive potential U(r). The relative motion is described by the Schrödinger 
equation 

h? 


2m 


(a) Ay(r) + Ey(r) = U(r)y(r) . 


In general, the potential consists of a real and an imaginary part, 
(2) U(r) = V(r) + Wir), 


the coherent (elastic scattering) and incoherent (absorptive) parts of the inter- 
action thus being formally separated. In its simplest form, the optical model 
assumes a square-well potential for both of these parts 


| es ae) r<R 
(3) Dre 
| 0 é Par 


(R = nuclear radius). 
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This individual partiele pieture differs markedly from the statistical model 
for nuclear reactions, which is based on the assumption of strong coupling 
between nuclear particles. Considering the remarkable successes of both models 
in explaining the experimental data on nuclear scattering and reactions, the 
question arises of how to reconcile the opposite assumptions underlying these 
two interaction models. 

Important progress regarding this problem has recently been achieved by 
BRUECKNER and his collaborators (1°) in their investigations on nuclear struc- 
ture and nuclear saturation in terms of two-body forces. According to this 
approach, the motion of a nucleon through nuclear matter can be represented 
by a modified plane wave motion in a medium, characterized by a disper- 
sion law 

h? : 
(4) Ey =, k + V(k), 


2m 


the «optical » interaction potential being a function of the wave number k. 
The propagation character of a nucleon moving in the nuclear medium is 
altered as a result of its coherent interaction with the other nucleons. An 
equivalent interpretation, due to WHEELER, is to assign a reduced effective 
mass to the interacting nucleon. Thus, the passage of a strongly interacting 
nucleon through nuclear matter can be represented by the motion of an equi- 
valent «free » nuclear particle with a modified mass. A general investigation 
into the relationship between nuclear models and the actual nucleus shows, 
that these modified nuclear particles play the role of nucleons in the inde- 
pendent particle models (*). 

On the other hand, the optical model analysis (5) of nucleon-nucleus cross- 
section measurements (*) in the energy range 30 MeV to 400 MeV, exhibits 
a strong energy dependence of the real part of the optical potential. The 
interpretation of these results in terms of a complex nuclear refractive index 
showed, that the optical model with a static potential does not reproduce the 
measurements and that this disagreement is due to the real part of the re- 
fractive index. Therefore, the nucleon-nucleus interaction can apparently no 
longer be described in terms of a static potential. 

For this reason, we shall investigate a generalized type of interaction, which 


K. A. BRUECKNER, C. A. Levinson and H. M. Maumoup: Phys. Rev. 95, 


) 
1 
) K. A. BRUECKNER: Phys. Rev., 96, 508 (1954). 
3) K. A. BRUECKNER: Phys. Rev., 97, 1353 (1955). 
) R. J. Even and N. C. Francis: Phys. Rev., 97, 1366 (1955). 
) T. B. Tayror: Phys. Rev., 92, 831 (1953). 
) V. A. NEDzEL: Phys. Rev., 94, 174 (1954). 
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reproduces the results of BRUECKNER and also accounts qualitatively for the 
energy dependence of the real optical model parameters in the intermediate 
and higher energy regions. 


2. — The Phenomenological Interaction. 


According to the optical model, the plane wave representing a moving 
aucleon in nuclear matter will be scattered by the other nucleons. To the 
elastic part of this scattering correspond coherent scattered waves which super- 
impose on the original wave, thus forming a new plane wave with a modified 
phase velocity. The elementary scattered waves are determined by the 
individual nucleon-nucleon interactions. In his approach, BRUECKNER cor- 
relates the modified plane wave properties to the observed scattering phase 
shifts of the elastic nucleon-nucleon collisions, without needing specific as- 
sumptions about the elementary law of nucleon-nucleon interaction. 

In the following we shall give an alternative description, assuming an 
explicit form of the nucleon-nucleus interaction. The static potential concept 
is obviously insufficient to represent the interaction arising from the effect 
of collisions on the wave function of the moving nucleon. Therefore, we will 
describe the relative nucleon motion by a generalized Schrédinger equation 


= Ay(r) + Ey(r) = | K(r, r')y(r’) dr’, 


(5) 


with a non-statie (« non-local ») interaction term, formally taking into account 
the correlation effects due to the many-body character of the interaction. 

An interaction of this type is also suggested by the meson theory of nuclear 
forces in the non-adiabatie treatment of LEvy (7), which describes the ele- 
mentary nucleon-nucleon interaction in terms of a non-local operator (8). It 
is, however, not yet possible to derive the complete form of this operator which, 
in Levy’s treatment, is given only in terms of a power series in the coupling 
parameter. 

In accordance with the single-particle models, we assume that the over-all 
effect of the elementary interactions will on the average result in a static 
potential V(r) plus a «small» non-static correction. That is to say, we assume 
the interaction kernel of eq. (5) to be of the form 


(6) Kir, rv’) = Virjfi(r—r).- 


(?) M. Levy: Phys. Rev., 88, 725 (1952). 
(8) M. Levy and R. E. MarsHak: Proc. Glasgow Conference (1955). 
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Obviously, for f{r— r') = ö(r— r'), eq. (5) reduces to the Schrödinger-equa- 
tion (1) with static real potential V(r). The «smallness » of the non-static cor- 
rection means therefore, that we have to choose an approximation function of 
the ö-funetion for f(r—r’). As can be seen from their Fourier-transforms, 
these approximation functions act as a cut-off in the momentum distribution. 
Thus, such a choice for f(r—r') qualitatively takes into account the most 
important property of the interaction arising from the effect of collisions on 
the wave function, viz. the rapid decrease of this effect with increasing relative 
momenta. As the momentum cut-off must be a smooth one, it seems reason- 
able, to choose for f(r—r’) the normalized Gaussian approximation to the 
ö-funetion with parameter 79: 


“) f(r—r’) = air? exp 


Equations of the general form (5) have been investigated by WHEELER (°) 
to account for nuclear saturation. We shall point out in the next section, 
that the connection between Brueckner’s « optical » treatment of the satu- 
ration problem in terms of two-body forces and Wheeler’s in terms of a 
non-static interaction, also holds for the modified propagation properties of 
nucleons in nuclei, which follow from both treatments. The starting points 
of WHEELER’s and BRUECKNER’s works, although formally different, thus 
prove to be essentially equivalent. 

Mathematically, the integro-differential equation (5) is equivalent to an 
ordinary differential equation of infinitely high order, thus leading to a velo- 
city-dependent interaction. Physically, this means that the interaction is no 
longer independent of the state of the interacting system. The state-indepen- 
dence of the nuclear interaction, as assumed by the single-particle models, 
seems to be realized only approximately. A state dependent interaction of 
the form described by eq. (5) will phenomenologically take into account some 
of the collective aspects of the nuclear states which modify the single-particle 
motion in a nuclear medium. 


3. — The Motion of Nuclear Particles in Nuclear Matter. 
We consider the motion of a nucleon, as described by eq. (5), in an infinite 
nuclear medium, assuming a constant potential V(r) =— V,. Eq. (5) then 


becomes translation-invariant, thus describing the motion of a «free » particle 
with modified propagation character. This can be seen by Fourier-trans- 


() J. A. WHEELER: Phys. Rev., 50, 643 (1936). 
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formation of eq. (5), which yields 


(8) | EI a 2) DEP D 


2m 


p and g being the Fourier-transforms of y and f, respectively. Thus, the 
motion is equivalent to a free motion in a medium, characterized by a dispersion 
relation 


9 eye 
(9) i =k + Vik), 
with V(k) =—- Vog(k). The effective nuclear potential is therefore a function 


of the momentum, if f 0. 
For the special assumption (7) we obtain 


(10) g(k) = exp [— 4rke], 


a Gaussian cut-off function for the higher relative momenta. With k< 1, 
we have 


(11) V(k) w~— Vo + 1Vır2k2 , 
and in this case, eq. (9) can be rewritten in the form 


ie 
(12) E + 1 — Ym* ke, 


* 


with an effective mass 


m 


= LE GP Oe 


Consequently, the motion in the nuclear medium, characterized by the 
optical relation (9), is approximately equivalent to the free motion of a nuclear 
particle with reduced mass m*< m in a constant static potential — Vy. 

Brueckner’s treatment gives the values 


V, = 68 Mev 


| 


m 0.6 m, 


which will be used here to fix the parameter of the phenomenological inter- 
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action. Inserting these values in (13) we get 


(14) ro — 0.65 2 ; 
ue 


for the range of the interaction kernel (7). 

JOHNSON and TELLER (1) have proposed a classical field theory of nuclear 
forces and had to add a velocity-dependent term to the interaction-Hamil- 
tonian, to account for saturation and for the neutron-proton ratio in heavy 
nuclei. They derived an effective nucleon mass depending on the meson field 
amplitude, the meson mass and the coupling parameter of the velocity-dependent 
interaction. From comparison with empirical data, they obtained the mass 
ratio m*/m & 0.5. 


4, — Energy Dependence of the Real Optical Potential. 


During the past few years, total neutron cross-sections have been measured 
on various nuclei. The results up to 410 MeV have been summarized by 
NEDZEL (°). The analysis of these measurements, given by TAYLOR (5), based 
on the optical model of FERNBACH, SERBER and TAYLoR (1), showed that 
the real part V of the optical potential is à monotonically decreasing function 
of the neutron energy E ranging from about 30 MeV for E = 60 MeV to 
about 10 MeV for E — 300 MeV. The elastic scattering of protons in the 
region between 5 and 30 MeV has recently been analyzed by MELKANOFF 
et al. (2) in terms of the optical model and revealed a similar uniformly de- 
creasing real part of the potential, which was found to be in accordance with 
an effective mass ratio m*/m ~ 0.5. 

To obtain the effective potential for a nucleon with energy H, we have 
to evaluate the function k?(H) from 

h2 


(15) E — Im k2 == Vo exp [= 172k? | , 


and insert this into V(k), yielding 
(16) V(E) = — exp [— 4r?k2(E)]. 


This funetion, with the accepted values for V, and r,, is shown in Fig. 1. 


(0) M. E. Jounson and E. TELLER: Phys. Rev., 98, 783 (1955). 

(4) S. FERNBACH, R. SERBER and T. B. TAyLor: Phys. Rev., 75, 1352 (1949). 

(2) M. A. MELKANOFF, S. A. Moszkowskı, J. Nopvik and D. $. Saxon: Phys. 
Rev., 101, 507 (1956). 
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The resulting values are in fair agreement with those following from 
TAYLOR’s analysis in the region between H ~ 60 and H & 200 MeV. For 
higher energies (250400 MeV) Taylor’s 
function remains nearly constant at 0 C0 M200 300 
V & 10 MeV. In view of the qualitative 
nature of our results, which depend on 
the special cut-off function (7), a detailed 
comparison with those obtained from the 20 
experimental data, does not seem to be MeV) 
justified. Moreover, the relation (16) has 
been derived under the assumption of 
an infinite extension of the nuclear me- 
dium. Above E & 300 MeV, relativistic 
effects will become important. Never- 


nn 


Fig. 1. — Real part of the optical po- 
theless, the general trend of the energy tential as a function of energy. 


dependence is fairly well represented. 
Aneven better agreement exists with the values given by KIND and VILLI (1), 
who approached the problem differently, using perturbation theory. 

In the vicinity of # = 0, we obtain from (16): 


(17) V(E) & — 44.2 MeV + 0.37. 


For negative energies, the expansion of the exponential in (15) for mk <1 
leads to 


re Vee 
(18) V(E) & Vo + (1 =) E — — 41 MeV + 0.4E, 


the result obtained by BRUECKNER, EDEN and FRANCIS (4) for the low neutron 
energy range (< 5 MeV). 


5. — Tae Nuclear Refractive Index. 


The optical properties of the nuclear medium can be represented by a 
complex refractive index. Its real part, n, is defined by the ratio of the internal 
and external wave numbers k, and k,; its imaginary part is determined by 
the absorption coefficient. 

To the observed energy dependence of the total neutron cross-sections 


(3) A. Kinp and C. Vitir: Nuovo Cimento, 1, 749 (1955). 
(4) K. A. BRUECKNER, R. J. EDEN and N. C. Francis: Phys. Rev., 100, 891 (1955). 
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corresponds a certain variation of the refractive index with energy. An ana- 
lysis by JASTROW (7°), showed that the optical model failed to reproduce this 
variation at intermediate energies. In this treatment, the absorption coef- 
ficient is given in terms of the total n-n and n-p cross-sections, for which the 
measured values have been inserted. The real part of the refractive index 
is given by 

270 


(19) n—1 => f0) 


(o = nucleon density); thus it contains the forward scattering amplitudes (0), 
which depend on the particular nucleon-nucleon interaction assumed. It has, 
therefore, been concluded, that the disagreement is entirely due to the real 
part of the refractive index. This conclusion has been supported by measu- 
rement (cf. NEDZEL (*)). In order to obtain agreement with experiment, the 
real part of the refractive index has to show a much more rapid decrease with 
energy than that following from the static potential model. This point has 
been discussed in detail by MEMMERT (1). This author has calculated the 
values of n— 1 required by the experimental data. In Jastrow’s formula (19), 
the nucleon-nucleon forward scattering amplitude f(0) should decrease rapidly 
with increasing energy. This behaviour can be explained in terms of Jastrow’s 
« hard core » model. 

The forward scattering amplitude can be related to the nucleon interaction 
potential. With a non-statie interaction of type (5), using the kernel (7), one 
obtains the following ratio between the forward scattering amplitudes of the 
non-static and static cases in Born-approximation : 


f*(0) 
f(0) 


(20) ~ exp [— rite]. 
A direct derivation of the real nuclear refractive index is obtained from 
the dispersion relation (15). Hence follows 


2 
(21) Be — = V, exp[— #343] =k. 


This equation is only approximately correct, because (15) is the dispersion 
relation in an infinite nuclear medium and has to be corrected for a finite 


extension of the nucleus. This correction will, however, not affect the quali- 
tative behaviour. 


(5) R. Jastrow: Phys. Rev., 82, 261 (1951). 
(1) G. MEMMERT: Zeits. f. Phys. 134, 42 (1952). 
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For the refractive index n = k,/k, we obtain 


Vo 
B 


(22) 2 exp 


where we have introduced the energy 


2h? v, 
mr: (m/m*) — 1 


(23) E* 


= 157,2 102, Mey, 


FE Eq. (22) implicitly defines the refractive index as a function of the external 
nucleon energy. The resulting values are 


| given by the full line in Fig.2 in com- 
N parison with those obtained from the ne 
Fermi gas model (dashed line) accord- et 
ing to | 
24 al lé 01 
(2 ) JUS — i’ Ë 
ee 
with V= 30 MeV. 
For higher energies, the dependence 
Eee 0 100 200 300 
-is given by — E (MeV) 
Fig. 2. — Real part of the nuclear 
V E retire Siaddlese Ent à i 
(25) mr 1 0 exp ih refractive index, nm — 1, as a function 
E JDE of energy. 


equivalent to that following from (20). In the low-energy region we get 


(26) ne & (1 a 3) 


m 
Generally, the refractive index is related to the effective nuclear potential (16) by 
(27) H(n? — 1) =— V(£). 
The values calculated from (22) are in fair agreement with those obtained by 
MEMMERT (1) from his analysis of the neutron-cross section measurements. 
6. — Summary and Discussion. 


It has been shown, that the assumption of a non-static nucleon-nucleus 
interaction of the type (5), which is chosen so as to represent certain quali- 
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tative features of the elastic nucleon-nucleon collisions in the nucleus, can 
account for both the modified motion of nucleons in a nuclear medium and 
the energy dependence of those optical model parameters, which describe the 
coherent (elastic) part of nuclear interaction. 

Obviously, the results obtained are of a qualitative nature only, depending 
on the special form of the assumed phenomenological interaction. Therefore, 
the numerical values as given in Figs. 1 and 2, although in fair general agree- 
ment with experimental data, should by no means be taken too literally. 
They are intended only as an illustration of the general qualitative behaviour 
of the magnitudes discussed. The aim was to illustrate with a typical example 
how a non-local, state-dependent generalization of the static potential concept, 
as suggested by fundamental nuclear theory, could account for the intimate 
connection between the coherent nuclear effects, saturation properties, and the 
collective features of nuclear interactions. 


The author would like to express his indebtedness to Dr. S. J. DU Toit, 
head of the Nuclear Physics Division, for his interest in this work; Dr. ied 
VAN HEERDEN for discussion and the South African Council for Scientific and 
Industrial Research for permission to publish this paper. 


RIASSUNTO (*) 


Si introduce um interazione fenomenologica dipendente dall’energia per descrivere 
il carattere modificato della propagazione dei nucleoni nella materia nucleare e per 
render conto della dipendenza dall’energia, osservata per la parte reale del poten- 
ziale ottico. 


(*) Traduzione a cura della Redazione. 
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Differential Cross-Sections for Photoproduction 
of Positive Pions in Hydrogen. 


I. — Low Energies. 


M. BENEVENTANO (*), G. BERNARDINI (7), D. CARLSON-LEE (X), 
G. STOPPINI (*) and L. TAU (*) 


(ricevuto il 21 Maggio 1956) 


| Summary. — The cross-sections o(%,, 4) for the reaction pY —n+ have 
| been measured near threshold as a function of photon energy and at four 
| angles. See Table I. These results combined with previously known 
| data, have given a fairly complete and accurate description of o(H,,, 6) 
between the limits 30°<0< 180° and 170<E,<270 MeV. See Table II 
and Fig. 2. Writing o(H,,0) = W{a) + a, cos 0 + a, cos? 6} with 
W= no{1+(u/E;)r} 41+ (u/B,)o}"* (see formula (5)) the experimental 
data indicate that (Table III) a, is constant up to about HY ~ 260 MeV; 
and that (Table V) the three a, coefficients analyzed in terms of S and P 
waves give a very small spin flipping P-amplitude X. The presumption 
| that the S amplitude Æ, is mainly due to the gauge invariance require- 
| ment is definitely not consistent with the data (see Table IV). A dis- 
| cussion based on the Kroll and Rudermann theorem leads to the conclus- 


ion that this inconsistency may be eliminated if allowance is made for 

the contribution of fairly large nucleon recoils. However, it turns out 
that only the changing sign part of these recoils is really large and appa- 
| rently so up to terms of order higher than w#/M. The amount of the recoil 
| at threshold is estimated and consequently a value for the pspv inter- 
action constant is derived. 


| 1. — Introduction. 


11. — In the last few years a considerable amount of theoretical and expe- 
rimental work has been done on the problem of photoproduction of pions 
| in hydrogen. 


(*) Istituto di Fisica dell Universita, Roma - Istituto Nazionale di Fisica Nucleare, 
Sezione di Roma. 
| (-) Physies Department, University of Illinois, Urbana, Illinois. 
| (*) Istituto di Fisica dell Universita, Roma - Istituto Nazionale di Fisica Nucleare, 
Sezione di Roma. Now at Physics Department, University of Illinois, Urbana, Illinois. 
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The theoretical work has been developed following several lines of approach. 
The simplest, called « phenomenological », has been worked out mainly by 
Arzu, FELD, FERMI and WATSON (°). This analysis is phenomenological in 
the sense that it is based on the application of the S-matrix formalism (?) 
and time reversal, that is, on general conservation principles and the cor- 
related selection rules. Thus it cannot be erroneous, with the possible exception 
of some oversimplification introduced in dealing with the several processes. 
For example, the limitation to the two lowest angular momentum states or 
the assumption of the existence of particular symmetries in the Hamiltonian. 

As has been shown in detail by KAwAGucHI and MINAMI, FERMI, WATSON (°) 
and by GELL-MANN and WATSON (°), this interpretation of photopion processes 
establishes a direct connection between the photoproduction and pion-nucleon 
scattering. This connection is due to « cross-links » between the photon-nucleon 
and the pion-nucleon states. The strong interaction in the [= 3, J= 3 state 
(I= Isospin, J= total angular momentum) is accepted as experimentally 
verified by the pion-nucleon scattering experiments and then phenomenolo- 
gically introduced through the scattering « channel » (2) also for pion-photo- 
production. 

The charge independence principle is applied to the final state [WATSON (*)]. 
The Isospin is not conserved as far as concerns the photon absorption. Thus 
the absorbing e.m. source is not the physical ground state of the nucleon but 
the dynamical pion-nucleon system with its own e.m. properties corresponding 
to the two Isospin-substates T= } and I= 3. 

This splitting into two independent Isospin-states follows from a first 
order approach to the electromagnetic interaction. The incident e.m. plane 
wave is thought to be decomposed into (an infinite number of) pure parity 
and angular momenta substates, i.e. in multipoles. The pion-nucleon system 
emphasizes, because of its e.m. structure, some of these e.m. poles. The 
strengths of these poles can be determined experimentally and they may be 
considered as the photon energy dependent parameters defining empirically 


() B. T. Ferp: Phys. Rev., 89, 330 (1953); K. Arzu: Proceeding of the International 
Conference of Theor. Phys., Kyoto and Tokyo, 1953, p. 200; E. Fermi: 1954 Varenna 
Lecture, Suppl. Nuovo Cimento, 2, 17 (1955); K. Watson: Phys. Rev., 95, 228 (1954); 
see also K. A. BRUECKNER and K. M. Watson: Phys. Rev., 86, 923 (1952); S. HAYA- 
Kawa, M. Kawacuonr and 8. Minami: Prog. Theor. Phys. 42, 355 (1954); 12; 789 
(1954). 

(2) A comprehensive account of this formalism with particular reference to nuclear 
reactions can be found in Theoretical Nuclear Physics by Buarr and WEISSKOPFF. 
A lucid presentation of the essentials of this formalism is given in FErumr’s Varenna 
lectures. 

(3) M. Gert-Mann and K. M. Warson: Annual Review of Nuclear Science, 4, 
219 (1954). 
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this e.m. structure of the pion-nucleon system. In that sense one might speak 
of the e.m. structure of the pion-nucleon system almost independently of any 
particular model, but because of its generality, the analysis introduces too 
many of this type of parameters whose energy dependence is a priori unknown. 
However, as will be shown, some rather interesting conclusions can be derived 
about these pole-strengths (see Part IT). 


12. — The other theoretical works have the aim of presenting a real theory 
capable of expressing the essential features of pion-nucleon scattering, photo- 
production, nucleon interaction. The simplest and most successful theory of 
this type has been extensively worked out by CHEW, CHEW and Low (4). Re- 
cently a comprehensive and clear presentation of this theory has been pub- 
lished by Wick (5). It involves some very definite assumptions (a Yukawa 
type interaction with a finite-sized and infinitely heavy nucleon) and the 
calculations have only been carried out, up to now, with some approximation. 
However, it has the great advantage of introducing consistently very few 
parameters; mainly the renormalized coupling constant and the nucleon size 
or, equivalently, a pion-momentum cut-off. 

In the discussion of the experimental data obtained near threshold (as 
that presented in this paper) a general theorem established by KROLL and 
RUDERMAN (°) is most interesting. The value of this theorem lies in the fact 
that it permits a proper estimate of the pion-nucleon interaction constant 
and indicates clearly the origin of all uncertainties included in any discussion 
of this type. Briefly this theorem, which will be extensively used in the fol- 
lowing discussion, states: In the limit in which the total energy of the mesons 
goes to zero, the renormalized psps matrix H, for photoproduction coincides 
with that H,, obtained in the same limit by the second order perturbative 
approximation. That is 


eg, Gre 
(1) im Hf, lim A, = , 
pass ake 2M vuvo 


where @ is the total energy (in « units) of the outgoing real pion and: 


CVS. (ez ol); 
g, = renormalized symmetric psps coupling constant; 
o — nucleon spin; 


(4) G. F. CHew: Phys. Rev., 95, 1669 (1954); G. F. Cnew and F. E. Low: Phys. 
Rev., 101 1570, 1579 (1956). 
nication. 

(5) G. Wick: Rev. Mod. Phys., 27, 339 (1955). 

(5) N. KroLL and M. RUDERMAN: Phys. Rev., 93, 233 (1954). 
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m 


— photon polarization vector; 
M = nucleon mass; 


> 


= photon energy-momentum (in u units). 


As a direct consequence of the theorem itself, one can write, in the real 
case in which u has a finite value, the squares of the matrix element for the 
proton and neutron target cases as 


Nos La G 
pY | itn | ER» Er 1 a) M ) H, lo 


‘ nv | Tate 7 — ee 2 0 G, wiz 


| 


a 
SE 
S 
T 

S| 
Sent 


where G, and 4, are independent from @y/M and, at threshold, equal but with 
opposite signs. It has to be noticed that the first term includes S-waves only, 
and coincides with the so-called gauge invariance term first proposed by 
WENTZEL (7) which arises in any pseudovector coupling. 

Precisely, as is well-known (8) this S-wave part arises from the pspv Ha- 
miltonian extra term: ie[A- (pseudovectors independent of pion momentum) |]. 

The e.m. structure of the nucleon has been the main object of a series of 
papers by SACHS et al. (°). In these papers the pion structure of the magnetic- 
moment of the nucleon, the neutron-proton mass difference etc. have been 
investigated, but a definite attempt to estimate quantitatively the photopion 
processes was not made and a simple comparison of the experiments with the 
theoretical prediction does not seem yet possible. 


1'3. — The more recent experimental work on photoproduction in hydrogen 
offers today a rather satisfactory picture of the reaction 


(3) y+tp>n+rt, 


up to about 450 MeV. 
Precisely we refer to the experiments carried out in the following laboratories: 


Berkeley. — STEINBERGER and BısHoP (1°), using fast and delayed coinci- 


(7) Unpublished. See Frrui’s Varenna Lectures, ref. (°) and (?). 

(8) G. F. Cuew, ref. (4); Fermrs Varenna lectures 1954, Suppl. Nuovo Cimento, 
2, 17 (1955); K. M. Warson, ref. (1) and Proceeding of the V Annual Rochester Confe- 
rence, p. 32, 1955. 

(9) R. G. Sacus: Phys. Rev., 95, 1065 (1954); W. G. Hotitapay and R. G. Sacus: 
Phys. Rev., 96, 810 (1954) and preprints. 

(1%) J. STEINBERGER and A. S. BisHop: Phys. Rev., 86, 171 (1952). 
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dences, gave an excitation curve at 90° Lab for the photon energy interval 
170 to 320 MeV, and an angular distribution at 255 MeV. 

WHITE, JACOBSON and SCHULZ (11), repeated and extended the experiment 
using both emulsions and fast coincidences in the energy interval 200 to 
300 MeV. 

Somewhat later, JARMIE, REPP and WHITE (2) added a determination of 
the cross section at 0° and 278 MeV. 


California Institute of Technology. — WALKER, TEASDALE, PETERSON and 
VETTE (1?) analyzed reaction (3) with a large magnetic spectrometer and fast 
coincidences in the energy interval 200 to 470 MeV and the angular interval 
12.59 to 180° Lab. 

At the same time, TOLLESTRUP, KECK and WORLOCK (1!) carried out measu- 
rements with a scintillation counter telescope from 230 MeV, in the angular 
interval 24° to 160° Lab. 


Cornell. — JENKINS, LUCKEY, PALFREY and WILSON (!*) measured, with 
thinwalled proportional counters in coincidence, three angular distributions 
covering six angles in the 40° to 180° angular interval at 200, 235 and 265 MeV. 


Massachusetts Institute of Technology. — FELD, FRISCH, LEROW, OSBORNE 
and CLARK (1%), with nuclear emulsion have given two excitation curves at 
26° and 90° Lab in the energy interval 210 to 305 MeV. 

Successively, JANES and KRAUSHAAR (17) have completed, with counters, 
the excitation curve at 90° Lab for the photon energy interval 165 to 280 MeV. 


Illinois. — BERNARDINI and GOLDWASSER (18), using nuclear plates, have 
measured the angular distributions at 175, 185 and 195 MeV, for the angular 
interval 30° to 150° Lab. ù 

LEISS, ROBINSON and PENNER (1°) have measured, by detecting the fast 
electrons from the x — u —e chain, the total cross sections from threshold 
to 170 MeV. 


(1) R. S. Ware, M. J. Jacopson and A. G. ScHuLz: Phys. Rev., 88, 836 (1952). 
(12) N. JARMIE, G. V. Repp and R. 8. WuITE: Phys. Rev., 91, 1023 (1953). 
(48) R. L. WALKER, J. G. TEASDALE, V. Z. PETERSON and J. I. Verte: Phys. 


Rev., 99, 210 (1955). 

(4) A. V. TOLLESTRUP, J. C. Keck and R. M. WORLOcK: Phys. Rev., 99, 220 (1955). 

(5) T. L. Jenkins, D. Luckhy, T. R. PALFREY and R. R. Wırson: Phys. Rev., 
95, 179 (1954). 

(6) B. T. Fe», D. H. Friscu, I. L. LeBow, L. 8. Osporne and J. S. CLARK: 
Phys. Rev., 85, 680 (1952). 

(7) G. $. JANES and W. L. KRAUSHAAR: Phys. Rev., 93, 900 (1954). 

(8) G. BERNARDINI, E. L. GOLDWASSER: Phys. Rev., 94, 729 (1954). 

(9) J. E. Leiss, C. S. Ropryson and S. PENNER: Phys. Rev., 98, 201 (1955). 
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Leiss and ROBINSON (2°), with a counter telescope, measured the diffe- 
rential cross section from 195 to 300 MeV at 90°, 135° and 159° Lab. 


1°4. — In part I of this work, we want to present a new and rather com- 
plete set of experimental data obtained with pellicle technique and concerning 
the less-known region between 170 and 230 MeV. A preliminary report on 
this material has been presented at the Pisa International Conference, 1955, 
(to be issued in Suppl. Nuovo Cimento). Then these data will be discussed 
mostly in connection with a proper estimate of the S-wave. 

In part If, a multipole analysis and a discussion of the P-wave terms will 
be performed mostly concerned with the magnitude and energy dependence 
of the magnetic dipole and electric quadrupole of the pion-nucleon system. 


FENTE I 2. — Experimental Arrangement and 
ee D MESON Procedure. 
A LIQUID ie 
Gs PELLICLES The apparatus used in this exper- 
0005 BRASS WALLED i : 
TARGET (a) iment has already been described by 


BERNARDINI and GOLDWASSER (21). Il- 
ford G5 pellicles were exposed to the 
angles 45°, 75°, 105° and 150° around 
BS da à liquid aioe ue (22) irradiated 
ny the bremsstrahlung beam of the 
= feet Illinois 300 MeV betatron. The exper- 
iz 1. De imental set-up is sketched in Fig. 1b. 
The photon beam was calibrated with 
the calorimetric method of KERST and 
WALLED TARGET os 8 pe EDWARDS (2%). The shape of the spec- 
ne 1) Shows no sk awk trum has been checked rather carefully 
Me nuls = nr - ay Shows Do SL OEE URC 
schematically the experimental set-up It agrees, within the limits of the pair- 
(horizontal-plane). spectrometer resolution (~ 2 MeV), with 

the Schiff spectrum (?). 
The pion detectors are shown in detail in Fig. la; they consist of blocks 
of emulsion in which three pellicles were immersed. The twelve pellicles were 


NUCLEAR 
PRICE 


(20) J. E. Læiss and ©. S. Rosiyson: Phys. Rev., 95, 638 (A) (1954). 

(2) G. BerRNARDINI and E. L. Gozpwasser: Phys. Rev., 95, 857 (1954). | 
(22) E. A. WuHaLIN Jr. and R. A. Rurrz: Rev. Sci. Instr., 26, 59 (1955). 
(23) P. D. Epwarps, D. W. Kerst: Rev. Sci. Instr., 24, 490 (1953). 

(2) J. Leiss, T. Yamacara and A. O. Hanson: Illinois Reports, 1954. 
(25) L. I. Scutrr: Phys. Rev., 83, 252 (1951). 
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scanned in volume for the 7 — u decays. The effect of the surrounding emulsion 
was to compensate, at least for the energy interval considered here, for the 
effect of scattering losses, so that the effective solid angle is that given by 
the pellicle section. The effective thickness 7 of the pellicles has been mea- 
sured using the relation 7 = 2R/A, where R is the average chord length of 
the decay u’s, and A is the ratio of the total number of x —u’s to those 
whose u ends in the emulsion, Measurements of A and À agreed within sta- 
tistical stragling for all pellicles, and the thickness found, 7 = 535 + 12 um 
is within the 10% tolerance given by Ilford for their 500 um pellicles. 
The advantage of this experimental arrangement are: 


a) Continuous spectra of pions corresponding to the continuous photon 
spectrum. This fact eliminates the edge effects in the definition of the energy- 
intervals. 


b) The nuclear absorption of pions in emulsions is well known (see later). 


c) The pion energy is given by the range-energy relation (the range is 
given by the position of the x — u decay in the pellicle). 


d) The number of doubtful cases is reduced to a minimum by tracing 
the secondaries. 


The above method guarantees that most of the systematic corrections 
(see following section) are small and easily calculated. As a consequence it 
has been felt that this experimental arrangement was able to give depen- 
dable information on the energy dependence of the absolute cross sections. 

Because of the strong background of electrons, the pellicles had to be strongly 
underdeveloped to improve the contrast. In order to obtain a rather high 
precision, i.e. good statistics, the main problem was that of combining a high 
speed scanning technique with high efficiency and accurate coordinate mea- 
surements. With several technical improvements in the microscope stages, 
and with the invaluable cooperation of an extremely well-trained crew of 
scanners, this aim was, to a considerable extent, achieved. 

For a total of more than 14000 stopping pions, the emulsions were scanned 
twice in volume and, in all doubtful cases of confusion of a scattering-out 
with a decay, the secondaries were followed through in the adjacent emulsion. 
The average efficiency per scanning was about 90%, and the total efficiencies 
were 98-99%. A meson-per-meson control, including following through, was 
carried out by the authors. Since the efficiency falls off markedly near the 
two surfaces due to the difficulty of seeing and identifying short pieces of tracks, 
20 um was rejected at each surface. 
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3. — Sources of Errors, and Results. 


The differential cross-sections as a function of Lab photon energy and 
C.M. angle are presented in Table I. The data at 93° are those of BERNARDINI 
and GOLDWASSER (2!) revised by a more extensive scanning. 


Tasty I. — O.M. Differential cross-sections in units 103° em?/ster. 

E, (MeV, Lab) | 590 930 1230 1590 
170 | 5.2 + 4 5.4 + 4 = = 
180 | Oo) Se a) 7.5 + .4 UA Se i) 6.6 + .9 
190 | Te as 25 9.1 le 5 8.7 She 6 Hise SE .6 
200 | 8.0 + .6 9.8 + .6 10.5 + .6 Gab Se oil 
210 TERN, 12.2 4.7 10.7 4.7 07308 
220 | 9.74.9 13.48 7 (IS 1 
230 — -- 15.4 + .9 13.0 + 1.0 


The main corrections introduced into the final values are the following: 


1) The pion background from the target walls, amounting to about 39/0 
has been subtracted. It has been measured both by counting the negative 
pions observed in the pellicles and directly by exploring pellicles exposed to 
an evacuated target. 


2) The scanning efficiency is based on two independent and complete 
scannings, assuming for each observer that the probability of missing ar > u 
decay is independent of the peculiarities of the track. This correction was 
never more than 3%, usually about 1%. 


3) Decays in flight ranged between 6 and 3%. 


4) Nuclear interactions of the pions before ending. The cross sections 
for z+ interactions in nuclear emulsions given by STORK (?) have been used. 
They ranged, according to the pion energy, from 0 to 8%. 


In the worst cases, the total correction does not surpass 15%, with an 
error which is about 20%. The errors given in Table I include those estimated 
for the above corrections plus the 2% error in the beam calibration and the 
error in the solid angle (*). 

The energies of the pions have been determined from the observed position 


(28) D. H. Stork: Phys. Rev., 93, 868 (1954). 
(+) The error in the definition of the 20um region excluded at the top and bot- 
tom of the pellicles is negligible. 
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of the x — u, decays. The errors introduced by the straggling and multiple 
scattering are negligible. These energies have been corrected for the energy 
losses suffered by the pions in crossing the liquid H, target and walls. 

The results presented in Table I agree well with the Illinois results, that 
is, with the plate data of Bernardini and Goldwasser and with the backward 
angle counter measurements of Leiss and Robinson (”). In spite of the quite 
different detection techniques used in these experiments, the deviations are 
systematically within the limits of the estimated errors. 

Unfortunately, a reliable absolute comparison between our data and those 
previously obtained in other experiments is possible in only a few cases. 
Actually, only the Cornell calibration agrees within 2% with the absolute 
calibration performed by EDWARDS and KERST (?*). Particularly the Caltech 
monitoring system (1314) seems to be higher than Cornell by about 7%, or more. 

For this reason, in the following Table II only the Cornell and Illinois 
data have been included and averaged according to the total estimated errors. 
Data and results of other laboratories will be considered for comparison in 
a final discussion (see Part II). 


4. — Partial-Wave Analysis of the Angular Distributions. 


As already mentioned [see ref. (!) and (?)] since the early works by Arzu, 
FELD, WATSON and FERMI an analysis of photoproduction in terms of partial 
waves of definite angular momentum, isospin and parity has been done, more 
or less completely several times. In the present paper (Part I) we will not 
make practical use of the details of this analysis. Only a few points of it, which 
are more closely connected with the discussion of the experimental results, 
will be summarized for the convenience of the reader. 

Actually in what follows we want to show that already the simple analysis 
in terms of spin and angular momenta limited to 1, < 1 runs into some definite 
difficulties. It appears that the simplest way of surpassing these difficulties 
may be found in the introduction of fairly large, but reasonable nucleon recoils. 

It is always possible to write the differential cross section in the center 
of mass system as a function of the photon energy » and emission angle @ in 
terms of a series 


(4) Co. = Au) + Ar) cos D + Apr) cos 0-4. 


which is equivalent to an expansion in spherical harmonies, that is, in partial 
waves corresponding to the various angular momenta. 
As already mentioned, we shall be concerned with reaction (3) at not too 
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si 


Tape Ii. — Center of mass differenti 


E, (MeV, lab.) 400 590 750 930 107° 
170 3 5.2 + 0.4 ze 5.4 + 0.4 = 
175 = ÉRROT = 6.4 + 0.4 = 
180 = 6.5 + 0.5 = 7.5 22.04 A 
185 6.0 + 1.4 6.36 135 ae 6.9 + 0.8 => 
190 = 7.2 + 0.5 — 9.1 + 0.5 a 
195 70 ENT + ae 90 20.7 8.9 + 0.9 
200 TOME 8.5 + 0.5 Giseeoles 9.8 + 0.6 10.1 + 0.8 
210 2s 10.0. 0,7 u 12.2 + 0.7 12.5 + 13 
220 - 9.7 + 0.9 = 13.4 + 0.7 12.7 + 1.0 
230 = =, = = >= 
235 DT ee 11.6 + 1.0 eee Sea EE = 15.7 + 0.9 
265 8.0 + 1.0 1 Gas Tal | = 19.4 + 1.0 


high energies. By «not too high energies », we mean energies such that the 
multiple photo-production of pions is certainly impossible or negligible. Ac- 
cording to the results of some preliminary experiments at Caltech and Stan- 
ford (27) that means energies up to at least 400 MeV. 

In the energy interval of 150 to 400 MeV the average e.m. size r of the 
nucleon seems to be 0.7(f/uc) (28). The corresponding angular momenta of 
the photons are then hl & (E,[e)r 2h. 
sidering the pion angular momenta I, (°). 

It is well known that the previous considerations are connected with some 
more general speculation on the basis of which one should not expect, from 
experiments carried out at these energies, any particular information on the 
more intimate electromagnetic structure of the physical nucleon. Actually, as 
far as only these low values of the angular momenta are sufficient to describe 
the mean features of the photopion processes the photon interaction averages 
in space and time the charge and current distribution of the pion-nucleon 
system. As already mentioned, this information will be applied to the dyna- 
mical properties of the pion-nucleon system and particularly will include the 
3 Isospin state. Thus the e.m. pole strengths, which will be mentioned later, 
will by no means be those of the «frozen» static nucleon. In part II an 
attempt will be made to correlate these pole strengths with the e.m. constants 
defining the physical nucleon system. 

Fig. 2 presents a plot of the data assembled in Table II. It appears that 
at each photon energy, the experimental points can be ranged pretty well 


< The same conclusion is reached con- 


) Proceedings of the V Annual Conference, Rochester, 1955. 


(er 
(28) R. Horsrapter: Proceedings of the V Annual Rochester Conference, 1955. 


: 


around a curve resembling a parabola. Hence, we will 
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-sections in units 10-30 cm?/ster. 
123° 1350 1480 1590 1650 1800 
„4 + 0.7 = B= — — —: 
156 + 0.5 = = 6.6 + 0.9 an 26 
4 + 0.6 _ 8.5 + 1.3 8.2 + 0.8 _ — 
| eet 0.6 = = 7.5 + 0.6 oe AL, 
.9 + 1.0 — 9.9 + 1.4 9.0 + 1.2 = = 
5 + 0.6 11.9 + 1.9 — 9.5 + 0.7 — — 
7 + 0.7 — 13.7 + 1.4 10.7 + 0.8 — — 
BT 0:6 ae 14.2 + 1.4 12.1 + 0.8 12.0 + 1.2 = 
4+ 0.9 — — 13.0 + 1.0 — = 
— 14.8 + 1.4 15.7 + 1.1 15.8 + 1.7 13.4 + 0.9 11.3 EU? 
== 19.9 + 1.8 18.4 + 1.3 17.0 + 2.4 16.9 + 1.1 14.8.4 1.5 


start by considering 


as appropriate a partial wave analysis of the experimental data limited to the 
first three terms in Eq. (4), which is certainly sufficient if only S and P waves 


contribute to the process. 


It is still sufficient if one assumes that a D wave 


is present, but rather small and evident mostly through interference with the 


large S-wave. We will 
discuss later the possible 
contribution of this higher 
order wave. 
For the time being, and 
for the sake of simplicity, 
we want to see first what 
conclusion can be derived 
from this approach. 
Accordingly, standard 
best-fits to parabolas have 
been made of the data of 
Table II (Fig. 2). To vi- 
sualize better the energy 
dependence of the 4 coeffi- 
cients, the differential C.M. 


Fig. 2. — Plot of the exper- 

imental data of Table II and 

corresponding best fits of pa- 
rabolas in cos 0. 


22 — Il Nuovo Cimento. 


CM. DIFFERENTIAL CROSS SECTION 10° cm’/ Ster 


Ey=175 MeV 


180 -185-190 AVERAGE 
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cross section (4) can be written 


do 
so MEN 
where 
©) W = no (1 =f £ | f =i dt 0) ~ ees ae, 


VU, {=O = I 

and 7 = pion momentum in we units all in 
« — total pion energy in yo? units (ue? = 139.7 MeV) | center of mass 

y = photon energy in pc? | system 


E,, E, = initial and final total nucleon energy. | 
For the energy interval in consideration, we have assumed EH, ~ H, = M. 


W is proportional to the density @, of the final states divided by the relative 
velocity v, of the particles in the initial state. Actually 


Or _ you" ne EN LATE 
=F — 1 + o\ 1 
v, | 1°) | Ml | 


and. T = (u]2r)H, where H is the usual matrix element (*). 
W will be used instead of the pure statistical factor for the sake of sim- 


plicity in the numerical values of the coefficients. We write then 


A A A, 
(6) [Dr se = cos d + W cos? 0 — a + 4, cos 0 + a, cos? 0. 


The values of the a coefficients obtained by the best-fits are presented in Table III 
with the corresponding propagated errors. For convenience also the corres- 
ponding total cross-sections are given. The first fact to be noticed is that 
a, —|T|?, seems to be constant. A best fit of a horizontal straight line gives 


— 
-] 
— 


M = (14.8 


ill 


E 0.2): 10-%° em?/ster . 


(*) Frequently in recent literature on pion-physics it has been found more con- 
venient to express the matrix element making explicit a factor which is simply 
x = W/rw. As can be seen (see for instance ref. (21)) this x comes out more naturally 
than W ina S-matrix type (Moller) expression of the cross-section. 


= 
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TABLE III. — (Units 10-30 cm?/ster). 


B,, W Ototal 
(MeV, lab.) Ge 4 Ae . 103° em? 
170 .372 146 TI Be = Be 
175 .428 15.0 + 0.9 072 SI 254 Fe 7 
182.5 .509 14.4 + 0.6 — 2.0 + 0.9 9.4.16 STE 
192.5 .609 14.8 + 0.5 27:08 A5 EME | 100.24 
200 .679 14.8 + 0.6 223 024008 HOME | 11643 
210 .770 15.3 £ 0.7 92 mr 713065 
220 .861 14.6 + 0.6 23612 AS LT | 142.06 
235 .995 14.9 + 0.8 PPS = 5112 | 167 426 
265 1.255 14.8 +: .07 — 5.4 1 0:6 Tee ta 019526 


Because it is found that the internal deviations agree very well with the ex- 
ternal one, we thus consider a, constant from threshold up to E, = 265 MeV. 
Certainly this seems to be correct, within the limits of the rather small errors. 
See Fig. 3 (*). 


2 
cm/S 


— 


ia. een) 
T de (f= 200 )+——}— 


160 180 200 220 240 260 


Fig. 3. — Plot of the a, coefficient (equ. (6)) versus photon energy. 


This is an experimental fact. Because of its role in the following discussion 
we may add that all other now available experiments give confirmatory evi- 
dence; for instance, among those mentioned in the Introduction (and beside 
the Cornell one), those of the M.I.T. group (17) and Caltech (111) (+). 

One may observe also that a, results (see later) from the summation of 


(*) In Fig. 3 the point at H, = 151.4 (w = 1) is due to the threshold experiments 
of Læiss, PENNER and ROBINSON. Private communication by the authors. See Wa- 
shington meeting of the Am. Phys. Soc., 1956. The result (7) does not include this value. 

(+) Apart from the systematic deviation already mentioned and probably due to 
the calibration. 
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several terms, the most important of which is supposed to be that originated 
by the matrix (1). Another term is the 0 independent part of the P-wave, etc. 

Unfortunately the other two coefficients a, and a, are not so well determined 
(see Fig. 4) but apart from the » dependence of the S amplitude it is reasonable 
to believe that a, should depend upon 7 as 7"? if the a, dependence on 7 is 
as 7”. Very close to threshold (E, < 180) the experimental data are obviously 
unable even to suggest a guess on the behaviour of a, and a: 


Fig. 4. — Plots of the coefficients, a, and a, (equ. (6)). 


After a few trials it was found that the experimental dependence of the 
coefficients a, and a, on the photon energy may be represented (as shown in 
Fig. 4) by the following expressions: 


6 
1 _.49-30 em2/ster , 
Wa/ VO 


ee) 


2 
Un = (— 9-2 214) T 49-8 em2?/ster . 


yp? 


These energy dependencies are suggested by the second order perturbation 
theory, but, of course, here they should only be considered as a convenient 
empirical way of representing the data between the limits 180 < E, < 240 MeV. 
Actually, from time to time (here, and in Part II), the previous values will 
be used in the discussion. 

However it has to be stressed that in the following discussion this empirical 
representation of a, and a, does not imply any peculiar consequence. It has 
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been used only as a convenient way of taking the averaged values of a, and a, 
with reasonably estimated errors attached. 

The only fact which will be substantially introduced into the discussion 
is the smallness of a,; a fact again evidenced also by the results of other 
laboratories. 


42. — For a full discussion of the a, coefficients of Eq. (6) it is now 
convenient to introduce the e.m. multipoles. According to the assumptions, 
the transition matrix may be thought as split in partial matrices corresponding 
to transitions among substates of definite total angular momenta, (J= 4, 3). 
Further, the parity conservation selects the modes of absorption of the inci- 
dent e.m. plane wave. In the limits of our assumptions, the relationships 
between the coefficients of (6) and the angular momenta involved can be 
explicitly written as follows: 


[ dy = E\BY + a,,— ta 


sd ? 
(8) | ad, =— 2 Re (ETEK), 


a, = KK*—a, +a 


where E,E} = a,, =|S-wave amplitude|?, 
a, = |P-wave amplitude, non spin flipping (*) part}?, 


KK* = | P-wave, spin flipping part}?, 


a = S-D interference. 


sd 


The amplitudes can be expressed in terms of e.m. multipoles. The only 
possible poles involved in the reaction, for the above amplitudes, are those 
listed for convenience below. 


Pion-nucleon state Photon pole Parity 
Si E, (3) =) 
72: M,(3) + 
P; M,(3), B (3) + 
D; E, (3), M.() = 
D; E; (3), M,(5) = 


(*) In the definition of spin flipping and non-flipping terms, we followed here the 
idea that the term which flips is that which corresponds to a transition to a final 
nucleon state with spin up (down) if initially the nucleon was down (up). The el. dipole 
term and all others able to interfere with it are, in that sense, spin flipping. However, 
frequently and more properly (for instance when many nucleons are present and go- 
verned by the action of the Pauli principle) it is correct to define as spin flipping all 
the interaction terms involving the operator o, as for instance the term o-(v x €) xy 
which occurs (see later) in both the M(}) and M(3) induced transitions. 
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The symbol Z,(4) refers to the electric dipole transition with total J=} 
angular momentum, (change in parity), M,(3) refers to the magnetic dipole 
transition with total angular momentum, J = 3 (no change in parity) ete. 

Now, on the basis of the S-matrix formalism (see also later) it was origin- 
ally pointed out by FERMI (?*), GELL-MANN and WATSON (3) that, at low energies 
(E, < 240 MeV) the matrices E,, M, ete., and hence E,, K etc. are almost 
real. Precisely the complex parts of each multipole matrix element are phase 
factors exp [ix,,,,] where «,,,, are (in Fermi’s notation) the scattering phase 
shifts of the substates (1 = Isotopic spin, J= total angular momentum) in 
which the pion may be produced. In the energy region of interest, where the 
largest phase shift is os; < 10°, we can assume sin &,,,, © 0. 

In comparing our data with the set of equations (8), we start with the 
simplest approach, ie. by assuming that a,, is negligible and that the main 
part of the S-wave is due to the gauge-invariance term included in (2), i.e.: 
Go. As is shown by (2) this is equivalent to assuming that M— oo. In 
other words for the time being we assume l_ < 1 and we neglect the nucleon 
recoils. The coefficient @,, is supposed to be constant at least up to the point 
3302 


mn 


at which the Hamiltonian (1) still represents a good approximation (Z33 
E, < 350 MeV). 

In the limits of these assumptions, the value of G,, can be directly evaluated 
by the threshold value of a, and one has @,, = (14.8 + 0.2)y,-10~°° em? where 
y, = .93 is the center of mass threshold photon energy. 

Equation (8) should then be written 


Gar 
Ay = T Inn 
vw 
(9) IG 
a, = —2H,K =— 2 /—K, 
vO 
| A 
and one gets 
Ce 
(10) TE = Gy BE Os = 
vo) 


This value, when substituded into the second eq. of (9) seems to be too large 
to be compatible with the experimental results. This is indicated in Table IV 
where the experimental values of a, listed in the first line are compared with 
those calculated by (10) and given in the second line. It turns out that the 


(29) E. Ferut, unpublished: Dr. A. H. ROSENFELD kindly sent the authors a photo- 
static copy of the C-18 notes made by Frrmr in preparation for the Summer Schools 
of Les Houches and Varenna, 1954. 
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TaBLe IV. — (Units 10-30 em?/ster). 


En (Mev, lab.) a, (exper.) a, (cale.) 
175 — 0.7 + 2.1 — 10.2 + 12.0 
182.5 — 2.0 + 0.9 — 87+ 39 
192.5 — 2.7 + 0.9 — 4.5 + 6.5 
200 — 3.0 + 0.8 — 8.7 + 3.4 
210 — 2,2 + 1.2 — 9.0 + 3.9 
220 23.12 CO non 
238 — 3.4 + 0.6 — 8.7 + 2.0 


probability of getting, as an experimental fluctuation, the a, (exp.) instead 
of the expected values a, (calc.) given by (10) is less than 1075. 


It seems thus evident that the presumption of giving a consistent interpretation 
of the experimental data based on the oversimplified and overdetermined set of 
equations (9) should be abandonned. 


A new parameter can plausibly be introduced into (9) either including, 
still according to expansion (6), an a,, term as was done in (8), or a term which 
takes into account the nucleon recoils. The second does not exclude the first. 

However, it should be pointed out that an a,, term, in order to save the 
consistency of equations (9), cannot be too small. Precisely, a reasonable fit 
of the data gives a D-amplitude whose averaged value amounts to about 20% 
of the P-wave. This seems to be higher than the upper limit established by 
the scattering experiments (°°). 

Hence, the most plausible (*) introduction of higher order waves into (9) 
can be obtained by calling upon the direct photon interaction with the pion- 
current. This is the matrix 


. Qef, /2 ao: (n—vjen 
A — — j 
= : u? | vo v?(1 —v cos 8) 


i 


Here, besides the notations already used such as the nucleon spin o and 
the photon polarization e, we have v = pion velocity (hk =¢ — 1). Again 


(30) L. FERRETTI, E. Manarest, G. Puppr, A. Ranzı and G. QUARENI: Nuovo Ci- 
mento, 1, 1239 (1955); M. O. STERN et al.: Bull. Am. Phys. Soc., Z6, Series IT, vol. 1, 
Jan., 1956. 

(*) One may argue that the pion-scattering results do not rule out the possibility 
of some D-waves originated by H,(3), M,(), ete. … and not included in (11). This 
would be equivalent to the introduction of a strong contribution of the nucleon core 
structure. Considering that 1/uy > 1/M the use of (11) and the inclusion of nucleon 
recoils seems more plausible. 


€ 
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here the discussion concerns the low energies only. A more complete discussion 
of the influence of (11) on the features of photoproduction following the lines 
of Chew and Low papers (*) will be found in part II. 

The operator (11) includes all orbital angular momenta. They are sizeable 
up to the higher orders so that it should be more correct to take into account 
the whole term without any limitations to the lower values of /_. But this 
term, in our energy interval, gives appreciable deviations from the parabolic 
trend of the angular distributions only for the center of mass angles 0 < 30° (°?). 
So the inclusion of # in T can be accomplished, with a good approximation, 
taking into account only the projected S and P operators and that term of 
the angular momentum development of # which originates in |7|? the S-D 
interference term. The details of this calculation are given for the convenience 
of the reader in the Appendix. The result is that, neglecting powers of v greater 
than two, the coefficients a, must be written [see eq. (A.7) of the Appendix] 


| Wg =a, fA, 

(12) : 1% =—2K'ya,(1—F), 
| e 
ku AA, 


where a, = G,,/vo, K' is the phenomenological spin-flipping p-wave and A 
includes the phenomenological p-wave, the S-P and S-D interference term of 
the term (11) plus the interference between the phenomenological p-wave and 
the s-wave of the term (11). Because @,. is a priori known from the threshold 
extrapolation of the first equation, (12) is again a set of equations over-deter- 
minable with respect to the unknowns A and K’. So, by means of set (12), 
it is still possible to calculate a, in terms of a, and a,. The a, (cale.) in this 
case is, at 235 MeV, about 8% smaller than the corresponding value calcul- 
ated neglecting the term (11) (see Table): this difference is smaller at lower 
energy. In conclusion, one finds that, wp to terms in v*, the introduction of (11) 
into T does not affect the energy dependence of the coefficients K and a,, to such 
an extent as to explain the above mentioned inconsistency. 


43. — The preceding considerations show that the introduction of the 
matrix (11) does not appreciably change the structure of set (9). 

Moreover the previous discussion shows the opportunity of omitting the 
a,, term in (8). Simultaneously the set of equations (8) may be solved at each 
energy interval, with respect to the unknowns H,, a, and K; ie. it is possible 


(31) K. M. Watson, J. C. Keck, A. V.'ToLLESTRUP and R. L. WALKER: Phys. 
Rev., 101, 1159 (1956). 


DIFFERENTIAL CROSS-SECTIONS FOR PHOTOPRODUCTION OF POSITIVE PIONS ETC. - I 341 


to derive from the experimental values of the coefficients a,(v) the S term 
and the flipping and non flipping P terms. These terms are given in Table V. 


TABLE V. 
E, (MeV, lab.) Ey 103° em?/ster Gp 1039 em?/ster HET 20 V em2/ster 
| E 
175 SSP alle gi: 09 + .30 
2.5 Dad 2.5 + 1.6 29 + .12 
2.5 19.1213 47 A2 + .16 
200 elegy se The! ss NT AD 
210 ie? Ur 4.1 4 2.2 Ba 91 
220 10.0 + 1.8 4.6 + 2.0 Sg SE 
235 9.5 + 0.9 5.4 + 1.5 55 + .13 


Of course one should abandon the presumption of determining «a priori» 
by gauge invariance (M-—- co) the full expression for HE}. 

To make clear a point of the following discussion and also for an argument 
developed in Part II, it has to be noticed that A? is very small in comparison 
with a. This is again an experimental fact which comes directly from the 
smallness of a, and the large S-wave amplitude. 


5. — The Nucleon Recoils. 


5'1. — As a consequence: of the preceding argument, one may consider, as 
a more plausible way of interpreting the experimental results, the introduction 
of appreciable nucleon recoils also at very low energies. The importance of 
these recoils is directly indicated by the values of the o—/o* ratio of the cross 
sections of photoproduction of pions by neutrons and protons. The large 
value of this ratio also very near threshold (32), shows for instance that G, 
and G, in eq. (2) cannot be negligible. More generally the o—/ot ratio indicates 
the presence of a symmetric term in the matrix element. Consequently, also 
very close to threshold, set (9) is erroneous and one may write instead 


| 0, = (8 ER) Fa, 
(13) | at =— 28T RK, 
| PT SO TM Jae 


(32) M. Sanps, J. G. TEASDALE and R. L. WALKER: Phys. Rev., 95, 592 (1954); 
M. BENEVENTANO, G. BERNARDINI, D. CARLSON-LEE, E. L. GOLDWASSER, G. STOPPINI: 
Nuovo Cimento, 12, 156 (1954); D. CARLSON-LEE, G. Sroppini and L. Tau: Nuovo 
Cimento, 2, 162 (1955); M. BENEVENTANO, G. BERNARDINI, D. CARLSON-LEE, G. Srop- 
pını and L. Tau: Proceeding of International Conference, Pisa, 1955, and forthcoming 
paper in Nuovo Cimento. 
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Here R is a pure recoil term (i.e. lim R = 0) and is the part of the recoil which 
arises from that term of the Hamiltonian which is invariant with respect to 
rotations in isotopic spin space (*). 

As far as the S term is concerned, according to the Kroll-Rudermann 
theorem, we know that at threshold 


(14) lim S = = enr 


ae Te 
(u/M)—0 vo V vo) 


where g,,/\/v@ is the numerical value of the matrix element arising from the 
gauge invariance transformation. Thus, because of the sumability of the 
currents one can write 


(15) S= = +0, 


where o is the part of recoil arising from the term of the Hamiltonian which 
behaves as the third component of a isotopic spin vector (*). If one wants 
to extract explicitely the dependence of R and o respect to @* = wu/M, ob- 
viously one can always write 


| ‘ 3 | 
lig = {R, + Ryw* + Row*? +...) , 
(16) 
0 fe 100 ee O1@ OS DEEE de 
Q M LD 


In a perturbative approximation of the PSPS renormalized theory, the coef- 
ficients of these power expansions would be constant (+), but we will consider 
them as unknown functions of the energy. Thus, close to the threshold, 


il ' 
(S— R)? = {Jos + 0 — Ro}? {ges + 000 + ...— Ryw* — ...}?= 
vo vo 


1 5 
== Se Ge ae 29os(Qo — R,)®* = H,} , 


vo) 


(*) Frequently the + sign instead of being applied to R is desplaced to S. For 
instance, this is suggested by the idea that at the limits w/M — 0 the proton neutron 
gauge invariance amplitudes should be opposite in sign. In what follows, it seemed 
more convenient to apply the sign to the recoil R. 

(33) K. Watson: Phys. Rev., 85, 852 (1952). 

(34) A. Kunin: Phys. Rev., 99, 998 (1955). 
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for positive pions, and 


1 1 
(S + RP = — (9, +00 + Ro}? =— (gu + 90* +... + Rot + = 
vo 


eee 16% Ar 2Goa(Oo aE Ry)o* == FE} , 


for negative pions. As à direct consequence of the Kroll-Rudermann theorem 
we obtain o(® — 1) = 0 and Go — 1) = 2g, Ro > 1). 

Hence, at threshold, o has to be an order in w/M smaller than R and the 
changing sign part of the recoiling term is practically the first term of the 
R expansion (16). This conclusion may be considered correct as far as G, = — G,. 
Plausibly this is true also near threshold, that is in the energy interval con- 
sidered in this paper. Thus it seems better to consider R instead of G, as done 
previously (2!) because R includes automatically terms contained in H, and 
H; ot eq. (2). 


5'2. — Obviously in (13) only the s-wave recoils are considered. Thus one 
may expect that (13) gives the correct modification of set (9) only close to 
threshold. A simple consideration concerning the angular dependence of the 
ratio o-(9)/o+(#) shows that it would be even better to say «quite close to 
threshold ». Actually this ratio depends strongly on 0 (*?) already at fairly 
low energies (H,, = 250 MeV) and its angular asymmetry is certainly due to 
recoils associated with p or higher order waves. AS a matter of fact one may 
immediately verify without any assumption about the structure of the S and À 
terms that (13) is unable to account for this now mentioned asymmetry. Let 
us call r the value of o~(0)/o*(9) at 90° center of mass: by the use of (13) 
(where K = K+ = K° and a, =a) one has, independently of the form of 
S and R, 

A U DV ee (op/Ao) 
(Er) TU % a 


? 


that is 


To = Ay | CE ET) cos 0 + a, cos? 0 
(18) o (9) I (Aop/ Mo) 
ot (9) dy + a, cos 6 + a, cos? 6 


In Table VI the values of r are ranged versus photon energy E, and obviously 
since r decreases with Æ, the asymmetry indicated by (18) is just the opposite 
of the observed one (*). In the same table a few calculated and observed values 


(*) At higher energies the discrepancy is worse. See ref. (3%). 
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TABLE VI. 

| E, ; 59° 1230 159° | 
(MeV, lab.) cale. exper. | calc. exper. calc. exper. | 
| = ET À | 
170 OU AU LS Ro = = Zee 
185 1.41. 22.071 1.45 7.1526 22.085] aL. ls E20 E07 — — | 

205 | 1.15 + 506: | 1.127.) 1.2122 09) 212162 2151222087 012187012422 209 

225 1.12 Se L069 I LOT ETOILES WES Ase OT 21-152 aac .08 


of o-/ot+ are given for comparison. It seems then plausible that the observed 
asymmetry has its origin in the influence of some p-wave recoils. Actually 
it was found that an appreciable nucleon recoil in the K (spin-flipping) term 
such that K = 1.5K+ is able to account for the observed angular distrib- 
ution (*). It must be noted for the sake of consistency that this value of the 
ratio K~/K+ does not invalidate the condition |A7|? < ay. 

Precisely, one sees (#2) that up to E, ~ 240 MeV still as ta 2203 
with an error of ~ 5%. Nucleon recoils as large as the A term itself were also 
introduced in KECK et al. (#1). The previous discussion aims only to emphasize 
the timeliness of this point of view. 


53. — A proper evaluation of R and 8 at threshold would be of great 
interest. With the well established constancy of a), the knowledge of R and o 
would permit, on the basis of the Kroll-Rudermann theorem, the proper 
determination of the interaction constant. However the preceding section 
points out that even if more extensive and more precise experimental results 
were available, the separation of the s-wave recoiling term would run into 
some difficulties. Precisely, this separation has to be based on an extrapolation 
to threshold of the o-/ot ratio. But, from the high energy side the influence 
of p-waves recoils is already felt even at fairly low energies, while toward 
threshold the Coulomb effect (which is appreciable and vaguely known) dimi- 
nishes the value of the deuterium experiment. However, if we consider only 
the 90° values of o-/ot where interference effects disappear and with the limit- 


(*) This point will be extensively discussed in a forthcoming paper (ref. (??)) and 
in Part II. Here one may observe that there are reasons to believe (see for instance 
ref. (*)) that the quadrupole Æ,(à) is rather small in comparison with M,. Hence near 
threshold, in order to make K small, M,(}) and M,($) should be of the same magnitude, 
but not necessarily small. On the other hand they certainly contain the matrix ele- 
ment of the photon absorption due to the intrinsic magnetic moment of the nucleon. 
This is just a recoil term which changes sign with respect to the interchange of the 
proton and neutron. To introduce the required asymmetry in eq. (18) one should admit 
that the two recoils in M,(4) and M,(3) have different energy dependences. This seems 
plausible because of the quite different behaviour of the two phases #3 and a5. 
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ation to an intermediate energy interval (180 MeV < E, < 240 MeV), one 
might think that the influence of the above mentioned errors can be attenuated. 

Actually at 185, 205, 225 MeV photon energy the Coulomb corrections 
have been estimated to be respectively 7,4 and 3% (*). On the other hand, 
in the above energy interval, it can be considered as a good enough approx- 
imation to include the total effect of the p-wave recoil in the spin flipping part 
so one can write from (13) 


(19) elle = V1 


| 


independently of any structure of S. In the sense clarified above one can think 
of r as a direct measure of R. In Table VII are listed some values of R cor- 
responding to four different energies. From (19), R results a definitely de- 
creasing function of the energy because experimentally r is just decreasing 


TABLE VII. — (Units 10-15 cm). 


| 
| Ey (MeV, lab.) R S Jos) VO 
170 | 46 + .12 | 4.07 +.15 3.83 + .15 
| 185 | 39 + .06 | 3.86 + .14 | 3.82 + .14 | 
| 205 | .16 + .06 346 4.19 | 3.51 + .18 | 
225 | 14 + .06 3.31 + .23 3.25 + .23 


while a, is increasing. It should be noted that this conclusion is based on 
two experimental results i.e. the constancy of a, and the behaviour of o7/o* 
at 90° where better data are available, and where Caltech results are’ in good 
agreement with ours. 


(*) These figures are based on an rough estimate made by Professors G. F. Cuew 
and F. Low. Not published, see ref. (??). 


Note added in proof. 


At the CERN Conference—Geneva, June 1956—BALDIN reported a more accu- 
rate evaluation of the influence of the final states on the photopion production in 
deuterium. The conclusion seems to be (differently from the CHEwW and Low esti- 
mate) that for the energies here considered the main correction to be taken into account 
is that due to the final two-nucleons state. As already pointed out by OREAR this 
correction tends to raise up instead to push down the value of the o-/ot ratio for free 
nucleons, but again, at the energies here considered it is quite small (some percents). 

Under the present circumstances it has been considered quite safe and more correct 
to neglect any type of correction. Of course this attitude would be wrong if values 
of o-/o+ ratio for photon energies lower than #, = 165 MeV would have been included 
in the extrapolation to threshold, but this is not our case. 
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On the other hand 


vvo = 2, 


3ecause of the different energy dependence expected for the «static» term 
y,./Vvm and for the «dynamic » one o, it may be feasible to separate the two 
terms. According to the Kroll-Rudermann theorem this possibility of separ- 
ation would allow a proper measurement of the interaction constant. Probably 
soon, very accurate measurements of a), a, and r between 180 240 MeV will 
be possible. They would offer a way of determining each part of the s-wave 
matrix element, because of the smallness of the Coulomb corrections and 
because in this energy interval the P-wave recoil can be confined in the spin- 
flipping part and measured from the angular dependence of o-/o*. Some values 
of S are given in Table VII, third column. 


54. — At present the accuracy in the measurements of a, a, and r is not 
sufficient for the above outlined analysis. Thus, for the time being, only a very 
crude treatment of the data seems to have some sense. Accordingly, we assume 
that o is negligible with respect to R (i.e. we assume that in eq. (2) H, = H;). 
This assumption, which is somewhat justified by the idea that, at threshold, 
o should be an order smaller than R, is, as will be seen later, correct within 
the error limits. With this approximation the o-/o* ratio at 90° centre of mass 
can be expressed as follows 


do ES 5 do 
(21) UE — (1 + Vr) — Vay 4 A = 
1e J 


vo 


where r, is the value of o”/o* at threshold. 

This formula is merely an empirical formula from which the influence of 
the pure P-wave term a, is properly subtracted. No particular assumptions 
are given as to the dependence of r or À on w except the oversimplifications 
indicated previously. The purpose of using (21) is merely to find the upper 
energy limits for which the data can be used for the evaluation of R(w = 1). 
In this sense, a first check of (21) is to find out up to what energy (18) gives, 
within the error limits, a constant value of r,: The 7 values obtained by the 
deuterium experiment (*) are given in Table VIII together with the corres- 
ponding values of 7%. 


(H)See rer) 


DIFFERENTIAL CROSS-SECTIONS FOR PHOTOPRODUCTION OF POSITIVE PIONS ETC. - I 347 


TABLE VIII. 
E, (MeV, lab.) | 170 | 185 205 225 
| 
r 1.50 + .15 1.41 + .07 1.15 + .06 1.125206 71 
Ty 1.82 1-22 1.93 + .22 1.78 + 23 2.00 = .47 | 
From this table one has 7, = 1.87 + .13. The corresponding trend of r is 


shown by the solid line of Fig. 5. From this, we can say that, up to 
E., = 240 MeV, r depends essentially on the s-wave recoils and that the use of 
the empirical formula (21) is somewhat justified. 

As was expected, when this value of 7, is introduced in the expression for 
R and the corresponding R’s are used for set (8) the inconsistency presented 
in Table V is eliminated. 

Knowing r, one is able to estimate R and g,: With 7, = 1.87 + .13 
one finds 


Rio = 1) = 4Varf{vV7r,—1) = (.68 + .09)-10- em, 


9, = *VavdVr, + 1) = (4.39 + .09)-10- em. 


In Table VII, column 4, are given the values of S obtained directly from 
the g,, calculated above. It is seen that the S values of the third and fourth 
columns are practically coincident. This means that within the error limits o 
is negligible. This means also that the clue for resolving the quite disturbing 
energy dependence indicated by (19) is not o but the neglected higher order terms of R. 

From the above value of @ the interaction constant in the (PS, PV) 
coupling turns out to be 


{ \2 
A = .067 + .003, 


where g, is the renormalized (PS, PS) 
interaction constant of equation (1). 
As is well known, the two constants 
are related through the equivalence 
theorem. E,(MeV, /ab ) 


R. 150 160 170 180 190 200 210 220 230 240 
55. — The net result of the i j 
: hs on Fig. 5. — Plot of the ratio r = o-/o* at 90° 
ey : 5 center of mass versus photon energy. The 
following: the observed angular dis- solid line is calculated by formula (21) using 
tributions for photopions produced by ro = 1.87 + .13 as threshold value. 
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protons can be explained by the use of an appropriate value of ro: This value 
was not picked wp « ad hoe » but is the result of measurements on deuterium at 
energies where the influence of binding and Coulomb forces is supposed to be, 
within the limits of the experimental errors small and properly estimated. Further, 
the extrapolation to zero energy was based on the hydrogen experiment only. 

This value of r, is very high. Particularly it is much higher than that pre- 
dicted by the perturbation theory (#4). It is also higher than the value given 
by a straight linear extrapolation to zero of the deuterium o-/ot ratio. Act- 
ually, the above mentioned linear extrapolation gives 7 = 1.65 -- 15. How- 
ever, a large value of 7% has the great advantage of making the analysis 
of the s-wave phase shifts (**) more consistent. Precisely, one may apply 
again the Anderson-Fermi argument (?°). The difference lies now on the fact 
that (as indicated by Fig. 3) one may consider the extrapolated value of 
(1/ W)o,(p*|nt) for 4 > 0 which is now quite well determined. 

The most recent value (?”) of the s-wave phase shifts is (ai — a&3)/7 =0.27 +.03. 

The value of the Panofsky branching ratio suggested by recent experi- 


ments is (**) 


Del a aay 
oye 


The corresponding value of 7 could be r, = 2.11 with an estimated error 
of about 25%. It is then consistent with the high value of 71 previously 
mentioned. 

An even better agreement between the values of 7) given by scattering 
and photoproduction will be obtained using the argument recently developed 
by Noyes (*). 

It may be convenient to remember that because the approximation of 
cutting off the series development of (16) at the first term with R, = const. 
(i.e. of putting R = R,,/M) is inadequate (*), formula (19) does not aim at all 
to represent properly the energy dependence of R. It may be worthwhile 
to notice that independently of the value of R,, whether large or not, the 
approximation R = Roul M = const. seems to be almost excluded by the fact 
that a, is constant up to 265 MeV. This is shown in Fig. 3 where curve IT 


(35) H. P. Noyss: Phys. Rev. 101, 320 (1956). 
(36) H. L. ANDERSON and E. Fermi: Phys. Rev., 86, 794 (1952). 

(87) L. LEDERMAN: Phys. Rev. and Proceedings VI Annual Rochester Conference, 
April 1956. 

(88) CASSEL and PANOFSKY: Proceedings of VI Annual Rochester Conference, 1956. 
It is likely that the total error is less than 20%. 

Accordingly the Noyes argument the value of r, should be corrected as a consequence 
of the influence of the xt-r° mass difference on the total isospin conservation. 

(*) Such an assumption was also followed recently by KLEIN. 
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represents the expected trend of a, when it is assumed 7, = 1.40, while curve I 
is calculated taking 7, = 2.00. Obviously, the introduction of p-wave recoils 
does not change this conclusion because, as long as | K |? is negligible or small, 
the p-wave included in «a, is given directly by a. 


6. — Criticism and Conclusions. 


In making some concluding remarks one may emphasize that the preceding 
discussion rests on some very simple considerations. Thus it would appear 
that the conclusions should be considered mostly correct. However, the second 
and third coefficient of (6), as already mentioned, and other parameters which 
have been analyzed during the discussion are subject to quite large errors. 
Thus one may feel that some systematic error which has been overlooked 
could make most of the points which have arisen in discussion meaningless. 

Now it is clear that as far as concerns the experimental results, the di- 
scussion is based on the following points: 


1) The constancy of a. 
2) The smallness of a,. 


3) The large average value of o”/o* around E, ~ 200 MeV and the 
assumption that at this energy the corrections due to the Coulomb interaction 
cannot be higher than about 5%. 


Beside the agreement with results of other experiments in support of the 
points 1) and 2) we may add that in this particular work the pion detection 
was practically independent of the Laboratory pion-energy and the same 
‘an be said for the deuterium experiment from which the value of r was de- 
rived. Actually the pellicles were quite uniform in background and develop- 
ment except at the forward angles or in the pellicle edges facing the target. 
Here the heavy background could have been somewhat dangerous in reducing 
the scanning efficiency. But at the forward angles this supposed error would 
increase apparently the forward-backward asymmetry and hence the apparent 
value of ay. 

The edge effect actually would decrease the value of a near threshold but 
it was confined in a very narrow region of the plates and its influence was 
certainly negligible. Anyhow, in the somewhat complementary experiment 
performed with plates by BERNARDINI and GOLDWASSER (see ref. (1°) and 
forthcoming paper) a systematic error was expected in just the opposite direction 
and instead, the results of the two experiments are in excellent agreement. 

One might also notice in Fig. 2 the slightly erratic distribution of experi- 
mental points at backward angles. We believe that this is due to the fact 


23 - Il Nuovo Cimento. 
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that counter and pellicles experiments have been overlapped. At low energies 
and backward angles pion detection by counters is usually rather difficult. 
It has been checked that at #, = 235 if the 180° point is dropped, the beha- 
viour of a, remains practically unchanged. 

About point 3) independently of any calculations one may observe that 
the strongest influence of the Coulomb force is expected for the forward pion- 
angles because of the lower velocities of the corresponding recoiling nucleons. 
Instead the ratio o-/o+ is very large just for the backward pion angles where 
the kinematic energy of the recoiling nucleons is much larger than the deu- 
terium binding energy even for photon-energies quite close to threshold. 

Beside this point, one should admit that the quite large value Ole om) OF 
may be somewhat striking. At present it seems very difficult to find any 
plausible explanation of this fact. 

However, it may be pointed out that several determinations of the inter- 
action constant based on pion-nucleon scattering (*) systematically give a value 


of f? around 0.08 + 0.01. Instead, by using the value of 7) imposed by per- 
turbation theory (#4), i.e., 79 = 1.35 the value of f? determined from the thre- 
shold cross-section of charged photopions drops to the very low value 
f = 0.056 + 0.005. 


This work was possible only with the invaluable and extremely friendly 
cooperation of all the Betatron group of the University of Illinois, Urbana, 
Illinois. 

We want to express particularly our warm thanks to Professor A. O. HANSON, 
who in studying the photodisintegration of deuterium devised the pellicle 
experiment and to Professor E. L. GOLDWASSER and Dr. R. Rerrz for their 
important contribution to the execution of the experiment itself. In the di- 
seussion and in the analysis of the data suggestions advice and criticisms by 
Professor GOLDWASSER have been most useful. 

All the crew of the 300 MeV Bevatron were, as usual, extremely coope- 
rative. To the Chief Engineer, Mr. T. ELFE, and to his mastery is due the 
good performance of the experiment. 

The skilfullness and efficiency of all the Rome scanners and particularly 
of Mrs. O. MENDOLA, G. SALERNO and G. SANTACROCE was really remarkable. 


(*) We refer here not only to quite a few of the most recent papers on the behaviour 
of &,, and to its connection with the Chew-Low scattering length extrapolation, but 
also to more recent works where the most general dispersion relationships have been 
used. See for instance ANDERSON, DAVIDOW and Kruse: Phys. Rev., 100, 339 (1955), 
and the Report of the VI A nnual Rochester Conference, 1956. 
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Quite frequently they told us how to improve the technique and speed of 
scanning. 

During the discussion of the results the authors have been many times 
enlightened by suggestions, advice and criticism by Professors CHEW, Low, 
TOUSCHEK and WATSON. 

A critical reading of the manuscript by Professors CHEW and GOLDWASSER 
has been very useful and extremely appreciated. 


APPENDIX 


This appendix concerns the paragraph of the section on partial wave 
analysis. Its purpose is to give the derivation of the set (12) in some detail. 
In other words, we want to show that in the energy interval which has been 
considered, i.e. up to 230 MeV, the direct photon-pion current interaction 
expressed by the matrix (11) of the text, does not help in solving the contrad- 
ictions found in comparing the set of equations (8) with the experimental 
data. The inclusion of (11) in the interaction does not affect any conclusion 
reached in the discussion. 

The calculation involves practically only elementary algebra and is rather 
tedious. However, some of the conclusions reached in the paper may appear 
somewhat unorthodox. Thus it was felt that to facilitate any criticism it 
would have been better to display in full how the evaluations have been per- 
formed. As already quoted a similar evaluation was done by WALKEK et al. (1). 

For the sake of simplicity we will consider at the moment only the matrix 
corresponding to the two following diagrams. 

We then write 


2 ! 
on on 

= _; f { o:(v— n | a h 

eo) os | a ni 
v y 


and, in order to compare this with the matrix 
element 7 given by (6) of the text, we must put: = 


Bp 
u V vo” 


PAM 


In other words to avoid useless complications in performing the evaluations, 
we start by considering only the first order PS(PV) operator and a nucleon 
mass M — co. In this way we shall obtain the corrections required by the 
phenomenological matrix when the operator (11) is added. 

Now, (A.1) can be expanded in angular momentum eigenfunctions. 
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where 


(ET Em 


Ci y dorer, ’ 


and one has 


M v? ; [2x v 
Con = iaV An |1— — F(v)\ o-e€, Oa Oe ial — -O'V, 
x 4 | 3 a 1) 
= Af Br à 5 
Co = — Vo = v?G(v)o:E, G9 — 1 wH(v)o'e, 


where F(v), G(v) and H(v) are the following functions: 


1 1 il 
‘1 —%? (1 — 22) Qe AB 
Ny) = 96 (ay) = | —————_ dx 0) = 1x 
Fo) I de, G(v) | Er de, H(v) | re dx 
En = ce 


In order to avoid useless complications, we consider for the moment, only S 
and P waves. We will add later the S-D interference, the only one contribution 
of D waves allowed by our approximations. They consist in dropping all 
terms higher than cos? @ in the cross section and powers higher than 0° in 
the pion velocity. Keeping in mind these limitations, (A.2) is written 


TE ino-e—™ [v xem —io-(vxe)xq]—T [vx en + io-(vxe) Xn] + 
VI 


vn 

. Cy 

u n Ile v)(en) + (a eown)], 
where 
v? 
4 =ıu (1 er P) — electric dipole amplitude , JE) 
v 3 ET . 

Diaz (1 + mi ra) — magnetic dipole amplitude , (J = $), 

Lee 3 MUR A 
M3 = zur Sr 704) — magnetic dipole amplitude , (J = 3); 
CeO) (1 oe) — electric quadrupole amplitude . CE 


It is immediately seen that 
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then putting A = 3F/4 one has 


| 
| 
| 
(A.3) 7 | 
| 


where 


A > > {2e (1 — v?) ie ai N. 
4 v? 1—v 

According to the previously mentioned approximations (which are allowed in 
the energy range here considered) (A.3) give us the corrections which should 
be included in the standard phenomenological multipole analysis when the 
operator (11) is explicitely added to the matrix 7. 

In other words the explicit inclusion of the S and P projections of the 
« photoelectric » operator (11) of text in the standard phenomenological matrix 
(see reference (*)), gives for the full transition matrix, the expression: 


M M : 
(l= Mas Dxen in xem) Pvxen + io: (vxe) xy] + 
j 
+ Va al(o-v)(e-m) + (G-e)(v-y)], 


where in place of the usual phenomenological multipole amplitudes ” 


ences M;, M3, D: 
we have now 
N de ‘ i v 
E, =H +a(1—F 4), M,=M,—«,4, 
(A.4) h 
M=-M+a,4, E, = BE, + wi? — 4), 


where with the notations used in text 


a — Dir. 


This is correct only as far as S and P waves are considered. If instead 
one includes the S-D interference, but neglects the pure D term | ¢,, Yo,.\2 
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and its interferences with p-wave, the a, coefficients are those given by (8) 
in the text (where the multipole amplitudes are given by (A.4)) and 


115 
deg = — a — vH(v)E,. 


Thus one has 


K = K'+ar(4—1), 
where X’, Y', and K’ are the (phenomenological) multipole linear combinations 
X'=3M;4 HE, etc, 


introduced by Fermi [see for instance GELL-MANN and Warson, ref. (°)]. 
Thus finally, in the approximation Sin Ar, ~ 0 


i v? 2 ; v2 = aD ’ v? 
= |\Eı+ell 5 A | ea y+ 5 aH Ei +oa1i—zA)|, 
a, = U, + a)K'+ Jam K'd— 2(E' + a)ao(d —1) + am A(A—1), 

2 ! a v 
NE ee none 2QaK'y(A — 1)— a? SH 


4 a 15 5 v? 
av(X'— Y') 3 av B 4% (1 ais} A), ; 


At low energies, i.e. neglecting » and higher powers one has 


AIRES, H = — TL 
and 
[ ; P v? aes 
— 7 | ER 
Mp = Ao, = Mog & tel ya + av(X'— Y); 
(A.6) | a, = a, + Za? K", 
Sait KE I 2 OF Del y! | n52 ar 
by = Cop x 2 av ( ) Tr av V os ? 
where 


nega hr asl 
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2) To discuss now the inconsistency shown by the overdetermined set 
of equations (9) of text, let us start by assuming that the S-recoil is negligible, 
(5 A m 
1e. —H, =R=0. The set (A.6) becomes 


Ge KR", + 0? —— oo (X'— TV), 


Hence 


4 +a = € + Kk". 


Finally, solving this equation for A’ and putting the obtained expression in 
the second eq. of (A.7), one has 


a, (cale.) = — 24V ty +1, — ua: + 2av?Vay, + a — a. 


This a, differs from the a, obtainable from (9) of text by the additional term 
+ 2av Va + a, — a? It is due to the direct photoelectric effect given by the 
operator (11). At the highest energy here considered it amounts to 8%. This 
is equivalent to saying that adding this term (but neglecting R) a, (cale.) is 
still ~ 2.7 times bigger than the averaged experimental value. In other words 
the inclusion of the interaction (11) brings down a, (cale.) from ~ 3a, (exp.) 
to ~ 2.7a, (exp.). It has to be noticed that AK’ remains very small. 
Actually from (A.5) one has 


K? RE & oy?(A —1) + 2Qx0K'(A—1), 


and the values of Æ given in Table V remain practically unchanged. 

It is clear that the « photoelectric » term up to ~ 235 MeV modifies the 
structure of the a; coefficients but leaves practically unchanged their relation- 
ships and the corresponding equations used in the text. 

3) If one completes now the analysis introducing the nucleon recoils, 
one has for the positive pions (with very good approximation) 


ay = (« + Bi + ag, , 


v? 
tie ( dE 
Are ol | x(1 +) 
+ + [+ v? 7 [4 rl. 2 ! 
Ge de y à CON EI) eae Ei), 


4 
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and, in our approximation, for negative ones, 


ay = (x— E;} + 4 


Now, our approximation in the p-wave recoil implies X” = X* and Y = Y* 
1+ 


from which a; = al} ——a,) so, with a little algebra, one has 
or D ’ = , 


1 V/A f , da > 
HER {A a r+ iF] 


which is identical in respect to the a; coefficients with (19) in the text. 

Consequently the values of R remain unchanged by the introduction of 
the matrix (11) of the text. The same conclusion is obviously reached if one 
considers the procedure applied to extrapolate at threshold the value of the 
x /n* ratio. 

It is worth mentioning that all these conclusions are reached just because 
we included systematically also the a term as required by the expression 
of do/dQ up to cos? 0. 


RAPANS SUN TRIO) 


La sezione d’urto o(E,,6) per la reazione p —n* è stata misurata in prossimità 
della soglia in funzione dell’energia fotonica e sotto quattro angoli. Vedi Tab. I. I ri- 
sultati ottenuti combinati con dati precedentemente noti hanno fornito una descri- 
zione abbastanza completa ed esatta di o(E,,6) tra i limiti 30°<0<180° e 170< 
< B,<270 MeV. Vedi Tab. II e Fig. 2. Serivendo o(E,,0) = Wfa,+a, cos 6+ a, COS? 6} 
con W= nof{l+ (u/B,)} 04 (u/ Bo} (vedi formula (5)), i dati sperimentali indi- 
cano che (Tab. III) a, & costante fino a circa Ey ~ 260 MeV, e che (Tab. V) i tre coef- 
ficienti a, analizzati in termini di onde S e P danno una piccolissima ampiezza P di 
spin-flipping, K. La presunzione che l'ampiezza SE, sia principalmente dovuta all’ impo- 
sizione dell’invarianza di gauge non si accorda in aleun modo coi dati (vedi Tab. IV)- 
Una discussione basata sul teorema di Kroll e Rudermann porta alla conclusione che 
questa incongruenza pud essere eliminata se si tien conto del contributo di rinculi 
nucleonici abbastanza energici. Tuttavia, risulta che solo la parte di tali rineuli che 
cambia di segno & realmente energetica ed apparentemente tale fino a termini di ordine 
superiore a #/M. Si valuta la quantita di rinculo alla soglia e se ne deriva un valore per 
la costante di interazione pspv. 


(*) Traduzione a cura della Redazione. 
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The Application of Charge Independence 
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Summary. — The results of the charge independence hypothesis are 
compared with the existing experimental data on the nuclear capture 
of negative K-mesons. The comparison of the calculated )”/* and n-/r+ 
emission ratios with the experimental ones strongly suggest the domi- 
nance of the 7= 1 state (!) over the T= 0 state in the primary act. 
Furthermore, the x~/z*+ emission ratio is shown to give an estimate of 
the branching ratio between % emission and A9 emission, which is free 
from the ambiguities due to the secondary absorption of the products 
of the primary act or due to the difficulties of detecting neutral particles 
and is only slightly affected by secondary charge exchange scatterings 
of the product particles. The preliminary value thus determined by 
using the experimental data thus far available for the 7 /rt emission 
ratio, suggests that © emission is more favored than A° emission in the 
primary act. The implications of measuring the positive-to-negative 
ratio of high energy x-mesons emitted from K~ captures is discussed 
in some detail and a few experiments are proposed in this connection. 


1. — Introduction. 


The hypothesis of charge independence has been extensively investigated 
in various fields of nuclear science. Especially it is worth mentioning that in 
the scattering of x-mesons by nucleons only one, 7=3, of the possible two 
states, 7=3 and T=4}, was found to be dominant, at least up to the so-called 


(*) Supported in part by a joint program of the U.S. Office of Naval Research and 
the U.S. Atomic Energy Commission. 

(1) We designate the total isotopic spin by T and the isotopic spin of individual 
particles by t. 
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resonance at a 7-meson energy of some 180 MeV (2). The hypothesis has also 
been extended to the reactions of newly discovered particles (1?) other than 
nucleons and x-mesons. The motivation of the present work lies in the fol- 
lowing considerations. 

The t-spin (') formalism incorporated with the strangeness selection rule 
seems to be successful in classifying new particles, as well as in explaining the 
strong and weak interactions (). In other words, we can assign appropriate 
t-spins to new particles in such a way that the assigned t-spin of a particle 
is consistent with its observed charge multiplicity and at the same time the 
total isotopic spin, 7, can be conserved in the strong reactions. (Also in weak 
interactions, where the situations in selection rules are naturally much more 
complicated, there has been some attempt to introduce a selection rule on 
the change of the total isotopic spin ("). However, as was the case in ß-decay, 
the easiest to approach would be the strong (allowed) interactions.) If the 
total isotopie spin, 7, is actually conserved in strong reactions, we can have 
some additional restrietions on the charge states of the product particles (5°-7?) 
In general, however, they are not sufficient to make an unique prediction as 
to the charge state of the product particles. This is so because even after the 
application of the charge independence there is, in gene ral, more than one 
(complex) matrix element corresponding to states of different total isotopic 
spin or of different symmetry properties. The situation in z-meson-nucleon 
scattering, mentioned at the beginning of this section, was quite favorable 
since the experiment showed that only one of the possible states was pre- 
dominant. 

The experimental data on the nuclear ‘rapture of negative K-mesons are 
being rapidly accumulated and this reaction is one of the best investigated 
experimentally among the strong interactions. The comparison between the 


@) K. A. BRUECKNER: Phys. Rev., 88, 106 (1952). 

(3) T. Nakano and K. NISHIJIMA: Prog. Theor. Phys., 10, 581 (1953); M. GELL- 
Mann: Phys. Rev. 93, 933 (1953). 

(4) A. Pats: Proc. of the Fifth Annual Rochester Conference, 1955. 

(5) R. H. Darxrz: Phys. Rev., 99, 1475 (1955). 


(6) A, Pars and R. SERBER: Phys. Rev., 99, 1551 (1955). 

(7) R. G. Sacus: Phys. Rev., 99, 1573 (1955). 

(8) T. D. Lee: Phys. Rev., 99, 338 (1955). 

(2) K. M. Case, R. KARPLUS and C. N. YANG: Phys. Rev., 101, 358 (1956). 
(4) K. M. Case, R. KARPLUS and C. N. YANG: Phys. Rev., 101, 874 (1956). 
(4) M. GOLDHABER: Phys. Rev., 101. 434 (1956). 

(2) D. FeLpmann: UORL 3168 (1955). 


(3) « Strong » (« weak ») means the strangeness is (is not) conserved in the reaction. 
(See reference (?)). 

(4) G. Tarepa: Phys. Rev., 101, 1547 (1956); G. WENTZEL: Phys. Rev., 101, 
1215 (1956). 


THE APPLICATION OF CHARGE INDEPENDENCE TO THE NUCLEAR CAPTURE ETC. 359 


experiments and the results of charge independence may reveal a similar 
situation as in the case of 7-meson nucleon scattering, that is, the predomin- 
ance of a single state. It will be shown that this is actually the case. 


2. — Nuclear Capture of Negative K-Mesons. 


Naturally the easiest and most direct comparison will be possible if the 
experimental data of negative K-meson capture by a single nucleon or by a 
deuteron is available. Even in these reactions, however, the experimental 
difficulties associated with the observation of neutral particles, x°, X’ and A°, 
or with the inaccessibility of a free neutron target will obscure the analysis 
in terms of charge independence and the analysis itself would in general serve 
just to barely see whether the experiment is consistent, or inconsistent with 
the hypothesis. The experimental data on the nuclear capture of K -mesons 
at our disposal consist mainly of those obtained by means of photographic 
emulsions, thus implying that we have to expect a considerable modification 
of the primary product particles due to secondary processes in the nucleusl 
absorption or charge exchange scattering. Therefore, we have to be carefu; 
in choosing the quantities on which the comparison between the calculation 
and the experiment should be made. 

Now the strangeness selection rules allow us to confine ourselves to the 
following reactions: 


(1a) kK. Bee a 
(2) K'+P>2 + 

(1e) KP +7 

(1d) RK Nee eee 

(Le) KN EST 227 

(1f) (tegen eee Ve 

(1g) K> +N A + 

(1°) K- + (Por N) >= (or A) +r+r 

(2) K- + (2 nucleons) > X (or AP) + (nucleon) 

(27) K + (2 nucleons) ZE (or A°) + (nucleon) + + 


and similarly for captures by still more nucleons. From the consideration 
of the available phase space volume, it is expected that the reactions (1’) 
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and (2') are less favored than the corresponding reactions (1) and (2) unless 
there is some selection rule to make it otherwise. A selection rule of this sort 
has not been inferred thus far from any experiment or from any theory. We 
accordingly consider (1) and (2) as the most likely reactions. Furthermore, 
the X’s from reactions (2) have much more energy than those from (1) and we 
know experimentally that the emission of Z’s of energy corresponding to the 
reactions (2) is very rare, so that we can take as of primary importance only 
reactions (1). There is another experimental indication that the reactions (1) 
are the main rpocesses of K~ nuclear capture; that is, the percentage of 
x-emission is quite consistent with the assumption that a z-meson is always 
emitted in K~ capture. This will be discussed in a later section. 

If we assign 4, 1, and 0 for the t-spins of K~, & and AP, respectively, we 
an see immediately from the reactions (1) that &’s can be produced both in 
T= 1 and 0 states of the K~-nucleon system, while As can be produced only 
in the T=1 state. Therefore, if the 7= 0 state happens to be the dominant 
one in the reactions (1), AP must be considered as a produet of some secondary 
reactions, such as &+nucleon > A’-nucleon and we will have equal proba- 
bilities for having E+, X, 27, n°, x and r* in the primary K~ capture process 
since the state of T= 0 has no preferential direction in isotopie spin space. 
If, on the other hand, the state T— 1 were of primary importance we should 
expect more Ds (ns) than &*’s (xs) coming from K -neutron re actions. 

The above qualitative considerations can be seen clearly if we write down 
the matrix element corresponding to each reaction in (1): 


1 
(la’) 2M, gt 
N il 
(10°) Te 
(1c’) ven 
= 2 x /6 09 
1 
(1d’) gee 
1 
(1e’) a 
; 1 
(17) eo? 
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where M,, M, and N, are the transition matrix elements from (K-+ nucleon) 
to &-+r) in T=1, T=0 states and from (K--nucleon) to (A®+7) in the 
T=1 state, respectively. 

In order to make quantitative comparison with experiment, we have to 
specify the charge state of the nucleus by which the K7 is captured. For the 
sake of simplicity, we assume that the nucleus is self-conjugate; i.e. the number 
of protons in the nucleus is equal to that of neutrons. This is justified for C, 
N, O nuclei in the emulsion but not for heavier nuclei, Ag or Br. The problem 
of the effect of the neutron excess in silver or bromine nuclei on our results 
will be qualitatively discussed in the last section in conjunction with other 
effects such as that of the Coulomb field. Furthermore, we treat the problem 
in two extremities, that is in the pure T— 1 and in the pure T— 0 state. 
The interference between these two states will also be discussed in the last 
section and will be shown not to alter seriously the conclusions arrived at in 
this work. 

Now we have specified the dominant channel state as well as the charge 
state of the capturing nucleus and we can obtain the charge state of the product 
particles of the primary K -capture process. 

The results are: 
for the T=0 channel 


[ Dt 1 | TT ı 
| 30 i T° 4 

>- ' | me i 
eek 0 


[| a+ (1— m)/12 [= (1 — m)/12 
| 20 (1— m)/6 | x? 1 

= (1— m)/4 T= (7 + m)/12 
[ae (1 + m)/2 


where in the T=1 channel, the branching ratio to & and to A° emission is 
given by (1— m)/(1 + m). 

These individual percentages of occurrence are, however, not best suited 
for comparisons with the experimental results since we have to expect de- 
viations from the above due to secondary absorptions of charge exchange scat- 
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terings by other nucleons in the nucleus. The ratio of positive to negative 
particles of the same kind is not affected by the secondary absorption as long 
as the nucleus is self conjugate and this ratio is readily observable exper- 
imentally. Therefore, we take a /=+ and r-/r* as quantities to be compared 
with the experimental data and calculate the effect on them of secondary 
charge-exchange scattering. 

In the case of the T=0 channel, these ratios are always equal to unity, 
irrespective of the number of charge-exchange scatterings they underwent 
before escaping the nucleus, since we assumed a self-conjugate nucleus and 
we have an equal number of positive and negative particles to start with. 

The situation in the case of the T=1 channel is not so simple. In the 
scattering of X particles by a nucleon two states are possible, T=3 and T=}; 
the former state is not possible in the reaction Y-+ (nucleon) — A®+(nucleon). 
If we assume that all the X’s produced in the primary act have been scattered 
once by a nucleon, the ratio Z7/2+ changes from its original values of 3 to 


17/7 after T=3 scattering 


(85 —13n)/(35—11n) after T= 1 scattering 
where n is defined by 


( = 


3 + nucleon) > (& + nucleon) — (1— ”) 
(= + nucleon) — (Ao+ nucleon) (1 +) 2 


in the T=} state. Because of the small energies, ~ 10 MeV, of &’s and 
because of the Pauli principle on the scattered nucleon, the scattering mean 
free path will not be so small in the nucleus as to necessitate the consideration 
of more than one scattering. 

As to the scattering of z-mesons by a nucleon, we know that it occurs 
through the 7= 3 state. The m-meson energy is about 140 MeV and 80 MeV 
when produced by K -capture with A°-and Ÿ-emission, respectively. The 
ratio (x-/r* of (7+m)/(1—m) changes to 


39 + 5 
Came for singly scattered r-mesons, 
(9 — 5m) 

219 + 251 
Cie for doubly scattered r-mesons, 
(69 — 25m) 

(1239 + 125m) 


[489 — 125m). , for triply scattered r-mesons, 
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and so on. More specifically, the percentages of rn, rn’ and z+ in the unscat- 
tered, singly scattered, doubly scattered, etc., meson groups are given in 
Table I. 


TABLE I. — Distribution in charge states of x-mesons after scatterings by nucleons. 
The x-mesons are produced through the T= 1 channel. 


Unscattered Singly scattered | Doubly scattered | Triply scattered 
7+m | 39 + 5m 219 + 25m 1239 + 125m | 
F 12 | 72 432 Ay 229498 | 
| 
l 1 1 1 
70 vs = = = 
3 3 3 3 
i—m 9 — 5m 69 — 25m 489 — 125m 
a 12 72 432 2592 


The quantity to be compared with the experimental data i 


R 


Zain) 


(rn/rt ettective == Sa (i) N(i) ’ 


[2 


where N(?) is the percentage of z-mesons scattered 7 times before escaping 
the nucleus and «~(i)(«*(i)) is the percentage of the negative (positive) mesons 
in the i-th generation. «*(i)’s are given in Table I and N(i)’s must be deter- 
mined according to the experimental conditions, for example, the energy range 
of the z-mesons of which the charges have been identified. 

The simplest comparison will be obtained if we have experimental data on 
the charges of fast mesons of energy greater than about 70 MeV. However, 
in emulsion work thus far carried out, we know only the charges of slow r-mesons 
stopped in the emulsion. The N(i)’s corresponding to this group of r-mesons 
are not easy to estimate and we simply give the preliminary comparison in 
the next section. 


3. — Comparison with the Experiments. 
In the previous section we have derived the ©7/X*+ and the r/r* ratios 


on the basis of charge independence. The experimental results are summa- 
rized in Table II. 
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TaBLE II. — Experimental Results on K -Captures. 
The numbers of cases where D+, n= are emitted from K capture are tabulated. 
The number in parenthesis is the number of probable cases. We note that the Berkeley 
and Brookhaven groups employ the track following scanning procedure while others 
employ the area scanning procedure. 


Berkeley | Brookhaven Chicago Wisconsin 
ee (2) (2) 2 

a, 4+(3) | 124+@) | 2+) 

= eres (1) 1 3 | 15 25 + (1) 

ye | 0 2 0 5 7 

ne | 10 + (2) 2+ (1) | 1 | 0 13 + (3) 

x 3 a 0 | 0 1 4 + (2) 

oe 20 14 | 19 63 116 
Mofak Ne 0185 39 70 207 Ou: 


In comparing the numbers of 27 and + we have to make a correction for 
the low efficiency of detection of I”, i.e. for the number of =~ stopping without 
giving rise to a visible star at its end. This correction was done by Fry and 
others (21) by observing slow electrons at the ends of some  -particles and 
by assuming that the percentage of associated slow electrons in the & -stopping 
was the same as in the case of u” stopping where it was found to be 25%. 
Their result was a total of 24 ~’s compared with 15 2*’s, thus giving the 
ratio Z_/Z+ of 1.6. (*). In the present analysis, we use the following method 
to correct for those =~ stoppings without visible prongs. Except for the case 
of =~ stopping with no visible prong at the end, we have some experimental 
information on the prong distribution of the 27 capture stars. Naturally we 
have to expect that there must have been experimental detection bias in favor 


el 
— 


(18) J. HorNBOSTEL and E. O. SALANT: to appear in Phys. Rev., April 15 (1956). 
The author is grateful to them for furnishing their results before publication. 

(19) F. H. Wess, W. W. CHuPr, G. GOLDHABER and 8. GOLDHABER; to be published. 
The author is indebted to them for giving him their data before publication. 

(2) J. Fry et al.: Phys. Rev., 100, 950 (1955). Also a private communication for 
which the author is grateful to him. 

(21) D. Haskin, T. Bowen and M. SCHEIN: to appear in Phys. Rev. 

(*) The direct application of their method to the whole data in Table II gives 
the ratio of 49/25 ~ 2. 
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of stars of more prongs. However, if we restrict ourselves to those Es which 
were emitted from K -capture, the prong distribution would not be distorted 
so much by this detection bias, except of course for zero prong stars, since 
one would investigate the prongs of K° capture stars much more carefully 
“ to identify them. This prong distribution gives a measure of the excitation 
energy of the residual nucleus when a 2° was captured. The experimental 
prong distribution of &” capture stars, with the primary & from K~ capture, 
indicates that it is quite consistent with the primary absorption process of 


Sah PN + n + O(78 MeV). 


Actually the excitation energy estimated from the ratio of one to two prong 
stars is about 55 MeV. This reduction of the excitation energy compared with 
the available total energy is quite understandable since the excitation of the 
residual nucleus is mainly caused by the secondary interactions of the product 
particles and for a particle energy of some 40 MeV, which the neutron or A® 
can have in the above reaction, the Pauli exclusion principle will reduce the 
cross-section considerably. (Also in x” capture stars the excitation energy 
which fits the experimental prong distribution is smaller than the available 
energy of 140 MeV). 

Now using the excitation energy which gives the observed ratio of one 
to two prong % -capture stars we can estimate the number of zero prong 7 
capture stars. The corrected number of %” is 78, thus giving a value of 3.1 
to the ratio Z /2+. (If we, instead, take as an estremity 78 MeV excitation, 
this ratio becomes 1.7.) This value is well above the unity which one would 
obtain if the primary K” capture process occurred only through the T=0 
channel. Unfortunately, one cannot deduce the branching ratio of 3 + (nucleon) 
to © + (nucleon) and (A’--nucleon) from this comparison, since, besides the 
uuncertainty due to the statistical error in the experimental value, the effect 
of this branching on ZX /X+ is rather small and will be masked easily by a small 
amount of 7=0 state admixture. 

Going now to the x /r* ratio we first note that the z-mesons of identified 
charges are all of low energy, presumably smaller than 40 MeV which cor- 
responds to a range of 2.7 cm in the photographic emulsion. This implies those 
mesons have been scattered at least once before escaping the nucleus. Hence, 
those charge identified z-mesons are the admixture of the singly, doubly, etc., 
scattered ones. It is, however, very difficult to make estimates of the per- 
centages of these m-meson groups for a specified energy region. Therefore, 
we proceed in the following way. Our aim is the effective scattering mean 
free path of x-mesons in the nuclear matter. We know the absorption mean 
free path, À,, of the r-mesons emitted from the KT capture, namely from the 
observed percentage of the z-meson emissions in Brookhaven and Berkeley 


24 - Il Nuovo Cimento. 


366 M. KOSHIBA 


experiments where the scanning procedure of presumably uniform detection 
efficiency is employed, we obtain 1.02 for the ratio <U)/A,, where «1» is the 
average distance of traversal in the nucleus and À, should be understood as 
the absorption mean free path averaged over the successive collisions of 
r-mesons of degrading energies. This ratio is quite reasonable in view of our 
knowledge of the nuclear radius and the other experimental determinations 
of A, (5). The scattering mean free path, À,, can, in principle, be calculated 
assuming, for example, the Goldberger model (1). However, we do not follow 
this approach since the calculation with the actually observed x-nucleon cross- 
section will be almost forbiddingly tedious. Instead, we note the energy de- 
pendence of À, and A, (%) and the ratio of 2,/2 observed experimentally to 
be 4 at 40 MeV by TENNEY and TINLOT (2”). If 
we take into account the large energy degradation 
of scattered m-mesons, and thus the reduction 
in the scattering cross-section for the next col- 
L lision, the estimate of 2,/A, to be from 2 to À 
would not be much different from reality. The 
el / results of assuming À,/, — 2, 1, and $ are shown 


Er rt [2 


in Fig. 1. The experimental results are 7 /mt =13/4. 
Therefore, the comparison of r-fnt ratio not only 
confirms the predominance of the T=1 state 
which was indicated from the 2 /2+ data but 
also seems to suggest a slightly negative value of 
m implying that 2’s are produced more than As 
in the primary act of K°-capture process. 


Fig. 1. — The ratio of x to nt as a function of the 
branching parameter which is defined by 

K +N > *°+ = 1 m 

RK EN AoE x) lim 
The curves 0, 1, 2 and 3 represent the ratios of n to n' after 9, 1, 2 and 3 scatterings 
before escaping the nucleus, respectively. The shaded area is a superposition of 
the curves 1, 2 and 3 with the assumption of A absorption/2 scattering from + to 2. 


(15) M. L. GOLDBERGER: Phys. Rev., 74, 1269 (1948); M. H. Jonnson: Phys. Rev., 
85, 510 (1951). 

(6) R. M. FRANK, J. L. GAMMEL and K. Watson: Phys. Rev., 101, 891 (1956); 
K. Watson: Am. Journ. Phys., 21, 659 (1953). 

(7) F. H. Tenney and J. TINLOT: Phys. Rev., 92, 974 (1953); A. M. SHAPIRO: 
Phys. Rev., 84, 1063 (1951); H. BYr1ELD, J. Kesscer and L. M. LEDERMAN: Phys. Rev., 
86, 17 (1952); J. F. Tracy: Phys. Rev., 91. 960 (1953); G. BERNARDINI and F. Levy: 
Phys. Rev., 84, 610 (1951). 
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As was mentioned at the beginning of this section, the experimental deter- 
mination of the charges of the fast z-mesons, 7 70 MeV, from KT-capture 
gives information on the & to A° emission ratio which would be much less 
affected by the secondary charge exchange scatterings. This will most easily 
be carried out by cloud chambers in magnetic field. 

Before concluding this analysis, some additional remarks may be needed 
concerning the interference between different 7-states, the effect of Coulomb 
attraction in the case of K -capture by protons, and the neutron excess of 
the capturing nuclei. We have treated the two isotopic spin states separately 
without considering the possible interference effect. This can be justified ad 
hoe by comparison with the experimental &7/X*+ and x-/rt ratios; namely 
the inspection of matrix elements in the previous section immediately leads 
to the conclusion that the interference of the two states affect these two ratios 
in opposite directions, while experimentally the predominance of the T=1 
state is confirmed by both of these ratios. Hence the possibility of the inter- 
pretation of the experimental results in terms of the interference effect seems 
to be excluded. As to the enhancement of capture probability by a proton 
as compared with that by a neutron, we may note that the capturing nucleon 
is in Fermi motion so that the effect will not be as large as in the case of capture 
by a free nucleon at rest. Furthermore, if this effect were important, we should 
have obtained the experimental results closer to the results of the T=0 act. 
Finally, the neutron excess of the capturing nuclei would not give the modi- 
fication of the results by much more than 10 percent as long as protons and 
neutrons are more or less similarly distributed inside the nucleus. If this 
neutron excess effect was quite appreciable due to some difference in the den- 
sities of protons and of neutrons, say at the periphery of the nucleus, then it 
could give rise to increases of both of the ratios, Z7/2T and x-/rt. However, 
the mere fact that the neutron excess effect is appreciable would indicate a 
large interaction in the 7—1 state since the system of KT” and neutron is a 
pure 7=1 state. 


The author is grateful to Professor M. SCHEIN for his stimulating discussions 
throughout this work as well as for furnishing him his experimental results 
before publication. Thanks are also due Professor Y. NAMBU for his valuable 
discussions. 


Note Added. 


After this analysis was worked out the author was informed of Dr. 8. Wurrn’s 
work on K~-capture at Berkeley. (F. ©. GILBERT, C. E. Vioter and R. S. Wire) 
Upon his request, Dr. Waire kindly furnished the data before publication for 
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which the author is very grateful. ‘The results are 4 Ds (Event No. 36 was 
omitted since it would correspond to two nucleon captures which was not 
considered in this work), no ©, 10 x stoppings, no r+ stoppings, and 13 n= 
mesons out of 74 cases. These results seem to have rather different characteristics 
from the ones listed in Table II and are rather similar to the results of the Sidney group 
(private communication to Professor M. SCHEIN); that is, a very large n-/r* ratio and 
no cases of X” emission. If these are real, one might think we would have to conclude 
that the T= 0 state interfers with the T= 1 state constructively in the D+ x case 
and destructively in the Ü”+r* case. However, for a completely destructive inter- 
ference so as to have no m+-mesons, we should have 3 for the 2/2 ratio which is quite 
contrary to the results of other data in Table II. Therefore, the interference effect 
cannot account for the difficulty and one will instead be led to retain the predominance 
of the T= 1 state which is required by the ZX /X* ratio of better statistics (the 
inclusion of Wuuirer’s data and that of the Sidney group changes the experimental 
value of oe to 2.7 which still strongly suggests the dominance of T— 1 state) and 
to explain the r-/r* ratio in terms of & to A° emission ratio. The ratio n-/n+ after 
including his data and that of the Sidney group (6 xs and 0 r*) becomes 29/3, which 
in turn indicates the overwhelming AP emissions compared with 2 emission (at least 
5 to 1) for any reasonable choice of the scattering mean free path. However, his 
stopping rs have rather large energies, (half of them had energies above 40 MeV); 
therefore, we can expect some contribution of unscattered ~-mesons which will raise 
the ratio considerably. The unseattered ~-meson can have energies from 49 to 94 MeV 
in case of Ü-+r because of the Fermi motion of the capturing nucleon. If we want 
to estimate the À to A° emission ratio from the observation of the x-/x+ ratio, obviously 
experimental data of much better statistics are needed. However, the conclusion of 
the predominant T= 1 state seems to have been reasonably well established. 


RIASSUNTO (*) 


Si confrontano i risultati dell’ipotesi dell’indipendenza della carica con i dati speri- 
mentali esistenti sulla cattura nucleare dei mesoni K negativi. Dal confronto dei rap- 
porti d’emissione 47 /X* calcolati con quelli sperimentali emerge la predominanza dello 
stato T'— 1 sullo stato T= 0 nell’atto primario. Inoltre si dimostra che il rapporto 
d’emissione n-/r* da una stima della « branching ratio » fra emissione F ed emissione NS 
esente dalle ambiguitä dovute all’assorbimento secondario dei prodotti dell’atto pri- 
mario o dovute alla difficoltà di svealre particelle neutre e solo debolmente influenzata 
pagli scattering secondari per scambi di carica delle particelle prodotte. Il valore pre- 
liminare cosi determinato servendosi dei dati sperimentali finora disponibili per il rap- 
porto d’emissione r/r*, fa ritenere che l’emissione S sia favorita nell’atto primario 
rispetto all’emissione A°. Si discutono dettagliatamente le questioni che sorgono dalla 
misura del rapporto fra pioni positivi e negativi di alta energia emessi nelle catture IKT 
e a tale proposito si propongono alcune esperienze. 


(*) Traduzione a cura della Redazione. 
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Summary. — It is noticed that the low energy S wave calculations of 
meson nucleon scattering cannot be very satisfactory if they do not obey 
the «crossing theorem». It may be interesting to modify the iteration 
treatments in order to satisfy the symmetry requirements. For this 
purpose the series of scattering processes considered is completed by a 
new series in which the initial meson and the final meson are exchanged. 
In this way, we generalize Lévy’s covariant treatment of S wave scattering. 
The result of the calculation is deeply modified by the introduction of 
these new processes. It is not possible to get a quantitative agreement 
with experiment. The signs of the phase shifts, however, are correct 
near G?/4z = 15. The approximations used in solving the integral equa- 
tions are discussed by comparison with other calculations. 


1. — Introduction. 


scattering. 
cribed by different methods (17). 


Several theoretical attempts have been made to explain meson nucleon 
It is well known that the P wave behavior can be correctly des- 
The S wave calculations (5268-10) however 


(*) A preliminary report of the present work has been alredy given at the Inter- 


national Conference on Elementary Particles (Pisa, July 1955). 


W. 


() F. J. Dyson, M. Ross, E. E. SALPETER, S. S. SCHWEBER, M. K. SUNDARESAN, 
M. Visscupr and H. A. Berne: Phys. Rev., 95, 1644 (1954). 

(?) M. H. Katos and R. H. Datitz: Phys. Rev., 100, 1515 (1955). 
8) G. F. CHew: Phys. Rev., 95, 1669 (1954). 

+. F. CHew: Proc. of the Pisa Conf. on Elementary Particles (to be published). 
5) G. C. Wick: Rev. Mod. Phys., 27, 339 (1955). 
(6) M. Cını and S. Fugini: Nuovo Cimento, 11, 142 (1954); L. Sartori and V. 


WATAGHIN: Nuovo Cimento, 12, 260 (1954). 
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are still in an unsatisfactory state. According to the latest interpretation of 
experimental data (1!) the two S phase shifts exhibit a linear dependence on 
the meson momentum up to energies of the order of 200 MeV. It seems very 
important to explain their low energy behavior, and especially, the difference 
between the two corresponding scattering lengths. GELL-MANN and GOLD- 
BERGER (?2) have shown that, when all scattering pro- 
cesses are taken into account, the S phase shifts obey 
the so-called Crossing Theorem which states that in the 
limit k—0 u/M — 0 the ratio (%— «)/k goes to zero. 
Any treatment of S scattering which gives for this ratio 
a non vanishing limit cannot be very satisfactory, at 


(a) (b) least at low energies, since the actual ratio «/M is rather 
Fig. 1. small (0.147). The theorem is deduced from the fact 


that to every process one can associate a « crossed » pro- 
cess in which the initial and final meson lines have been exchanged (see 
Fig. 1). It will be shown that the amplitude for the second process is 
connected to the amplitude for the first process by the equation: 


(1) A:i(Dry Das Das Da) = Vaj(P1, — Pay Pay — Da) + 


For zero energy and zero meson mass the sum of these amplitudes becomes 
a:;(p, 0, p, 0) + a,,;(p, 0, p, 0) and since, on invariance grounds, a, = A06,;;+ 
+ Blt,;,7;], the sum is independent of the isotopic spin state (1%). 

A covariant calculation up to a given order in the coupling constant satisfies 
automatically these symmetry requirements; such a calculation has been made 
by H. W. WyLp Jr. up to fourth order (4). But treatments using iterations 
of elementary processes such as a Bethe-Salpeter or Tamm-Dancoff equation 
violate the symmetry theorem. However the relative success of these methods 
and the failure of perturbation expansions make it interesting to modify the 
iteration treatments in order to take into account the crossed processes. 


(7) D. Iro and H. Tanaka: Prog. Theor. Phys., 12, 105 (1954). 
(®) M. M. Lévy and R. E. MARSHAK: Nuovo Oimento, 11, 366 (1954). 
(°) M. M. Livy: Phys. Rev., 94, 460 (1954) (referred to as A in the present paper) 
(1%) M. M. Livy: Phys. Rev., 98, 1470 (1955) (referred to as B in the present 
paper). 
(41) J. OREAR: Phys. Rev., 100, 288 (1955). 
(2) M. GELL-MANN and M. L. GOLDBERGER: Proc. of the Fourth Annual Rochester 
Conf. on High Energy Nuclear Physics. 
(18) This property becomes evident if the matrix element for scattering is expressed 
in terms of Heisenberg operators (F. E. Low: Phys. Rev., 97, 1392 (1955)). 
(4) H. W. Wyzp Jr.: Thesis, University of Chicago, 1955. 
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Starting from a given series of terms, we can add a new series containing the 
corresponding crossed terms. It will be shown that the Feynmann two body 
kernel for the second series can be directly deduced from the kernel corres- 
ponding to the first series. Besides it may be shown that the « crossed » kernel 
obeys an integral equation, whilst the corresponding part of the wave function 
does not. 

The present work starts from the covariant treatment proposed by M. Livy 
in two papers (%!°). This treatment used a Bethe-Salpeter equation with, as 
irreducible processes, the two second order terms. In A a general formalism 
was given. In B the difficulties arising from overlapping divergences were 
examined and an approximate solution, adapted to S scattering, was given. 


2. — Notations. Connection between the Feynman Kernels and the Wave 
Function. 


In principle we use the same notations as A and B. However, for the sake 
of completeness we give them here again. 
The volume element is chosen: 


dp = dp, dp, dp, dp, = 1dp, dp, dp; dp, . 


The propagator are defined by: 


and 

[| Katp) =— iliyp + M— ie)", Kp) Up ee), 
(2) | Ka) = em | K,,(p) exp [ip(@, — #2) | d*po,; , 

| Ka) = (27) * | K,(p) exp [ip — 2:)] d'p . 


We define the two body kernel in momentum space: 


(3) Ki, P25 Psy Pa) = [ESC Lo; Us Va): 
-exp [— (91%, + Pate) + 1(Pst3 + Pats)] dx, dix, dix, dx, , 


where 1 and 3 are nucleon indices, and 2 and 4 are meson indices. 
In particular, to 


Ky’ (ay, %; Us, 4) = Ky(%1, %) Kyi (a2, 4) 
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corresponds 
Ky Wis JONG {055 jm) = Ky (p1) K,,(p2) 0(p1 — Ds) O(P2— Pa) dis - 


The wave functions are defined by: 


) 
tz —>— © 
ty>-@ 
) 


y(1, 2) = lim frank, 4)yyol (3, 4) d3d4 , 
(1,2) =lim | K,(1, 2; 3, 4)yspo(3, 4) d3d4 , 


tar — © 
ty—>— © 


Va 


| 
| 
(4) ] 
| 
| 


and in momentum space: 
(5) PalP1s Po) = fe [— (pyr + Pots) ]pa(as, de) d'a, dary . 


If we assume for the free wave function in momentum space the following form: 
(6) Poi( P15 P2) == (27)? Do i(P y) 10) O(py m Py) O(p2— Der) , 


where ®,,(Py, p,) obeys the free equations, then it can be shown that 


i . 3. = be 
(7) 9,21, Ps) = Cr: lim [K}(p1, Pos Ps) Pa) Ky (Ps) Bix (Ps) dB, für) 
Au Dg >Dy 
Dy>P y 


Taking into account the energy-momentum conservation we can write: 


(8) PP P2) = O(Py + Py — Pi— P2) BA — Pos Py + Pu) - 


8. — Classification of Scattering Processes. 


a + 
{ ) We first take into account the iterations of graphs 
; (a) and (b) (Fig. 1). Iteration of graph (a) gives a series 
Ky of finite processes A, (Fig. 2); the remaining terms give 
rste to K,, which can be written in terms of two vertex 
! X parts /', and 7°, and a nucleon modified propagator 
+ + Ki, = K,(i— > K,)7_ (see Fig. 3). We now add the 
corresponding crossed graphs, which lead to the kernels 
| K, (Fig. 2) and Ki (Fig. 3). We notice that in the 
Ky sum K,+K,+K.+ Kj the zero order and second order 
His terms appear twice; therefore the correct Feynman 


eu > m 
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amplitude is 
ss 7 “i y 
(9) K,+K+K.+K— (a)— (b)— Ky. 


pe . . . . ! 
The wave function can be correspondingly split in several parts, %,, Yo: Was 
Le 
py, ete... 


4. — Calculation of Finite Processes. 


. oh 

g has been calculated in B. In order to calculated X, and consequently Pos 

we first establish the mathematical correspondence between K, and K,. Con- 
sider a given scattering process X. We can always write 


(10) K#(1, 2; 3, 4) = 


= pre, 5)Kii(2, 6)F%(5, 6, 7, 8)K (7, 3)KA(8, 4) d5 d6 d7 AS, 


and exchanging the initial and final meson lines, 
(11) KR) 
= pro. 5)Kii(2, 8) PB, 6, 7, 8)K, (7, 3) K//(6, 4) d5 d6 d7 AS. 


Use of the equality: K%(1,2) = Æ/(2, 1) and of the commutation properties 
of K,, leads to the equation 


(12) Ky (1, 2; 3,4) = KO (1, 4; 3,2) 


x 


which becomes in momentum space: 
(13) KE (Pas Das Psy Da) = Kr (Pis — Pa} Ps, — Pa) - 


Hence B: can be deduced from K,. Unfortunately the knowledge of g, is not 
sufficient to determine completely K,. We must therefore solve the following 
integral equation: 


(14) Ein; Pos Psy Pa) = (27) Ky (py) Ky (P2)0(pi — Ps)O(P2— Pa) Oi - 


1G? > > j 
UT (27)! K y(p1) K y(P2)ys fre — p)ys , (Pi + Da — D; D; Ps, Da) AP . 


This equation can be made separable by use of the approximation proposed 


nd og 
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in B. It consists in replacing y;K,(pi— p)ys = Ky(— pi + p) by 
(15) KR, BD) 1») He — (Pı + pz) Le (Pi + Pa) + p) . 


This approximation is valid when p or p, (meson momenta) is small com- 
pared to the total energy-impulsion p,-+p, = P, but cannot be applied to 
L—0 phase shift calculations, since it destroys the correlation between the 
spatial directions of the mesons. The error can be estimated of order (e/M)? 
where ¢ is the total meson energy and M the nucleon mass. Equation (14) 
then becomes: 


(16) Ky) (Pis Pas Psy Pa) = (2) Ky (Py) Ky (P2)0(P1 — Ps)O(P2 — Pad — 

oan TTA (Ds) K (Pa) Pa) Kae Pa Da) Ov (Py Psy Pa) 
where 
(17) 0% = [rer + p)Ky(P 9,95 Psy Pa) Ap « 


The Cf’ obey a system of algebraic equations: 


(18) 0 = Adsprit sO,’ , 
where 

[ 2 = Br KR, ps) y(Ps) HE y(P1)0(P — Ps — Pa) 5 
22) | "= Top), 


Q(P) is a convergent integral defined in II. 
Solving this system we obtain 


(20) K (Ps Po} Pay Pa) = (270) y (p1)E y(Y2)0(P — ps — Ps) 6(P2 — Pa) O13 — 


Pi Titi — 2(G?/4x)Q(P)0;; 5 
[1 + 2(G?/4a0)Q(P)][1 — (G?/400)Q(P)] 


- K,(P3) Ky (— ps) K y(p4)0(P — ps — pa) - 


— 0G? (270) Ky (p1) Ky D) K up) Ky 1 


The corresponding part of the wave function is given by 


(PP) = OP — py — Py) Di(— po, P) , 


MESON NUCLEON S SCATTERING AND CROSSING THEOREM 310 


(21) Di(p, Ja) == (290)40(p As k)Di(P ae k, fe k) Pe 
eat re Ib 2 
ee P— ane + a k) . 


af i@®K,(P DA, Ep) Ko) |G 


The operator 7,7, has the following eigenvalues: 


Penn, 


1 


Ti =—1. 
This remark enables us to write the preceding equation in the following form: 
1 


1 + 2(@/4x)Q(P) 
-K,(— P— kb) OP +k, —k), 


PK, + p)K(— P— p)K,,(— p) Ky (— P) 


N 


DE(p, P) = (2x) 0(p — k)DE(P + k, — k) — 

1 * 
1— (4m) Q(P) 
CP R)DEP +k, —k). 


— (—1)iG?K,(P + p)Ky(— P— p)K,(— p)Ky(— P) 


These expressions coincide with those given in B. 
Equation (13) gives us now Kr Let us put 


== 9 mer: + PB 
(IT plays the same role in K, as P does in K,). We obtain: 


(23) KG (Pry 23 Psy Pı)=(2n)°K „(Pı )K (Pa) OP — Ps— Ps) 6(P2— Pa) Oi — 


(27) K, ( Di TT; c,—2(G%/4n)QUT du ER 
— 102(2r)*K „(Pı)Ey— D1) K y (ps) Kx 1 Da = ES DE no ni 


* K y(ps)Ky(— Ps) K y(— p2)0(P — Ps — Pa) - 


The corresponding part of the wave function can be written: 


(24) Di(p, P) = (2x) 0(p — k)B(P + k, — k) — 
T, —2(G2/4a) Q(T) | 
(24m) (DIE (2/40) Q(D)| 
: K(— P— k)®,(P + k, — k), 


— 167K (P+ p) Ky(-—P—p) K y(— p) Ky AD 


where T? —0, Ti =3 are the eigenvalues of the operator 7,7;. 
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5. — Calculation of X, and X}. 


a 


and of the modified propagator Æ, (see Fig. 3). 
In principle all these quantities are given in B. 


These two kernels can be written in terms of the vertex parts 77, and I’, 


However, we can no longer take the renormal- 
Tp ization prescriptions used in B. These prescript- 
ions were as follows: 
Ip, a) 
(25) (Bene =) Bray 1 
TT (Dos Ba)’ 
ges where iyp, + M =0, (p;— po)? + u? = 0, (to the 
right), 
sp, q) 
(25' iy =e 
) I (Po, Po) eee 
\ ; oe 
; where typ, tm =0, (Do— Po)? ++ w=0 (to the 
eke left). 
So that when we apply /’, to the initial free 
IG K, state: 
Fig. 3. ial 


and when we apply J’, to the left to the final free state: 
N,=1. 


Unfortunately we need a more complete knowledge of the vertex parts in 
order to caleulate K,. J’, and I’, obey integral equations which can be 
solved by replacement of their exact kernel by a separable one. The diver- 
gent solution thus obtained can be made finite by a special prescription adapted 
to the approximation, completely different from the one used in B. 

For instance, /', defined by 1%, = r,y,I', obeys the following integral 
equation : 


(27) LAP, P+ p) = 
iG? 
LE ue fre, P + k)Ky(P + k)K,(— k)y;Ky(P + p + k)yd'k. 


(220), 


The substitution (15): 


VE (EP + p + k)y, > K,(— P—k) K,"(— P) K,(— P— p), 


I 
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makes the integral equation separable. We then can write: 


G2 
(28) Ta (P,P +9) =1 + 5, CPE P)Ky(—P—p), 
with 
(29) GE) RZ P + p)K,(P + p)K,(— P — p)K,,(— p)dip. 
The solution is as follows: 

ia? 1022) 


(30) (P,P +p) =1 + 


Ca 1= (Game) TED: 


Q(P) is a convergent integral already encountered. 
(31) TP) = [EP + DEP DK) ap 


is a logarithmically divergent quantity. 

We formally develop J’, in a power series of @?/4r and follow Salam’s 
prescriptions for the renormalization of divergent integrals. Consequently, in 
every term of the series I(P?) is replaced by I(P?)— I(P?) with P?+ M?= 0. 
Summing the renormalized series we get the following result: 


G2 F(P?) K;1— P)K,(— P— ), 


OR as 


D = M:x + wr æ) - JEAN 2) , D, == D(— M?) 


(this integral has been defined in B). 
A symmetric treatment applied to J’; gives: 


es , à J{422) 
Ky(— P— pK P) — (G?/420)Q(P) ° 


(34) LO Sas a PE 


The modified propagator K, can be directly taken from B: 


K, = K,/(l1—2K,)., 
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7 FP) 
| RO) Gao P)’ 


ar Sy SE! 
(35) Us 8 
where 27, is the second order term calculated by BRUECKNER, GELL-MANN 
and GOLDBERGER (15). 

The following exact relations between unrenormalized quantities show the 
self-consistency of our approximations: 


3 iG? eo 
(36) IP) = Et | K,(P + p)Ki(— plrysl AP + p, P) dp , 
x iG? eo x 
(86) 2(P) = — Dose | LP, P + p)Ky(P + p)Ka(— p)tiys dp , 
aX(P) 3i ; N 
CO” G5 Tone PAP, P + PE + Kak p)L'g(P+ p, P)d'p, 
and 
$ 
Ser: nn KE (P'+p',—p'; P+p,— p)Ky(P+p) Ka (— p)dP'dp'= 
x)" 


a IE P+p) ? 


Der 1 + ani / ! ! 
(38) (2x) KP DIEU + p,—p; P’+ p',— p'}r:y; dP' dp! = 
He Og SF P; 2) G 


Use of the above given expressions for K, and J’ enables to construct K, and Æ,: 


(39) Ki (p., HE) = 1G? (2x) Ky (p1) K y(Pa) L55(P1, Pi + Po) K,(pı Do)" 
fe „(Pı + Pay Ps) Ky(Ps) K (Da) Ö(pı + Pa — Ps — Pa) 

and 

(40) Kl" (p., Pa; Ps, Pa) =— 1G? (270)* Ky (ps) Ky (pr) 15 o(P1, Pi— Pa) K (Pa — Ps) 


LE (Ds — Pr» Ds) K (Ps) K (Pa) O(p ee je Jor) à 


By the standard technique we obtain the corresponding parts of the wave 


(5) K. A. BRUECKNER, M. GELL-MANN and L. M. GOLDBERGER: Phys. Rev., 90, 
476 (1953). 
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function: 
(41) ®,(p, P) =— iG? T, K,(P + p) K,,(— p) IO +, D): 

RK, RIND, 18e k) D,(P ie k, —k), 
(42) O(p, P) =— iG T, K,(P + p) K,(— p)I',(P + p, D: 


KI) TH, P +k) ®(P +k, —k) 
where /J = P +p+k. 


6. — Relation between the Wave Function and the Phase Shifts. 


In the center of masses system (P = p,p, — 0, 0, 0, iP,) the wave 
function can be written, 


(43) D(p, P) = (2er)! BP + k, —k) d(p — k) 


The wave function for equal times is obtained by integration over py. 
If we only retain the terms contributing to the asymptotic form we get 


1 
A 4 sau f(D 3 Û ir Æ et y 
de) Gp) = Grp ADP + D DB 


-fiyP, typx, iyk)Dd(P+k,—k), 


where px = pr, —iv, and |p|=|k|. 

Multiplying by the positive energy normalized spinors w*(p) to the left 
and w,(p) to the right respectively we obtain an equation for a spin dependent 
amplitude b,(p): 


1 
AE OA By Eu?) 


(45)  b+(p) = (2x)*ô(p — k)C 


-p,)(o-k 
| tp.) + LPNS) un], 


with the following connection with the preceding equation: 


(46) | P(p) asymptotic = (77 b.(p) Zn) u:(p) 
| BP +k, —k) = Cu,(k) 
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Gok 
(o =. ph) Les 


À 


(47) u*(p)f(iyP, type, iyk)ur(k) = X, F(pr'k) + 


where 7, and x, are the two component spin wave functions corresponding 
to u(p) and w(k). In the calculation of F and H, use is made of the Dirac 
equations 

[iy(P + k) + M]u(k) = 0 

u(p)[iy(P + p) + M] =0 


and of the matrix elements: 


Ex + M 


(o-p)(o:k) 
on, Xr » 


CN = 28 + rn 


> (o-p)(o°k)| LE, + M 
DUT L ae ee uae Re 


F and H can be developed in Legendre polynomials: 


[F=F,+ F,P, (cos (p-k)) + F,P,(cos (p-k)) +... 


(48) | 
| He HS = H,P,(cos (p: k)) =e H,P,(cos (p' k)) IT G98 


Transforming the equation for b, to configuration space we obtain the fol- 
lowing phase shifts: 


k H,| 

| S wave: tga, =— BaP, Ir 3 | ; 
| k [F, | 

(49) | | Ida = — BP, a sig Ho , 
| 12 yee ts k [F, H,] 

| Le 2 el 


where x is the isotopic spin index. 
We notice that the S phase shift is just proportional to the mean value 
over the angles of the quantity 


ur (p)faliyP, type, iyk)u+(k) , 
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where w,(p) and w,(k) correspond to the same spin state. 


(50) tg ©, = — BaP, (uk (p)f(iyP, type, tyk)u,(k)> = 


These formulae show that the different contributions of the wave function 
to the tangents of the phase-shifts will be additive. 
Since the wave function can be written: 


(61) ©=9, + (O,— ®,) + ©, + (©, @,) + ©, — (&,— 9, D, — D) 


Born ( Born 


the corresponding phase shifts are given by: 
(52) tea = (tg a). + (te x)» + (tg a). + (te x), — (tE non — (te ©) 


b Born * 


Relatively simple expressions may be derived for (tg x), and (tg«),. This 
fact comes from the structure of f, and f,. 


(53) fa ore = Yiliy(P +p)) x p(iy(P +h) . 
Consequently, by use of the Dirac equation, it can be shown that: 


À Oh 
(54) heu (= 23 | (Po) + PME) (HA ye, 


where F, and H, do not depend on the angle (p-k). We have obtained 


un ee EM a, EP) share Ie 
CU Ze Du TT OT ERA 


| G? M +P, F(P:) . 


4n 2M 1— en + (@/4)A (Po) ’ 
and (this is exactly the expression given in B): 


kn G (M + Po)(Ee + M) 1 
2M ‘4x 4E,P, 1 + (@/4n)T,A,(P,) ' 


(56) (tg a), = 


Unfortunately it is not possible to give explicit expressions for (tg a), and 
(tg x), since f, and f, are functions of iy(P+p+k) = iyII. Starting from 


£=@2,K, — P—p) PP + p, 1) K\—DI{0, P +k), 


T,— (2/40) Q(T) = 
[1 + 2(@ QD — (Emo) \2M) ’ 


(#8), f, = GK; P) 


25 - Il Nuovo Cimento. 
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it is possible to caleulate numerically the corresponding contributions to the 
phase shifts. Evaluation of the matrix elements for three angles (0°, 90°, 180°) 
is sufficient to give a correct mean value (up to energies of the order of 200 MeV). 
In the low energy limit, however, considerable simplifications arise. In 
this limit 
PO 050; (Mu) 


IT = (0, 0, 0, i(M— u)) 
k = p = (0, 0, 0,—<dp) . 
y, is consequently the only Dirac matrix appearing in f, and f,, and, since 
in this limit w.(p)u(k) = u:(p}yau,(k) =1, the evaluation of the phase 


shifts is straightforward. 
The low energy results are: 


kG 2M+u 1 Ale 
2M An 2(M + u) |1— (G?/4n)A,(M + u) | 


(60) tga, =— 


2M — u I 2(G2/47) A, (M — u) ] 
(M yu) ia + TCE (M — pw) — (4) A (Mu) ‘| 
a 2M? | @2M+u  F—(M+u)] [ 1 
(2M + u)(M + u) An 2M 41— (G2/4r) A »(M +1) In (G2/47)A a( Df +p) 


: De @2M—u FI-(M-a)] |] 1 
(2M — p)(M +p) 4n 2M = 1—(G?/4)A,(M—y)| 1+(G?/420)A (Up) 
; kG: 2MH+yu 1 
61 tg Fr - 2 > ge 
= Se 2M 4x 2M + u) = 2(G?/An)A,(M — u) 7 
2M ON 2(G?/4) A,( M — u) L 
2(M + u) [1+2(@°/4r)A,(M— u) i (G?/42)A,(M— u)] 
EIER ag G? a Men NE 
7 (M+u)(2 M—u) An 2M 1—(G2/47)A,(M—p)| 1 + (G?]4n)A.M — u) 


7. — Results and Discussion. 


71. Comparison with experiment. 
a) Low energy limit. — We have plotted «,lu/k)(@?/4r)" and 
%(u/k)(@?/An) against G?/4a (Fig. 4). 
In the whole range of values of G?/4x no quantitative agreement is obtained 
with the experimental data which are according to OREAR (1): 


% = 0.16 ku, % =— 0.11 ku. 
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In the region 13 < G?/4x < 17 the signs and ratios of the two phase shifts 
are correct but their magnitude is about ten times the experimental value. 
We notice that the value G?/47 = 15 (f?/4x = 0.08) is precisely the coupling 
constant proposed by BETHE, Dyson et al. (+?), and by CHEW (!) to explain 


A 


— #4G%,n)'t9a, ! dv 
A+ : 0 


--- A (Gin)! ! 
(6/47) taa, 


P wave scattering. One may tentatively say that the discrepancy in magnitude 
could be accounted for by some pair damping. On the other hand, meson- 
meson scattering has been neglected and its influence on S scattering is cer- 
tainly important (15). 

b) Energy dependance of the phase 
shifts. — The errors introduced by the approximation 
are of order (w/M)? so that the energy dependence 
of the phase shifts should not be taken too seriously. 
We have carried out numerical calculations up to 
energies of the order of 150 MeV for @?/4n=16 (Fig. 5). 
= The smoothness of the curves near zero energy justifies 

the low energy calculation. The sign of the 7=4 phase 
shift remains positive, in contradietion with B; but we 
know, from Orear’s latest analysis of experimental data 
that the energy dependence of the S phase shifts might 
well be purely linear. 


72. Internal consistency of the calculation. — In this study we shall not 
investigate the influence of the neglected processes (meson-meson interaction, 

(6) A calculation is made on this subject by G. Bonnevay at the University of 
Paris. 
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higher order irreducible—in the Bethe Salpeter sense—processes), but rather 
we shall try to see to what extent it is permissible to replace the exact kernel 
of our integral equations by a separable one. 


a) Dependance on G?/4x. — We first examine the limit G?/4 — 0. 
This gives us an interesting test of our approximations since (tg x), and (tg æ), 
(tg x), and (tg x), should be rigourously equal in this limit, because they cor- 
respond to the same graphs. In fact they slightly differ since K, and K, are 
calculated with use of the approximate kernel. Calculations have been made 
for k — 0 and k = 2y. It is seen (Table I) that the agreement is good in the 
low energy limit, but becomes poor when the energy increases, as it was anti- 
cipated. 


TABLE I. 

0 | k = 2u 
too) 

(tg : 0.993 0.985 
07/420 (tga), 
tex); 

Hine 0 | 0.995 0.974 

@?/an—>o (ES) | | 


A noticeable feature of the dependence of the phase shifts on G?/4z is the 
appearence of «resonances » for certain values of the coupling constant. Four 
resonances are expected, corresponding, in the low energy limit, to 


1— (G/47) A (M +u) =0, 1—(G/42)4,(M—p) = 0 


1+(lm) 4 (M+u) =0, 1+ (G/4x)A(M—p) = 0. 


In fact, the first two resonances cancel in the sums (tg «),+(tg «), and 
(tg x), + (tg æ), - We shall try to see whether this cancellation is a consequence 
of our approximation or not. 

The answer can be found in the following way: we formally express 7,1’, 
K', and consequently K, in terms of 


(61)  Ki(P+p,— p; BP! Ep, D) (Rap PO Oe 


Suppose now that K, has a pole in isotopic spin state 3, for some value of 
P independent of p and p’. An approximate expression of K, can be given, 
near this pole. Under the assumption that K, has a separable form, 


(62) (K,— Ko)? = D(p, P) FP) P(p', P) , 
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ws 
wD 
Dt 


it can be shown that, near the pole, 


(63) RK, 
in isotopie state 4. Therefore the cancellation is a consequence of our approx- 
imations. Fortunately these hidden poles are outside the interesting range 
of values of @?/An. 

b) Low energy limit. — We first verify that when w/M —0 
(%,— %)/k +0. This is a consequence of the following equations: 


| AM + u)> A, (M) = = < A,(M— u), 


(64) A,(M + u) > AM) < AM — u), 
FI—-(M + p)?)—>0, 


F(— (M — u] > 0. 


Our results can be compared with other calculations among which should be 
mentioned Wyld’s calculations up to fourth order (4) and calculation of % 
by the Tamm-Dancoff method by BETHE et al. ("?). 

In order to compare our results with Wyld’s calculation we develop & 
and % up to the fourth order: 


% = — (k/M)(G2/42)(0.747 — 0.49 G?J4x) + … 
(65) 


| 22 =— (h/M)(G2/420)(0.94 — 0.584 42/42) +. 
Wyld’s results are the following: 


| a =— (k]M)(@"*/An)(0.75 — 0.25 @'*/Ar) 
(66) 
% = — (k/M)(@??/42)(0.94 — 0.40 G'?/4x) . 


The two calculations take into account the same graphs but the renormali- 

zation prescriptions of the vertex parts are different. In principle the second 

order radiative correction to the vertex parts is determined up to an arbitrary 

constant. We can compare the vertex parts for p = p’= P, = (0, 0, 0,7M). 
In our calculation 


(67) AUS Leh) 41025072) — 0 ’ 
while Wyld gives 


(68) A;(Po; Po) = ae M:x2 dx 


x: + w2(1— x) 


ys(G2/4m)C . 
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The correspondence is thereby completely determined. Comparison of the 
sum of all processes up to fourth order in the two cases gives the following 
connection between the coupling constants: 


(69) (G|4x) — (G2|4x) = — 20(G?/40)? + 
and using numerical values 


(69') (0 Ar) = (G2/4m)(1 — 0.264G2/422) . 


Wyld’s results can be rewritten in terms of our coupling constant: 


[ AGB CEE 

Ber, (05 In 0.45) 

70 

he Lise LE mm 
Lea ur Lea ae |. 


The agreement with the present cal- 


culation is rather good. However the 

discrepancy of about 10% in the fourth 

order coefficients gives a quite impor- 

tant contribution for large coupling 

constants. This discrepancy could be 
(c) (g) (d) 


(e) expected, since integrations over inter- 
mediate meson momenta extend to 


infinity while the approximate kernel 
is only valid for small momenta. 

It may be interesting to make a term 
to term comparison of contributions of 
the different graphs to the phase shifts. 

Hereafter we denote the fourth 

(h) 


(j) order graphs by the same letters as 
WYLD (Fig. 6); the contributions are 
divided by (1/r)(@?/4r)?(k/M). 


Fig. 6. 


1) Finite processes: 


| exact caleulation present calculation 
| graph ( 0.32 (T=}) 0.27 (L=}) 
un) | — 0.64 (T—3) — 0.54 (T=3) 
| graph (j) 0.64 (T—3) 0.734 (T=}) 
| 0.26 (T=) 0.294 (T—3) 
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It is seen that the ratio crossed graph/uncrossed graph is slightly increased 
in our calculation. It this is true to all orders, it may explain why we find 
a too large value for a. 

2) Self energies (graphs (c) and (g)). The two calculations give identical 
results, because the second order part of Z was calculated exactly. 
3) Vertex parts. 

Since our renormalization method is adapted to our approximation, it is 
not very easy to compare our prescription with another one. The exact pres- 
cription following as closely as possible our procedure seems to be 


(72) A;.(p, p') = As(p, p') — As(po, Po) 
Pa 
— Wp + m = 0 + iyp, + m = 0 
to the left to the right 


Such a prescription is particularly well adapted to an S wave calculation 
since the radiative corrections vanish in pair terms at zero energy if the meson 
mass is neglected. Wyld’s definition is the following: 


(73) Asp; pP), = App) — As po, Po) 
(ty == Po 
iypy+ m — 0 iyp, + m = 0 
to the left to the right 


Subtracting 41;(000:M,000iM) we obtain the exact second order ra- 
diative correction to the vertex in S state, with our renormalization preseription: 


| 4 (000 i(M +p), 000iM)=y,0.085 (6/47)  (graphs (d) and (e)) 
a, 


| A,(0 00 iM — u), 0 00 iM)= — y,0.030 (G?/4r) (graphs (h) and (j)) 
Our calculation gives: 
((M + u), iM) =— y (4x) FC (M + u))(2M + p/2M) = 
= y, 0.0759 (G?/4x) 


[ À 

| 
(75) 4 

| A;,(i(M— u), iM) =— y;(G/4x) F(— (M—p)?) (2M — u]2M) = 

| = — y,0.0194 (G2/4r) . 


The agreement is poor but does not affect too much the total result because 
these terms are small. The discrepancy probably comes from the fact that 
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certain approximations which are permissible in convergent integrals cannot 
be crudely made in divergent integrals. To second order, our treatment leads 
to replace the exact second order term: 


(22 
(76) eee 
OT): 
; leet ERP RE OR) K,(ps + k)K,(— Po — k)K,(— k)]d’k, 
by 


[+ p'— k)Ky(— k)—Ky(p + Ey p—k)Eul-k)]ürk, 


[ERP RVR DE A +h) Kyl — DEAR . 


The first integral is convergent and an approximation can be made for small 
momentum change of the nucleon: 


(79) K,(— p'— k)— K,(— p— k) = K,(— p— bh) yp: (p— p')K,(—p—k). 
The second integral is known. The result is 


; CHU 1 
(80) en GO reer 
yp ed 


(Q has been defined earlier), instead of 


Ge 


(81) Asp) = y, Ele) 


1 
: ng + M). 
— twp + A RER: ) 
The two expressions are of the order of ulM Log M/u, while their dif- 
ference is of the order of w/M, which explains the discrepancy. We can check 
this new approximation by numerical evaluation. It gives: 
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AM — u), iM] =— y; — 0.0302 the exact result being — 0.030. 
TT 


Unfortunately this approximation cannot be extended to higher orders. 
The present calculation can be compared, at least in isotopic spin state 3, 
with the Tamm-Dancoff calculations (+2). In order to make a consistent com- 


parison, we only retain the K, terms. Our results are the following: 


(a) =—(k/M)- 61° for @/4n= 2, 
(&)» = — (k/ M)-122° for G2) Ag; 16 


KALOS and DALITZ give 
(&)» = — (k/M)- 60° for, .G2 4c; —= 23, 
(%3)» = — (k/M)-150° ONCE — Or. 


The agreement is quite good. 

Finally, the uncertainties due to the approximations do not permit us to 
draw very definite conclusions. However, the present calculation clearly shows 
the importance of the crossed graphs. We obtain the correct signs for the 
phase shifts and the discrepancy in magnitude might well be due to the approx- 
imation or to meson-meson scattering. 


* ok OK 


I am deeply indebted to Professor MAURICE Livy for proposing this subject 
and for numerous and helpful discussions. 


RIASSUNTO (*) 


Si nota che i calcoli dell’onda S di bassa energia dello scattering mesone-nucleone 
non possono dare risultati soddisfacenti se non rispettano il cosidetto «teorema di 
cancellazione ». Pud essere opportuno modificare i procedimenti di iterazione per sod- 
disfare alle condizioni di simmetria. A questo scopo si completa la serie dei processi 
di scattering considerati con una nuova serie nella quale i mesoni iniziale e finale sono 
scambiati. In tal modo si generalizza il trattamento covariante di Lévy dello scattering 
dell’onda S. L’introduzione di questi nuovi procedimenti modifica profondamente il 
risultato del calcolo. Non é possibile ottenere un accordo quantitativo con l’esperienza. 
I seoni degli spostamenti di fase sono, tuttavia, corretti in prossimita di G?/4a = 15. 
Si discutono le approssimazioni usate nella soluzione delle equazioni integrali confron- 
tandole con altri calcoli. 


(*) Traduzione a cura della Redazione. 
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Further Measurements on Charged V-Events. 


W. A. Cooper, H. FILTHUTH, J. A. NEWTH and R. A. SALMERON (*) 
CERN - Geneva 


(ricevuto il 23 Maggio 1956) 


Summary. — The decays of 150 charged V-particles from lead and copper 
have been observed in a magnetic cloud chamber. Among the slow 
charged V-events, which are all interpreted as K-mesons, the propor- 
tions of the different decay modes are in good agreement with the results 
given by nuclear emulsions. Our own evidence agrees with that of other 
experiments which suggests that an appreciable fraction of the charged 
V-events with high energy (> 1 GeV) are due to the decays of hyperons. 
Data on the positive to negative ratio of slow K-mesons are discussed 
and a partial explanation in terms of the energy dependence of the pro- 
duction cross-section is suggested. Among the 150 events, 3 are most 
easily interpreted as the decays of K,-mesons and 1 as the decay of a 
Z'-particle. In addition 10 events are interpreted as the decays of 
T-mesons, of which 1 is negative. 


1. — Introduction. 


In 1954, the Jungfraujoch cloud chamber group published a paper (Bu- 
CHANAN et al. (1)) giving full measurements of 44 charged V-events observed 
in a magnet cloud chamber at an altitude of 3580m. At that time there 
was little statistical information available about charged V-events and the 
interpretation of the measurements was limited by their inaccuracy and by 
the smallness of the sample of events. 

Since the earlier paper was written, a great deal of information has been 
published by groups working on cosmic-ray V-particles. In addition, there 


(*) On leave of absence during part of the work from the Centro Brasileiro de 
Pesquisas Fisicas, Rio de Janeiro, Brazil. 

() J. S. BucHanan, W. A. Cooper, D. D. MILLAR and J. A. Newrx: Phil. Mag., 
45, 1025 (1954). 
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are now available many measurements of heavy mesons and hyperons observed 
in large blocks of photographic emulsion exposed at great altitude. Finally, 
studies of heavy mesons produced by large accelerators are now appearing 
and many very precise measurements have been made on these particles. 
The following decay modes are now established: 


(1) Kennen (p* = 238 MeV/c) 
(2) K,>r +7° (p* = 205 MeV/c) 
(3) a ehe (p* < 218 MeV/c) 
(4) K,>e +? +? (p* <246 MeV/c) 
(5) a +n + 27° (p* < 133 MeV/c) 
(6) 7 +3n (p* < 125 MeV/c) 
(7) x —r + Nucleon (p* ~ 190 MeV/c) 


(8) a rn + A° (p* ~ 120 MeV/c) 


The values of the momentum of the secondary in the centre of mass system 
are given in brackets. 

In this paper we summarize the information we have obtained from a total 
of 150 charged V-events observed at the Jungfraujoch (including those re- 
ported by BUCHANAN et al.). We compare our results with those of other 
groups in an attempt to determine any residual points of disagreement. For 
brevity, we refer below to the paper of BUCHANAN et al. as paper I. 


2. — Corrections to Earlier Measurements. 


In paper I there were some errors that must be corrected. The first of 
these concerns the event RP 993, a positive K-meson apparently having a 
mass greater than 1100m,. All the measurements on this event have re- 
cently been repeated and an arithmetic error in calculating the line of flight 
of the secondary particle has been found. As a consequence, the angle of 
decay is 107° and not 117° as originally stated, and the momentum of the 
secondary is 230 MeV/c and not 250 MeV/c. 

These alterations make a significant change in the interpretation of the 
event. The mass of the primary particle, on the assumption that there is a 
single neutral secondary of zero rest mass is now found to be 


(1100 + 55) m, if the charged secondary is a u-meson, or 


(1060 


| 


- 60) m, if the charged secondary is an electron. 
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Although the quoted errors are greater than standard deviations (as described 
in Table III of paper I) it is clear that the mass values are not incompatible 
with 965m,. We conclude, therefore, that the event is not convincing evi- 
dence for a K-meson with mass greater than 965 m,. 

The remaining errors are of less importance. The event QR 979 of paper I 
has been excluded from the present analysis since the intersection of the two 
tracks in this event occurs too near to the back of the illuminated volume of 
the cloud chamber for us to be certain that the tracks do not cross or originate 
from a nuclear interaction in the gas. Event RE 410 was listed as positive 
whereas it is, in fact, negative. 

In addition, because of the importance of the positive excess among the 
V-particles, we have, in this paper, used a more stringent criterion for deter- 
mining the signs of fast particles. Applying this criterion to the earlier events 
we find that five V+-events and one V -event should now be classed as of 
indeterminate sign. Making these corrections the numbers of positive, negative 
and indeterminate events in paper I are 23:12:8 rather than 29:13:2. 


3. — General Survey of the Events. 


Of the total of 150 charged V-events, 43 were reported in I and the re- 
mainder have been observed in the period up to October, 1955. The appa- 
ratus (?) has not been altered significantly. The total number of photographs 
taken is about 100000. Of these, 35000 were taken with a 13mm copper 
plate across the centre of the cloud chamber and 10000 with a 30mm lead 
plate in the same position. Nineteen charged V-particles came from nuclear 
interactions in these two plates. 

In addition to the 150 charged V-events, 10 events have been observed 
that are best interpreted as the decays of t-mesons into three charged x-mesons. 
The numbers of positive and negative V-particles and +-mesons are given in 
Table I. 

One criterion for identifying a charged V-event has been made less strict 
than that used in paper I. The value of the transverse momentum (P, sin œ) of 
the secondary particle has been required to be greater than 50 MeV/c by at 
least one standard deviation. Previously a value of 100 MeV/c was required. 
Relaxing this criterion may allow a large-angle scatter of a fast particle by 
an argon nucleus to be misinterpreted as a V-event but the total number of 
such scatters expected in our experiment is about two. 

It has been emphasized by the Ecole Polytechnique workers (?) that the 


(*) J. A. Newrn: Suppl. Nuovo Cimento, 11, 297 (1954). 
(5) R. ARMENTEROS, A. ASTIER, C. D’ANDLAU, B. GREGORY, A. HENDEL, F. MULLER, 
C. PEYROU and R. Rau: Pisa Conference, mimeographed report (1955). 


ae 
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TABLE. I — Sign distribution of charged V-particles observed in the Jungfraujoch 
cloud chamber. 


Group of events | Positive Negative Boule) Total 
: sign 
Reported in Paper I (*) . . 23 12 8 43 
SiMceweaperwls nee 46 32 29 107 
OT ARE ae tg De 69 | 44 37 150 (+) | 
| Ze 
GR IT. | 7 1 2 10 
| 
Charged V’s produced in cop- 
perzorlead platen. 2) 6 m 6 19 | 
(*) See corrections in Sect. 2. 
(+) The total of 150 charged V-particles includes the 19 produced in the plate. 


sample of V-events identified with a magnet cloud chamber is limited by the 
cloud chamber performance in a very 

definite manner. In particular, the 2 
identification of small angle decays 
depends directly upon the maximum 
detectable momentum in the chamber. 
If the decay angle (p) is small the con- 
dition P, sin y > 50 MeV/c can only be 
satisfied when the lower limit for P, 


eo 
Number of events 


(oa) 
T 


. . = eg N + Degrees 
is high. The result of this restriction is 6 30 D & & 90 
a strong bias against recognizing decays Fig. 1. — Histogram of decay angles for 
in which the angle is below some va- all the charged V-events observed in the 


lue characteristic of the apparatus. Jungfraujoch cloud chamber. 

For our equipment we find empirically 

that very few events with @ less than 10° have been identified. This is shown 
by the histogram of decay angles given in Fig. 1. 

The full significance of this limitation is seen when our events are com- 
pared with those reported by ARMENTEROS et al. (*). The median decay angle 
for our 69 positive events is 37° and for the 44 negative events it is 25°. The 
Ecole Polytechnique group found values of 18° for 54 positive events and 12° 
for 44 negative events. This difference is discussed fully when our results are 
compared with those of other groups. 
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4. — Dynamics of the Decays. 


41. Direct Mass Estimates. — Of the 150 primary particles 20 had measur- 
able momenta below 350 MeV/e and the masses of the particles could be esti- 
mated from the density of ionization in their tracks. For all 20 particles 
(14 positive and 6 negative) the estimated mass is consistent with a unique 
value near to 1000m,. In addition, for 16 particles (12 positive and 4 ne- 
gative) the upper limit to the estimate of mass is less than 2000 m,; these part- 
icles cannot, therefore be hyperons. 

Nearly all the secondary particles could be light mesons but only three 
can be so identified from momentum and ionization. Three of the secondary 
particles are probably not light mesons; the events are discussed below. 

In event SE 234 the secondary particle has a momentum of (4607 73}) MeV/c 
and its ionization is estimated to be between 21, and 31,. Its mass is there- 
fore between 1400 m, and 2200m,. This particle traverses the 13 mm copper 
plate in the cloud chamber and its momentum loss in the plate and its ioni- 
zation below the plate are both compatible with the behaviour of a proton. 
The primary particle in this event has a track length of only 4 cm in the 
chamber and its momentum cannot be found. The angle of decay is 15°. 
It seems most reasonable to suggest that this event is a hyperon decay of 
the type 

a+ +> P +7 +110 MeV. 


If this is correct the primary particle had à time of flight in the chamber of 
UALS 

In two events the secondary particles are apparently lighter than x- or 
u-mesons. SD 1472 is a photograph of poor contrast but the secondary mo- 
mentum is only 30 MeV/e and a p-meson of this momentum would have an 
ionization of 7.5 1,. We estimate the ionization from the photograph as 
< 31,. The second event is QM 861 which is reproduced in the plate. The 
relevant measurements are given in Table VI. If we assume that the event 
is the decay of à K-meson into a u-meson, the ionization densities of the two 
tracks should be 2.2 7, for the primary and 2.6 J, for the secondary. From 
the photograph it appears that the secondary is less heavily ionizing than the 
primary and its mass should therefore be less than that of a u-meson. 

For neither of these two last events is the interpretation completely certain 
but, since the K, mode of decay is established, we much prefer to interpret 
the decays in this way. 


42. Transverse Momentum Distribution. — In paper I distributions of the 
transverse momenta of the secondary particles were given in an attempt to 
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distinguish between 2- and 3-body decay schemes. The results were not signi- 
ficant and we do not consider it worth while to present further distributions 
of this type. TRILLING and LEIGHTON (*) have made a careful study of the 
experimental bias introduced into such distributions and there is no doubt 
that the histograms given in Fig. 1 of paper I were more affected by bias than 
was thought. 


4°3. Determination of p*. — Among the 150 events there are 26 where the 
momenta of both primary and secondary particles can be measured (15 positive 
and 11 negative). In these cases the secondary momentum (p*) in the rest- 
frame of the primary has been calculated by assuming masses for the two 
particles. Table IT lists the results obtained. 

Of the 15 positively charged particles there are 11 which give values of p* 
such that the decay could be that of a K,, or K,, meson. The mean value 
of p* for these 11 events is 203 MeV/c if the secondaries are m-mesons and 
202 MeV/e if they are u-mesons. 

The negative particles give 10 such values out of 11 events and we find 
that the mean value of p* is 209 MeV/c assuming z-meson secondaries and 
194 MeV/c assuming u-meson secondaries. 

The events excluded when finding these mean values of p* are the following: 


1) Event QM 861 which is thought to be an example of K;-decay, 


2) Two positive events (SN 184 and TF 289) for which the values of 
p* are 115*7 MeV/e and 1351}? MeV/c, 


7 


3) The negative event SY 531 with a value of p* of 109*%) MeV/c, 


4) Event RP 993. 


5. — Mean Lifetime Estimates. 


As in paper I, we have analyzed the distribution of our events in an attempt 
to determine the mean lifetime of the primary particles. The momenta of the 
primary particles were estimated where they could not be measured (see Fig. 2) 
and, for the purpose of calculation, the particles were all assumed to be 
K,,-mesons. The curves for K,,-decay differ from these by about 10%. The 
time (t,) that each particle spent in the cloud chamber was calculated toge- 


ther with the corresponding « potential » time (7,) and these times were then 


(4) G. H. TrırLıng and R. B. LeIGHTON: Phys. Rev., 100, 1468 (1955). 
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Tas iE II. — The 26 events observed at the Jungfraujoch which give accurate measurements. 


Pp, = momentum of primary particle, 

pP, = momentum of secondary particle, 

æ = angle between the directions of primary and secondary, 

p= = momentum of the secondary particle in the centre of mass system assuming 
that it is a r-meson, 

pr = momentum of the secondary particle in the centre of mass system assuming 


that it is a u-meson, 

is obtained by altering p,, p, and p in such a way as to increase p* as much 
as possible while remaining compatible with their quoted errors, 

Be is made as small as possible in a similar way. 

The events shown are those with PX ax — Pain < 2.0:10% eV/c. The errors in p, and p, 
are found from an m.d.m. caleulated in the way described in Paper I. The mass 


4.93-108 eV/c? was assumed for the primary particle in the calculation of p*. 


: 
ere 
TT max 


| le ehr Pa p Bu BER Al ERS IHRE 
© | 108eV/ce | 10° eV/c | degrees | 10° eV /c | 10° eV /e | 10° eV/c | 10° eV/e 
| QD 138 | + | 1.9 £0.3/2.0 40.3 | 4743] 1.82 1.80 | 2.21 1.52 
QL 707 | PS PRET 3249 | 2.08 2.05 2.42 1.70 
| aussı | + |3.4 +0.3 |0.66+0.08| 82+2 | 1.02 1.18 1.28 1.08 
BG HSE 0 NE AO uly eas aed 1.34 1.42 2.42 1.20 
| RP 993 | + | 2.0440.06] 2.3 40.1 | 10742] 2.80 | 2.82 2.95 2.71 
| SC 226 I: DE ER EEE | A ns 2.76 3.15 2.34 
| SF 1726 | + (8.635 |27 503 | 3542) 1.62 178.42 3.15 1.38 
SN 146) | 4.) 2:9: = a7 30e 0e 2.04 2.52 1.65 
| SN 814 | + |25 +40] 0.9 40.03] 7342] 1.04 1.15 | 1.38) 0.98 
EEE a ides eben | 9.51 2.52 | 2.78 2.36 
ss 242 | +[20*% loss | 4141 173 | 110 | 245 | 113 
| | | 
SY 2385| Hs 0 0 rer Ne net Der NP NE: 
I sz 984 | + | 10.04 20) os te NES MIRE 6 ru A 1.24 
TC 1363| + |3.0 40.2 | 1.8 +0.6| 9742| 236 2.44 3.20 1.92 
| TE ss ana 1.354-0.08| 72+1 | 1.33 1.35 1.53 1.20 
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TABLE II (continued). 


| Event |Sign Pr Ps F ea ‘on Rex Pain 

| 10° eV/c | 105 eV/c | degrees | 10° eV/e | 108 eVje| 10° eV/e | 108 eV/c | 
Neos sea os PUR Es 904 2.25 2.72 1.76 
QG 66 NA TG ENT, | 88+2 | 2.05 2.13 | 2.64 1.79 
A De PO EN Nid ee Oe | 5542 | 1.60 181 | 266 1.35 
BRD473 | 7.0 1.0 | 21204 | 4024 | 145 1.55 | 2.11 1.21 | 

| RO de 7.5 038 35 60.3 | S744.) 1.98 | 2:03 | 291 1.85 | 

| SD 1314| — |24 +02 |19 +0.2| 7842] 1.96 1.99 | 2.93 1:78 

oy a |. 403| 4743] 224 | 293 | 251 1970) 
sr 223 | — | 1.5 31 11.7 30.30 194223 00001 2304 ts 2380 1.80 | 
SY 531 | — 2,2 +08 0.66% 0% | 106+2 | 0.99 1.09 1.25 0.89 | 
mC1546 2120 =3:099,3.220.240 6653| 1.21 2.14 | 2.30 1.88 

EC 1700 == 12:02 3.0) 2.5 185" | 7422| 2.42 2.43 | 2.88 2.24 | 


combined by BARTLETTS procedure (5) to obtain an estimate of the decay 
constant (1/7) of the particles. 

Because the charged V-events are certainly a mixture of different types 
of decay we made a large number of different classifications of the events in 
an attempt to select a group rich in short-lived particles. For every group 
the mean lifetime was estimated and for nearly every group the value of 1/7 
obtained was less than one standard deviation from zero. Some of the results 
are given in Table III. 

Classification 4) in Table III is similar to one used by TRILLING and 
LEIGHTON (4) and shows in the same way that there may be a short-lived com- 
ponent of the V-particles produced in the thin copper plate placed across the 
chamber. In assessing the significance of our result it should be borne in mind 
that we made about 20 different classifications of our events. Even if all the 
particles had a long mean lifetime, we expect to find a value of 1/7 differing 
from zero by two or more standard deviations in one out of 30 random selections. 


(5) M. S. BARTLETT: Phil. Mag., 44, 249 and 1407 (1953). 


26 - Il Nuovo Cimento. 
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Fig. 2. — The relation between the momenta of primary and secondary particles and 
the decay angle for the K_,-meson. 


TABLE III. — Lifetime Estimates. 


In the first three rows the times of flight have been obtained in cases where the primary 
momentum was unmeasured, by calculation from P, and g assuming the decay of 
a K (see Fig. 2). In the last row the decay U —r+neutron has been assumed, 


Class of particles Total Positive | Negative | Wis (CKO) 
1. All events, except 3 Ke 147 67 43 — 0.003 -+ 0.026 
2. All events from copper 16 6 6 — 0.06 + 0.13 
plate 
3. Events from copper 
plate excluding those 13 4 o + 0.63 + 0.30 


which cannot be Y= 


4. As 3 but assuming all 15 4 5 + 0.64 + 0.29 


events to be IE 
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The only safe conclusion that can be drawn from this analysis is that a 
large fraction of the primary particles has a mean lifetime greater than 2-10 s. 
There is an indication of some short-lived particles among the primaries coming 
from the copper plate but our evidence is far from conclusive. 


6. — The Positive Excess. 


In the past a great deal of apparently conflicting evidence has been published 
on the relative numbers of V*- and V -particles. Thanks largely to the work 
of the Paris group at the Ecole Polytechnique it seems now to be possible to 
fit all the published information into a relatively simple picture. Briefly, there 
is a large positive excess for the slow particles that are observed to decay in 
magnet cloud chambers. Among the high energy particles there is a negative 
excess. The extent to which this high-energy negative excess is apparent 
depends upon the performance of the apparatus since the decay angles are 
generally small in these events. 

With our apparatus we find a large positive excess among the primaries with 
momenta below 600 MeV/ce (31 positive and 12 negative). By contrast, at 
momenta above 1 GeV/e the numbers are 24 positive and 22 negative. In 
Table IV we compare these figures with those obtained in other experiments. 
Unfortunately, the intervals of momentum chosen for comparison are not 
constant but there is clear evidence of agreement in the main features. 

It is safe to assume that the decays of slow V-particles are detected with 
high efficiency in all cloud chamber experiments. These particles can frequently 
be directly identified as K-mesons (a hyperon with momentum below 800 MeV/c 
is heavily ionizing) and we can conclude from the results quoted in Table IV 
that there is a positive excess of about 3.4 to 1 among the observed K-mesons 
with momenta less than, say, 600 MeV/c. The agreement between different 
cosmic ray cloud chamber experiments on this point is reasonably good. 

Concerning the negative excess at high energies, the situation is less clear. 
Our own observations are not valuable because we identify so few events with 
decay angles less than 10°. The obvious explanation in terms of known par- 
ticles is that X~-decays are responsible for this excess. Owing to their short 
mean lifetime these particles are unlikely to decay inside a cloud chamber 
unless their momenta are several GeV/e and, at these momenta, a decay of 
the type & + N+7x~+118 MeV has an angle of less than 15°. If this expla- 
nation is correct, the negative excess may be partly or wholly an experimental 
bias since the decay of a =*-particle into a proton and a 7°-meson is extremely 
difficult to recognize, the angle of decay being only about 2° for a ©" with 
a momentum of 5 GeV/c. 

We have little to contribute to the study of these fast particles and in the 
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_ The momentum dependence of the ratio of positive to negative V-particles 
observed in various experiments. 


Low momenta High momenta 
Group : = = “J = hats a3 > Ber 
Class of particles + — Class of particles ao = 
Cal. Tech. (4) |V= with heavily 19 5 V+ with lightly | 22 | 38 
ionizing primary ionizing primary 
Princeton (13) Measured events (*) 15 10 Measured events (+) 6 11 
1 ELEND) B, > 1 Gevije 
École Poly- Wellmeasuredevents| 20 1 
| 3 
| technique () A RON UE 
| 
| » S events, mean ini- 22 2 
tial P, = 0.5 GeV/e 
| » TT 5 2 T—3t 0 2 
P, < 1 GevVijc P, > 1 GeV/e 
Jungfraujoch Measured events (+) | 31 12 Measured events (+) | 24 22 
P, < 0.6 GeV/e (*) 12 ELENA 
» 7 >3r 6 0 | t>3r 1 1 
P, < 1 GeV/e BGN Te 
(*) The primary momentum has in some cases been estimated from a measured secondary 
momentum and decay angle and the assumption of the Kr2 decay mode (see Fig. 2). 
(*) 6 positive and 2 negative events could be hyperon decays. 


following sections we restrict our attention to the measurement and inter- 


pretation of the K-meson decays. 


7. — The Decay Modes of the Slow Charged V-Particles. 


It is possible to estimate the relative proportions of the different types 
of K-meson decay using the dynamical measurements reported in Sect. 4. 
The different modes of decay that have to be considered are (1)-(6) as listed 
in the introduction. 
From magnet cloud chamber measurements it is hardly ever possible to 


obtain a value of p* with a precision better than = 
are more usually + 30 MeV/c. 


- 10 MeV/e and the errors 
For this reason the only valuable classifi- 


cation is to make a broad division between those events with p* near to 
200 to 240 MeV/e and those with p* significantly less than 200 MeV/c. We 
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class all p* values where the quoted errors include part of the range from 
190 MeV/c to 250 MeV/e as «normal». Values less than 190 MeV/e by at 
least one deviation are called «low ». Clearly, the events with normal p* will 
include some K,,,- and K,-decays but the events with low p* should not include 
K,,- and K,,-decays. 

The numbers of normal and low p* values from our 26 events were given in 
Sect. 4. In Table V we compare these with other results obtained from cosmic 
ray cloud chamber experiments. 

From the table it seems that the events with low p* form about 20%, of 
the total of both positive and negative K-decays. In this 20% may be included 
some 7’-decays, K,,-decays and K,-decays. The number of +'-decays can be 
found from the experimentally determined branching ratio (1:5) between the 
two modes of decay of positive t-mesons (°). 


TABLE V. — Distribution of p* values from various experiments. 


An event with low p* is taken as one where the quoted range of errors does not 
include a value > 190 MeV/c. A normal value is taken as one where the quoted range 
of errors includes a value between 190 MeV/e and 250 MeV/c. The nature of the 

secondary particle assumed in calculating p* is shown in brackets. 


| Positive 5 | Negative 
Group Unweight-| Unvweight-| 
| : Total | Normal) Low |ed mean p*| Total | Normal) Low |ed mean p*| 
(108 eV/e) | (108 eV/e) | 
| Cal. Tech. (4) | 18 18 1 | 2.37 (x) 6 6 0) | 2.06.) 
2.31 (u) 2.00 (u) 
Princeton (1?) 13 9 (*) 2 DAS Gr) 10 AE) 1 2.31 (x) 
Ecole Poly- 14 8 6 210 (7 8 5 3 2.86 (7 
technique (3) u u 
Jungfraujoch 15 1166) 3 2.02 (x) Lil 10 1 2.09 (x) 
2.03 (u) 1.94 (u) 
Total 61 46 12 — oD 28 5 — | 
= = | 
(*) 2 events which may be due to hyperons are omitted. 


(+) RP 993 is omitted. 


(5) J. CRUSSARD, V. Foucxé, J. Hennessy, G. Kayas, L. LEPRINCE-RINGUET, 
D. MoreLLeT and F. RENARD: Nuovo Cimento, 3, 731 (1956). 
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If we normalize to a total of 100 K-meson and r-meson decays we now 
have the following estimate of their composition: 


positive negative 
INO MIMEMIDS jy GNI) G5 a 5 4 6 6 70 79 
Low p* events other than t’ . . . 13 12 
TI ST decays 2 goo 5 6 6 9 5 6 14 7 
7! decays” NARNIA EN 3 2 


The errors in these estimates are large and there is certainly no significant 
difference between the proportions for the positive and negative events. 

It is only possible to proceed further with the analysis by making some 
assumption about the distribution of p* values in the K,,, and K, decay modes. 
Because of the inaccuracy of the measurements it is likely that the only values 
of p* that are classified as «low » are values below 150 MeV/c (*). We may 
assume that about half the K,,- and K,-decays have p* below 150 MeV/c 
and half above (7). This estimate is not unreasonable and the result of our 
analysis would not be changed greatly unless the proportion of decays with 
low p* were, in fact, as low as one quarter. There is a bias favouring the inc- 
lusion of events with low p* in our sample due to the requirement that the 
event should be well measured. The École Polytechnique group estimates (*) 
that a low value of p* is, a priort, twice as likely to be selected as a normal 
value. Taking this estimate and again normalizing to a total of 100 mesons 
we find the following figures for their composition: 


positive negative 
Ky and. RK „re Br 63 71 
KE and EEE 20 20 
To vi. ee Oe ee on 14 7 
nen a © 3 2 


From the information we have discussed here a further separation of the first 
two classes is not possible. 


(*) The criteria for recognizing a charged V-event may prevent values of p* less 
than 50 MeV/e from being recorded but, for the slow primary particles we consider, 
this effect is unlikely to be important as the V-events can frequently be identified 
without reference to the absolute value of the transverse momentum. 

(7) C. M. York: Phil. Mag., 43, 985 (1952). 
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Plate 1. — A K-meson (travelling horizontally) decays into a particle which is probably 
lighter than a u-meson. 
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The K, mode of decay. - While we cannot deduce any reliable figure for the 
ratio of the numbers of K,, and K,-decays among the events there is some 
interest in recording the details of 3 events that are probably K,-decays. 
Event QM 861 (Plate 1) is identified from the momentum and ionization of 
the secondary particle and has been discussed in Sect. 4. Event SD 1472 is 
also identified in this way but the photograph of this event is of poor quality. 
The third event (SO 333) is a negative V-event where only a lower limit can 
be set to the primary momentum. However, this sets a lower limit also to 


Taste VI. — Kg Events. 
The p* is calculated assuming M, = 493 MeV/c? M, = 0.51 MeV/c?. 


0* is the angle of emission of the secondary in the centre of mass system with respect 
to the direction of the primary in the laboratory system. The value 0* = 175° for 
event SO 333 is found assuming p, = 10-10% eV/e. p,, p, and @ are defined in the 
legend to Table II. 


Event Sign ie 5 Py ” 4 = | a a 

5 (108 eV/c) (108 eV/e) Degrees | (10% eV/c) | Degrees 
QM S6l + 3.5 +0.3 0.67 +0.06 82+2 75+9 112 
sp 1472 Hr 7.315 | 0.3+0.1 117 +5 ae: 158 
SO 333 — = 10 0.60 +0.02 163 +3 > 244 c 175 


the value of p*. If the secondary is a u-meson this lower limit is 370 MeV/e 
a value incompatible with the decay of any known particle. If the secondary 
is an electron the value of p* is > 244 MeV/c. 

The details of the 3 presumed K,-events are given in Table VI.- In all 
three events the secondary was emitted backwards in the centre of mass 
system nearly along the primary line of flight. This is effectively a prerequi- 
site for identifying a K,-decay in flight. To our knowledge, no other examples 
of K,-decay have been observed in cloud chamber experiments and we must 
regard our three events as a statistical fluctuation on a smaller expected 
number. 


8. — Comparison with other Experiments. 


81. Relative abundances of the modes of decay. — The figures given in Sect. 7 
for the composition of the K-decays can be compared with the results obtained 
in several experiments using photographic emulsions. In Table VII this com- 
parison is made. 
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The emulsion experiments are able to resolve the p* distribution of the 
secondaries with far greater precision than is possible in the experiments we 
have so far considered. The value of the comparison made in Table VII is 


Taste VII. — The relative frequencies of K-decay modes found in various experiments. 
Emulsion evidence Cloud chamber evidence 
Ecole Poly- K-beam « G »-Stack sou yo 
. < Ss T' Negative 
technique (5) |RiTson et al. (8) (9) OStuly® CE suv’ 
ARE 54 57 61 
63 71 
Ke 26 31 18 | 
K,3 4 1 3 
Send 20 20 
Kg 8 2 8 
Au 7 a 8 14 7 
mi 1 2 2 3 2 


that it suggests good agreement between all the observations made on the 
relative frequencies of the different K-decays. 

In emulsions K”-decays are not observed when the K-particles come to 
rest and no information is available on the different modes of K --decay other 
than that summarized in Sect. 7. It is possible that the K~-meson decay 
modes are the same and have the same proportions as those of the K*-meson 
but there is some evidence against this simple view. This point is discussed 
further in 8°3 i) below. 


82. The ratio of positive to negative K-mesons. — The positive excess of 3.4:1 
that was found in Sect. 6 is much less than the 10:1 found by the Padua 
group in the G-stack cosmic ray experiment (91%). However, GEORGE et al. (12) 
find that 29% of the negative K-mesons which they observed stopping in 


(8) D. M. Ritson, A. Pevsner, S. C. Func, M. Wipcorr, G. T. Zorn, S. GoLD- 
HABER and G. GOLDHABER: Phys. Rev., 101, 1085 (1956). 

(?) G-STACK COLLABORATION: Nuovo Cimento, 2, 1063 (1955). 

(9) M. CECCARELLI, M. GRILLI, M. MERLIN, G. SALANDIN, and B. Secxr: Pisa Con- 
ference, mimesgraphed report (1955). : 

(") M. Scupin, D. M. Haskın and R. G. GLASSER: Nuovo Cimento, 3, 131 (1956). 

(2) E. P. GEORGE, A. J. Herz, J. H. Noon and N. SOLNTSErF: Nuovo Cimento, 
3, 94 (1956). 
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emulsion placed in the K-meson beam from the Bevatron gave no star at the 
end of their track. Correcting the G-stack data for this loss would reduce 
their ratio from 10:1 to 7:1 but this is still incompatible with the mean 
value of 3.4:1 for events in cloud chambers. It is almost impossible to ima- 
gine how the cloud chamber result could be biassed. Because the altitude at 
which the G-stack was exposed (27 km) is much greater than that at which 
the cloud chamber experiments were performed (3 km) the incident flux of 
particles is different in composition and mean energy in the two cases. This 
may well have caused a larger proportion of positive K-mesons to have been 
produced in the G-stack. The lower energies of the K-mesons observed in the 
G-stack may also affect, indirectly, the positive excess. 

All the cosmic ray experiments find a much lower positive to negative ratio 
than that of 100:1 found in the K-meson beam produced by protons of 6 GeV 
incident on a copper target (1#). A ratio of 100:1 is also found when the pro- 
tons produce K-mesons directly in photographie emulsions (%). CECCARELLI 
et al. (°) after considering several possibilities explained the very high positive 
excess in the machine data by assuming a shorter lifetime for the majority 
of the negative K-particles. It now seems, however (11), that if there is a dif- 
ference between the lifetimes of the K*- and K -mesons, it is insufficient to 
explain this effect. The next simplest explanation seems to be that depending 
on the different effective energies in the cosmic ray experiments and the 
machine experiments. 

The production processes allowed by the scheme of Gell-Mann and Pais (5) 
and Nakano and Nishijima (1°) are: 


(1) THN, een a 42.10.78. GeV) 
(2) NN Sa eet as 5 -(L.57-GeV) 
(3) REN N Kee Kae. 68S GeV) 
(4) NEN>NEN + K+ Ko. (2.48 GeV) 


The threshold energies in the laboratory system are given in brackets. Con- 
sidering these reactions, we suggest that at higher energies the reactions (3) 
and (4) are more important than (1) and (2), whereas at lower energies such 


(13) W. W. CHupp, 8S. GOLDHABER, G. GOLDHABER, W. R. JOHNSON and F. WEBB: 
Pisa Conference, mimeographed report (1955). 

(14) E. L. Inorr, G. GOLDHABER, S. GOLDHABER, J. E. LANUTTI, F. C. GILBERT, 
C. E. VIOLET, R. S. Wire, D. M. FOURNET, A. PEVSNER, D. Ritson and M. WipGorr: 
UCRL, 3323 (1956). 

(5) M. GELL-MAnNn and A. Pats: Glasgow Conference, p. 342 (1954). 

(1) K. NisnigimA and T. Nakano: Prog. Theor. Phys., 10, 581 (1953). 
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as given by 6.2 GeV protons, (2) is more important than (4). This involves 
a rather rapid increase with energy of the cross-sections for (3) and (4). If 
these cross-sections increase more rapidly than the cosmic ray spectrum falls, 
so that high energy interactions are important, the cosmic ray cloud chamber 
results can clearly be explained, since any positive to negative ratio greater 
than 1 can be obtained by a suitable combination of the processes (1) to (4). 


83. Further Comparison. — In the above comparisons we have made some 
effort to emphasize the general agreement which exists between the exper- 
iments. There remain difficulties in some details. 


i) If the positive excess is 3.4:1 the Ecole Polytechnique group should 
have observed 6 negative S-events while they have only found 2. Hither 
this is a statistical fluctuation, in which case there is no evidence for the K,,, 
being only positive; or the K,, is really only positive and the charged V-part- 
icles contain a component with a smaller positive excess than the S-particles. 


ii) It is seen in Table V that the Ecole Polytechnique has an abnormally 
large fraction of events with low p*. The effect seems too large to be due to 
better momentum resolution. 


iii) The change of the positive to negative ratio with the energy of the 
charged V itself was explained in Sect. 6 by supposing an admixture of hype- 
rons. However, the z-mesons, which cannot be confused with hyperons, seem 
to show the same behaviour (see Table IV). If the K-mesons produced in 
high energy interactions have, themselves, high energies then an increase in 
the cross-section of processes (3) and (4) could cause a decrease in the posi- 
tive excess though not a negative excess. Perhaps one observes a combination 
of both effects. 


iv) ARNOLD et al (17) have found a short lifetime for a class of part- 
icles which are not hyperons. The classes were highly selected and therefore 
small and none of the lifetimes differs from infinity by as much as two standard 
deviations. Bearing in mind the difficulty (and sometimes the impossibility) 
of the correction procedure in such classes, the short lifetimes may not be 
significant. 


v) In contrast to the results obtained with 6.2 GeV protons (which 
give 2 GeV available energy in the centre of mass system) SCHEIN et al. (°) 
find no positive excess for K-mesons produced by 4.6 GeV x -mesons (which 
give 2.2 GeV available energy in the centre of mass system) though the sta- 
tistical significance is not discussed. His result may show that reaction (3) 
is already important at 2.2 GeV in the centre of mass system. 


(7) W. H. ARNOLD, J. BALLAM and G. T. Reynozps: Phys. Rev., 100, 295 (1955). 
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9. — Interactions which Produce Charged V-Events. 


We have found 19 V-particles which were clearly produced in the copper 
or lead plate. Table VIII summarizes the essential data on these events. 
It is noticeable that the number of heavy prongs of the interaction is always 
small, but this may be because some are stopped in the plate. Events SN 814 
and SY 873 may represent large angle scattering of K-mesons with, in the case 
of SN 814, a charge exchange process. In the case of SS 678 a particle is 
scattered 8° in the plate and below it decays as a V -particle. The other 
features of the events are apparent from the table and it does not seem valuable 
at this stage to attempt any more elaborate discussion of them. In particular 
some of the V-particles are probably hyperons, so that the momentum spectrum, 
if evaluated, would be difficult to interpret. 


Taste VIII. — Interactions producing charged V-particles inside the cloud chamber 
in copper and lead plates. 


N, = number of heavily ionizing particles observed coming from the nuclear interaction. 


N, = number of lightly ionizing particles observed coming from the nuclear interaction. 
= = — = —n nn - = 
| x Sign | Sign of N | E Sign | Sign of N N | 
| ore of V | primary Mn | AU of V | primary 2 S 
| | | 
| ; | 
So ee 0 a an wre 0 On EG 
| 
SN 814 AL 0 0 0 | SY 868 = ae 0 2 
SO 1073 ze 2 2 1 | TH759 Se 0 2 
SY 873 + + 0 0 JB 127 — 2 0 1 
| 
SY 1058 28 ? 2 4 JK 23 an er 0 1 
TJ 199 Eo 0 0 | (15) *| QU 372 ns 0 1 Oui 
| 
TB = ? On SG 182 1 Te 
| 
= | 
SG 35 — aa 3 2 > art <- ? 1 i 
SL 424 — 4 0 1252928 + a 0 2 
| 
51990 7) au Kae SS Gres | = + 0 0 
| | | 
| | | 
| 
(*) Most of these particles are electrons. | 
(+) There may be secondary particles outside the illuminated volume. 
(*) See text. 
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10. — Conclusions. 


We have attempted to combine our measurements of slow K-meson decays 
with others made in similar experiments and conclude that: 


1) The positive excess of slow K-mesons (momentum < 600 MeV/c) 
observed under heavy material exposed to cosmic radiation is about 3.4:1 
in cloud chamber experiments. 


2) Our 150 events are only sufficient to give a lower limit (2:10 s) to 
the lifetime of charged V-particles. 


3) About 20% of the K-mesons have values of p* significantly less than 
200 MeV/e. 


4) The relative frequencies of the different decay modes, so far as they 
can be separated, can be the same for both K°- and K*+-mesons and the mean 
relative frequencies are 

K 


12 ES Kus K, Ms si 


67 20 10 3 


These ratios are in good agreement with all the emulsion experiments made 
on positive K-mesons (both from machines and from cosmic radiation). Three 
events have been observed which are most easily interpreted as the decays 
of K,-mesons. One of these is negatively charged. 


5) It seems possible to account for all K-meson observations using only 
one mean lifetime (10 s) for both positive and negative particles. In this 
case we are led to suppose that the cross sections of the reactions 


Ad) ape N= ee ere (8) m NN CE Ko 
and 


(2) Nap Ni ea (4) N+N>N+N+K+K 


vary differently with energy such that reactions (1) and (2) predominate at 
low energies, but at energies of several GeV, (3) and (4) become rather rapidly 
more important. Such a scheme would account for the observed values of 
the positive to negative ratio except for the difference between that observed 
in the G-stack and the mean value found in cosmic ray cloud chamber exper- 
iments. 


LE 
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RIASSUNTO (*) 


Si riportano i dati su 150 V cariche, generate in piombo e rame, osservate in camera 
a nebbia con campo magnetico. Le V cariche di bassa energia, interpretate tutte come 
mesoni K, mostrano una ripartizione nei differenti modi di decadimento che si accorda 
bene con i risultati forniti dalle osservazioni in emulsioni nucleari. Sono state trovate 
indicazioni di decadimenti iperonici nelle V cariche di alta energia (> 1 GeV) ed in 
quelle prodotte in rame. Si discute il rapporto tra il numero di K negativi e quello dei 
K positivi di bassa energia; viene suggerita una interpretazione in funzione di una 
dipendenza dall’energia della sezione d’urto per produzione. L’interpretazione più pro- 
babile di 3 dei 150 eventi è quella di mesoni K,, mentre altri 10 eventi sono interpre- 
tabili come decadimenti di mesoni 7, di cui uno negativo. 


(*) Traduzione a cura della Redazione. 
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Coulomb Repulsion Integrals (pp|pp) and Bonding Power 
of an Atom in a Given Valence State. 


L. PAOLONI 


Istituto Superiore di Sanita, Laboratorio di Chimica Terapeutica - Roma 


(ricevuto il 29 Maggio 1956) 


Summary. — The semiempirical method, previously used by PARISER 
and Parr (1), for evaluating (pp|pp) repulsion integrals has been gene- 
ralized and extended to the whole set of the first and second row atoms, 
in their valence states purely p and hybridized sp. This generalization 
allowed us to obtain an energy measure of the bonding power of an atom 
in a given valence state, which appears adequate to solve some diffi - 
culties, pointed out by PRITCHARD and SKINNER (?), and originated from 
the comparison of the promotion energies with the behaviour of the 
O, N, S and P atoms in their isovalent hybrid states. 


1. — A semiempirical modification of the Molecular Orbital (MO), Linear 
Combination of Atomic Orbitals (LCAO), method has been recently proposed 
by PARISER and Parr (') mainly for getting a simpler and better quantita- 
tive evaluation of electronic spectra of conjugated molecules. One of the most 
valuable simplifications was the empirical calculation of the Coulomb repulsion 
integrals for two electrons on the same atomic orbital y, 


fever Es an an = pion, 
12 


their value being obtained from the free atom valence state ionization poten- 


() R. PARISER and R. G. Parr: Journ. Chem. Phys., 21, 466, 767 (1953). 
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tials, — W,, and electron affinities, A,, according to the relation 


(1) (pp | pp) =o. W,— A, . 


The numerical data, necessary for a wider extension of this method to organic 
molecules containing hetero-atoms, have been calculated by MULLIKEN (2) and 
later by PRITCHARD and SKINNER (°). 

Equation (1) is not appropriate, however, to direct evaluation of (pp pp) 
when an electron pair in a given AO is conjugated to a z-electron system: 
indeed it was obtained by expressing (pp|pp) as the net energy spent in a 
process like 

2N > Nt++ N7 


with atoms and ions in the proper va- N**(syz.Vs) 
lence state, and where N+ means the 
nitrogen atom as in the molecular 
core (*). When a _ substituent like 


—NH, is considered, the nitrogen atom N**sp2P) 

enters into the molecular core as N+. 2 
In a recent paper on the structure 

of Melamine, together with Prof. DE- 


WAR (*), we overcame this difficulty 
by considering the process 


Wp 


MeN (op: Va) cme em A Woe cee Mer us eeeewer. oy alleen 
— N++(sp?, Vs) + N(sp?, Vs) , 
1195 | Ap 
where the energy of the valence state 
N+(sp?, V3) was obtained by averaging Nesx2yz,V3) 


a 


between the energies of N*(sp®, V:) 
and N*(sp®, V4) states of pyridine-like 
and ammonium-like nitrogen respec- 
tively, assuming that the valence state 


energy of a conjugated —NR, (amino- 
or pyrrole-like) is intermediate between 
the other two. LR OUR 


Ground State 


(2) R. S. MurLiken: Journ. Chem. Phys., 2, 782 (1934). 

(8) H. O. Prırcuarp and H. A. SKINNER: Chem. Rev., 55, 745 (1955); Trans. 
Faraday Soc., 49, 1254 (1953). 

(*) It is usual to name core what is obtained by removing all the z-electrons from 
the molecule, while leaving the atoms in their original equilibrium position. 

(4) M. J. 8S. Dewar and L. Paotont: Trans. Faraday Soc. (in press). 
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Tagce I. — Energy of each state above the ground state of the corresponding atoms or ions 


if, ik a 

Nt (s2p92, =P) 14.54 N+t (s2p2, 2P) 29.60 
| N+ (s2?y, Vo) 14.18 
| 
| O+ (s2p3, 48) 13.61 O++ (s2p2,®P) 35.15 O+ (sry, V;) 4.17 
| O+ (say, V;) 21.80 
| P+ (s2p?, 3P) 10.55 P++ (sp, 2P) 19.65 
| P+ (say, V;) 9.40 

S+ (s2p5, 48) 10.36 Ser (520 212) 23.4 Sr (ECU Wi); 2.44 


| S+ (sæ?y?, V:) 12.34 


Given the encouraging results thus obtained, an extension of this proce- 
dure was attempted for Oxygen, Sulphur and Phosphorus using valence 
state energies of PRITCHARD and SKINNER (?). The results, collected in Ta- 
ble I, were obtained by evaluating W, and A, through the obvious relations 
(see Fig. 1) 


(3) W, =— 1, + (a +b) —d 
(4) A, NT IG 0). c 
and then using eq. (1) (the meaning of the symbols is given in the heading 
of the table). 
This procedure actually implies the following significance for W, and 
(pp pp): the energy spent in a process like 
(5) N(sp4, Vs) > N**(sp?, Vs) 
is the sum of the work done by the nuclear field in keeping the two z-electrons 


in the given AO, or 2W,; plus the Coulomb repulsion energy between the 
two electrons, (pp|pp), in that AO, and in the field of N**, vie: 


(6) 2W, + (pp|pp) =— (Hi +) +e—d. 


Such a relationship follows immediately also from eq. (1), (3) and (4). An 
obvious consequence of eq. (6) is that the quantity 2W, + (pp\pp) depends 
on y on the initial and final states of the process (5) and that the energy level 
of the intermediate state, introduced in eq. (3) and (4) as the average (a+b), 
play a role only in the partition of the total energy between W, and (pp| pp). 
Any error thus introduced in the W, value through eq. (3) therefore brings 
an error in the repulsion energy. Now W, and (pp|pp) are used in the Pariser 
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b ¢ d “(pp |pp) 
N (s?ayz, V5) 1.19 N++ (xyz, V5) ? ? 
sayz, V4) 11.95 N (sr Vis) 14.23 N++ (syz, V3) 11.20 14.36 
(s2xy2, Fa) 1.66 O (s*x?yz, V.) 0.50 Ott (sry, V,) 0.65 | 16.86 
(sayz, V5) 1917 DONS Ty NE) 17.65 O(sy22, Vs) 18.36 16.58 
PA (SErye Ve) 0.70 P++ (xyz, Vs) ? ? 
(sryz, Vi) 8.69 P (sx?yz, V 3) 8.01 P++ (syz, Vs) 9.26 8.28 
(s?xyz, V3) 0.92 S) (8222932, Ve) 0.30 Snr (s2yer V5) 0.40 10.38 
(sx2yz, V3) 11.0 S (sr2y2z, V,) 9.39 St+ (sy2z, V,) 12.23 11.32 


and Parr method (1) both combined or separately, so that an evaluation of 
(pp|pp) indipendently of W, and A, appears desirable, at least for ascer- 
taining the reliability of the previously calculated values. 


2. — To this purpose we have tried to understand the meaning of the dif- 
ference between the empirical and theoretical values of (pp pp). The empi- 
rical value, which is obtained through eq. (1) differs from the theoretical one, 
which is obtained through the direct calculation of the integrals with the 
appropriate AO’s, and is, in eV, 


(7) (pp|pp) = 5.324Z 


when Slater 2p AO’s are used. This difference was firstly pointed out by 
PARISER (5) and partly accounted for as the energy change accompanying the 
polarization of o-electrons of the core atoms brought about as a consequence 
of the x-electrons migrations. Thinking this energy might be proportional 
to the effective charge Z of the atom and hence that it was possible to put, 
the empirical integrals obtained from eq. (1) in a form analogous to eq. (7 M 
we have tested the assumption on the whole set of first and second row atoms. 
The results, shown in Table II, indicate that such an assumption can be 
retained as a fairly good approximation, expecially when one remembers that 
electron affinities A, for Be, B, N, Mg, Al, Si, P and S are given with an 
error which « unlikely... is seriously in excess of + 1eV » (?). Among the 
first row atoms, considered only once ionized in the molecular core, the ratio 
of (pp|pp) to the effective charge Z remains nearly constant around the 
averaged values 3.29, with a departure never exceeding + 3%, irrespective 


(5) R. PARISER: Journ. Chem. Phys., 21, 568 (1953). 
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TABLE II. — Ratio of the (pp|pp) integral to the effective charge Z of the atomic nucleus 
in the molecular «core ». 


Atom Z \(pp|pp) *) (op pp) Atom Z (pp |pp) * (pp \pp) 
Ee 7 eV Z 
| Be (sp, Vo) | 1.95 | 6.20 3.18 Mg (sp, V2) 2.85 4.10 1.44 
IB (sp, V,) | 2.60 |: 8.95 | 3.44 || Al (sp, Vi) | 3.50 Le 6081 | 102 
B (sp?, Vs) | 2.60 8.41 3.23. | Al (sp2, Va) | 3.50 5.22 1.49 
| | 
C (s%p2, Vo) | 3.25 |. 10.66 | 3.28 Si (s2p?, V,) | 4.15 7.19 1.75 
C (sp, V,) | 3.25 | 10.84 3.33. | Si (sp?, Va) | 4-45 5.97 1.44 
| | 
| | | 
N (s2p3, .) | 3.90 1 12:98, 183.33 P (s%p3, Vz) | 4.80 8.86 1.85 
N (sp, Vs) CO || IAAL el Bai(sp203) 4.80 9.52 1.98 
| 4.25 | 14.36 | 3.38 5.15 8.28 1.61 
O (spa, V,) | 4.55 | 14.58 3.20, |S (spt, V,) | 5.45 9.80 1.80 
4.90 | 16.86 | 3.44 5.80 | 10.38 1.79 
| O (sp5, V2) | 4.55 | (12.91)*) (2.84) *| S (sp, V,) | 5.45 ? ? 
4.90 | 16.58 3.38 6.80) Wy 11.32 1.95 
F (s’p5,V,) | 5.20 | 17.33 3.33 Cl (s2p5, V,) | 6.10 11.27 1.85 


(+) Values obtained through eq. (1) with W, and 4, from Pp. & S. @); (excepted some 
values taken from Table I). 
(*) Values calculated with 4, given as uncertain by the above Authors. 


of whether the valence state is purely p or hybridized (sp). The same holds 
when atoms enter into the molecular core ionized twice, despite the uncer- 
tainty in the integrals coming from the average term $(a+b) in eq. (3) and (4). 
It seems legitimate, therefore, to use for the (pp|pp) integrals of first row 
atoms, whatever their hybridization, the empirical relationship. 


(8) (pp|pp) = 3.292 . 


It follows that (pp|pp) values for N*+ and O++ are 14.00 and 16.14 eV res- 
pectively, instead of the values recorded on Table I. Also the doubtful value 
12.91 eV corresponding to O(sp*, V,) can be substituted by 15.0eV. This 
is equivalent to taking 2.76 eV as the electronaffinity of O(sp5, V,) instead of 
the uncertain (*) value 4.85 eV. 

The first thing one notices in the second row atoms is the change of the 
(pp|pp) integrals as the valence state passes from a pure p to a hybridized (sp). 
The ratio between repulsion integrals and effective charge remains, however, 
within the limits 1.72--1.85 for all atoms with purely p bonding, ranging not 
more than 4%, around the average 1.79,. It appears probable therefore that 
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for second row atoms in a pure p valence state the relationship 


(pp|pp) = 1.79,Z 


represents, at present, an useful approximation. 

For the (sp) hybridized valence state of Mg, Al and Si the ratio remains 
nearly constant around 1.46. It is not so for P and S: the value 1.98 of Pt, 
which agrees quite well with the value 1.95 of S** (to which one can refer 
lacking the value of S*) is to be compared with the value 1.61 of Pt, We 
regard this as anomalous because it alone contrasts with the other regula- 
rities. The averaging criterion probably does fail in this case: indeed the value 
of 4(a-+-b) necessary to keep the P''’s ratio between 1.9 and 2.0 amounts 
to about 8.2 eV, and hence lies outside the interval of the actual values of a 
and b, 8.69 and 9.40 eV. 

The only conclusion one can stress is that for the hybridized (sp) states 
of second row elements the repulsion energy of two electrons in the same AO 
is different from that of the corresponding p states: and more precisely it is 
lesser in the hybrids of Mg, Al and Si and higher in those of P and 8S. 


3. — It seems that the above conclusion can throw some light on a difficulty 
pointed out by SKINNER and PRITCHARD (?). They say (Trans. Faraday Soe., 
1. e., p. 1260): « Yet despite that promotion energies are so much smaller in 
the second row elements, it seems that P and S are less inclined towards second 
order hybridization than are their first row analogues, and, as a corollary, 
that such hybridization is less effective in increasing orbital bonding power 
in the third quantum group (3s, 3p) than in the second. This conclusion is 
not easy to accept. » 7 

As SKINNER emphasized in a successive paper (°) the difficulty lies in 
getting an energy measure of what they called the orbital bonding power. 
We have tried to obtain it by the following argument. 

The total energy of an atom in a given valence state, approximated with 
the usual form of the hamiltonian, can be expressed as a sum of (i) mono- 
electronic terms, accounting for the nuclear field action on each electron; 
(ii) bi-electronie terms, accounting for the repulsion between electrons distri- 
buted among the various orbitals. This can be written 


(9) Br = > mW, + Dd (pr | aq) 


psa 


where p (and q) is referred to the orbitals actually occupied in the atom by 
n, =1 or 2 electrons, with p = q only when n, = 2. If we take the ground 


(6) H. A. Skinner: Trans. Faraday Soc., 51, 1036 (1955). 
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state of the free atom as the zero point of the energy and, considering only 
the outer electrons in the valence shell, we regard as constant or negligible 
the repulsions between electrons of different total quantum number (which 
is not a too severe limitation), then the energy E, of a given valence state 
above the ground state, can be decomposed into an attractive portion A and 
a repulsive portion R, both representing the variation of the corresponding 
terms of eq. (9) when the atom is promoted. The quantity E represents there- 
fore the promotion energy and is approximately given by 


(10) H=A+R. 
Let us now consider the ratio 

A 
(11) Bae 


It follows from eq. (10) that B=1 according as R=0, Le. according as the 
atom is promoted with an increase, without variation or with a decrease in 
the repulsive terms of eq. (9). If we do take B as a measure of the bonding 
power of the atom in that given valence state, in the sense that a higher ratio 
A/E corresponds to a higher bonding power, then it is easy to see that the 
difficulty referred to above does not persist any longer. The number of the 
bonding AO’s does not change in the second order or isovalent hybridization: 
whence the atomic bonding power B can be divided in equal parts, each one 
beeing regarded as a measure of the orbital bonding power. Now such hybri- 
dization brings about a transition of alone pair of electrons from a pure $ to 
an (sp) orbital both for N and © in the first row and for P and S in the second 
row: but whereas in the formers the change is effected approximately without 
variation of the term (pp|pp), which is doubtless the most important of the 
repulsive terms, in the latters the isovalent hybridization increases (pp | pp) 
by about 10%. 

The proposed criterion for the bonding power appears to be consistent with 
the principle of least energy and expresses the fact that a relative decrease 
in the repulsion energy produces a relative deepening in the total energy. 
Tf one takes into account all the conditions imposed on the building up of the 
molecule which are implied in the actual existence of a given valence state, 
then the bonding power of an atom in such a state will increase as the fractional 
amount of promotion energy spent in keeping the electron in the orbital in 
which it effects the bond (*). 


(*) The atomic bonding power as defined in eq. (11) also agrees with common 
experience which, for example, predicts that the trivalent state of Al and tetravalent 
state of Si are the most bonding: the passage V, > V3 and V, > V, respectively, pro- 
duces indeed a decrease of (pp|pp) integrals of about 1eV. Similar applications to 
other atomic states are straightforward. 


” 
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4. — The form of the equations obtained above for the empirical (pp | pp) 
integrals suggests some further comments. Let us examine the difference 
between eq. (7) and (8), which may be written 


(12) (PP | PP) sneor — (pp | PP) =a 5.32, (Z je Z*) b] 


where Z* is some kind of true effective charge of the atom in the molecular 
core. The Z* values corresponding to the first row atoms collected on Table IT 
are, in the order: 1.20, 1.60, 2.00, 2.40, 2.80, 3.20. These can be thought of as 
obtained with the same procedure of Slater’s effective charges but by adding 
to his screening constants the quantities 0.75, 1.00, 1.25, 1.50, 1.75, 2.00 
respectively. This seems an indication that the screening action of o-electrons 
of the atoms in the molecular core increases along with the (Slater) effective 
charges of the atoms: indeed 0.75/1.95 = 1.00/2.60 = ... = 2.00/5.20 = 0.38 
and finally 
Li 2, — u 0.38) 7 = 0,627 
5.324 

In other words the empirical evaluation of (pp|pp) integrals proposed by 
PARISER and PARR (!) appears equivalent to the introduction of a supple- 
mentary screening constant. 

A correction of this kind has been used recently by OHNO and ITOH (7) 
in a study on electronic structure of ethylene; their evaluation of the atomic 
terms in ionic structures, although claimed as nonempirical, does not differ, 
in principle, from the PARISER and PARR procedure for (pp|pp) integrals. 


A critical reading of the manuscript by Dr. CARL E. WULFMAN (Austin, 
Texas) is gratefully acknowledged. 


(7) K. OnNo and T. Iron: Journ. Chem. Phys., 28, 1468 (1955). 


RIASSUNTO 


Il metodo semiempirico usato da PARISER e PARR (1) per il calcolo degli integrali 
di ripulsione (pp |pp) è stato generalizzato ed esteso agli atomi del primo e del secondo 
periodo nei loro stati di valenza puramente p ed ibridi sp. Questa generalizzazione ha 
permesso una definizione energetica del potere legante di un atomo, in un determi- 
nato stato di valenza, che sembra adeguata a risolvere alcune contraddizioni rilevate 
da altri autori (?) tra la scala delle energie di promozione ed il comportamento di certi 
atomi (O, N, S, P) in stati ibridi isovalenti. 
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Summary. — The excitation functions for fast photoneutrons from bismuth 
are observed with (n, p) detectors. These indicate that the fast neutrons 
are produced predominantly by photons in the region of the giant reso- 
nance giving further experimental evidence that the giant resonance can 
be attributed to strong individual particle transitions rather than a 
collective type of photon absorption resulting in a general nuclear heating. 
The experimental angular distribution of the fast neutron component 
from the giant resonance can be represented by a value of B/A of 0.9+0.1 
in agreement with that expected for shell model transitions. The 
relative number of fast neutrons was found to be about 7% of the total 
neutron yield. This is consistent with the idea that individual neutrons 
are excited from upper closed shell levels to levels in the continuum if 
one takes account of the interaction of the neutrons in these states 
with the rest of the nucleus, as in the model of Feshbach, Porter and 
Weisskopf. 


1. — Introduction. 


Previous work by PRICE (!) indicated that about 20% of the neutrons from 
bismuth were in a group having an energy above that expected from the sta- 
tistical model and that these had an angular distribution with a large sin? 6 
component. Early theoretical work on the giant resonance considered the 
possibility of y-ray absorption by a collective nuclear motion which results 


(*) Fulbright scholar from the University of Illinois. 
(2). G. A. Prick: Phys. Rev, 93, 127971954). 
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in a general heating of the nucleus and subsequent decay via the statistical 
model of the nucleus, but such models cannot easily explain a large anisotropic 
component of high energy neutrons and one needs to introduce transitions 
in which a single particle may carry off most of the available energy. Although 
a combination of these processes can in some sense explain the observed results, 
the purpose of the present work was to see if the results are consistent with 
an interpretation of the giant resonance as a collection of shell model trans- 
itions as has been discussed by WILKENSON (2). From the latter point of view 
the giant resonance arises from the enhanced electric dipole transitions from 
the upper shell model states to unfilled states in the continuum. This point 
of view is also supported by the calculations of LEVINGER and KENT (?) who 
showed that when the Pauli exclusion principle was taken into account 61%, 
of the total oscillator strength was accounted for by transitions from the upper 
1h shell of a N = Z — 92 nucleus. 

In order to see if this point of view is borned out experimentally, it is of 
interest to try to answer, at least qualitatively, the following questions which 
where not clearly answered in the earlier experimental work. 

Does the fast group of neutrons have the same giant resonance as that 
for the total neutron spectrum? 

Is the angular distribution of the fast group of neutrons consistent with 
that expected from shell model ground states? 

Is the observed fraction of neutrons in the fast group consistent with the 
assumption that the absorption of the photon results in a single particle 
transition? 

We shall see that, with some qualifications, all these questions can be 
answered in the affirmative. It would, however, be desirable to have some 
more specific calculations. 


2. — Experimental Methods and Results. 


A bismuth cylinder, 2 em in diameter and 2 em thick was placed in a col- 
limated X-ray beam from a Brown Boveri Betatron in Turin. The exper- 
imental arrangement is shown in Fig. 1. The Betatron was operated at a fixed 
amplitude of the magnetic field and the energy of the electrons at the time 
of expansion was determined by controlling the phase of the expander circuit. 
It is estimated that the energy spread of the electron energy was at the most 
about 0.3 MeV. The monitor was a parallel plate ionization chamber, con- 
nected to a Perucca electrometer, with about 5 em of aluminum converter in 


(2) D. H. WILkINSON: Proceedings of the Glasgow Conference on Nuclear and Meson 
Physics (London, 1954). 
(3) J. S. LEVINGER and D. C. Kent: Phys. Rev., 95, 418 (1954). 
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front of the chamber. Its sensitivity has been calculated by FLOWERS, 
Lawson and Fossry (4) and for a bremsstrahlung spectrum varies from 
3.31:10° MeV/em esu at 10 MeV to 3.44:10° MeV/cm esu at 30 MeV. 


Fig. 1. — Schematic diagram of the general arrangement showing the paraffin moder- 
ated rhodium detector in place. Inset shows the arrangements with the (n, p) detectors. 


The neutrons from bismuth were detected by the neutron induced radio- 
activity in three different substances. The 44s activity in rhodium induced 
by neutrons slowed down in 
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Fig. 2. — (n, p) cross sections for 27Al and Si. the neutron induced activi- 


(4) B. H. Frowmns, J. D. Lawson and E. B. Fossny: Proc. Phys. Soc., 65 B, 286 


(5) U.S.A. ATOMIC ENERGY COMMISSION: Neutron Cross Sections (New York, 1955). 
(6) I. B. Marron, R. M. BRUGGER and R. A. CHapMan: Phys. Rev., 101, 247 (1956). 
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ty in Aluminum and Silicon placed near the bismuth sample as shown: in 
the inset in Fig. 1. In the work with these detectors it was found to be 
convenient to use the samples in powder form and to pour the powder into 
the jacket of a Geiger counter, adapted for counting liquids, immediately 
after the irradiation. The observed activities in these two elements are the 
9.6 min activity from the ?Al(n, p)”Mg which has an effective threshold of 
about 3 MeV and the 2.4 min activity from the *8Si(n, p)®®Al reaction which 
has an effective threshold of about 5 MeV. The measured cross-sections from 
aluminum (5) and silicon (?) are shown in Fig. 2. 


21. Exeitation Curves. Although it would be desirable to have the energy 
distribution of the neutrons at a number of Betatron energies, one can 
obtain some information about the behaviour of the high energy group with 
rexpect to the total neutron yield by comparing the neutron induced activity 
in the three detectors. The excitation curves for these three detectors are 
displayed in Fig. 3. In all cases the yields shown represent the difference ob- 
tained with and without the bismuth sample in the beam. 
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Fig. 3. — Photoneutron yields as a function of the betatron energy as obtained with 


three different detectors. Ordinates are arbitrarily normalized at 22 MeV 


In the case of the aluminum detector there was an appreciable 2.4 min 
activity induced by slow neutrons which was reduced by increasing the amount 
of paraffin between the Betatron and the sample and by covering the samples 
with cadmium. In the case of silicon some background activity was observed 
at energies above 20 MeV due to the *Si(y, p)?8Al reaction. 

This was apparently due to the scattering of the bremsstrahlung beam 
by the monitor and was largely eliminated by placing a block of lead between 
the silicon sample and the paraffin shield. 
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It is apparent that the large part of the yield in each case arises from 
photons below 20 MeV although the fact that the activity induced in silicon 
and aluminum remains above that for rhodium indicates that there are some 
fast neutrons which are produced by photons above that energy. 


o 


Arbitrary Scales 
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Fie. 4. — Photoneutron cross sections as observed with the three different detectors 
as a function of the photon energy. Scales for the ordinates are arbitrary. 


Cross-sections for the activation of the various detectors were calculated 
from the curves in Fig. 3 using the photon difference method of KATZ and 
CAMERON (7) and are shown in Fig. 4. The cross-section, as obtained with 
the Rh detector, is essentially that for neutron production since it has a sensi- 
tivity which is independent of the neutron energy, while those for the other 
two depend on the neutron spectrum from bismuth and on the energy sensi- 
tivity of the detectors. 

The exact shape of these curves are not determined with great accuracy 
but they do indicate the regions of the greatest contributions to the cross- 
sections in each case. The cross section curve for Al is especially uncertain 
due to the large variation of the incremental activity from point to point. 
Since the cross-sections for the (n, p) reactions have been measured, it is inte- 
resting to compare the observed (y, n) cross-sections as measured by these 
detectors with that calculated on the assumption that there is a fast group 
of neutrons which carry off all the available energy (#,— E,,) which has the 


(7) L. Karz and A. G. W. CameroN: Canad. Journ. of Phys., 29, 518 (1951). 
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same excitation cross-section as that for the total neutrons. The existence 
of such à group of neutrons is indicated in the neutron spectrum of Price which 
is reproduced in Fig. 5. It is apparent that the threshold of the silicon de- 
tector is high enough to exclude any significant contribution of the high energy 
tail of the statistical distribution. The product of o(y, n),.,,,. as shown in Fig. 4, 
and o(n, p), from Fig. 2 is shown in Fig. 6 where it is compared to o(y, n). 
from Fig. 4. It is observed that the agreement between the observed and the 
calculated cross-sections is rather good. Similar calculations for the expected 
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Fig. 5. — Energy spectrum of Fig. 6. — Calculated cross section for neutrons 
the photoneutrons from bismuth as detected by the Si(n, p) detector, on the 
at 22 MeV as observed by assumption of a direct process, compared with 
PRICE. the experimentally observed cross sections. 


cross-sections for the Al detector indicates that the observed cross-section falls 
too fast at higher energy. The results do indicate, however, that the main 
contribution to the fast neutron yield takes place in the region of the giant 
resonance. It is, therefore, not necessary to assume that the fast neutron 
component is produced by a photon absorption process which is different from 
that responsible for the giant resonance. 


22. Angular Distribution. — The experimental arrangement used in the 
measurement of the angular distribution was that shown in the inset of 
Fig. 1. The fast neutron detectors were placed at various angles at a distance 
of 4.5 em from the effective center of the bismuth sample. These samples 
were counted by pouring the powders into the outer reservoir of a Geiger 
»ounter designed for counting liquids. The count obtained in this way 
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was considerably higher than that obtained with aluminum and quartz tubes, 
such as used by Prick. In the usual run in which the sample was irradiated 
for about an half life and counted for a similar period, the net count would 
be more than 1000 counts. Such measurements were repeated at least 4 


times for each point. 
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Fig. 7. — Angular distribution of neutrons from bismuth irradiated by 31 MeV brems- 


strahlung as observed with the Al(n, p) detector. 


The angular distribution as measured by the 9.6 min Al(n, p) activity for 
30 MeV bremsstrahlung is shown in Fig. 7. The background activity with 
this detector is due to the 2.4 min slow neutron induced activity and does 
not vary appreciably with angle. The solid curve is a least square fit of the 
data with a function of the form A+B sin? @+Ccos6. The value of B/A 
in this case is 0.67 + 0.1 as compared to a value of 1 obtained by PRYCE 
at 18 and 22 MeV. The angular distribution as measured by the 2.4 min 
Si(n, p) activity is shown in Fig. 8. The background without the bismuth 
in the beam was small but at 30 MeV there was a troublesome background 
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Fig. 8. — Angular distribution of neutrons from bismuth irradiated by 20 and 30 MeV 
bremsstrahlung as detected by the Si(n. p) detector. 
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at 30° due to the X-rays scattered by the bismuth giving rise to the same 
2.4 min activity by the 2°Si(y, p)?8Al reaction. 

To estimate the effect of photon scattering at 30 MeV, the photon induced 
activities in copper and oxygen (H,O) samples placed at the 30° position were 
compared to that induced in the direct beam with the bismuth sample removed. 
When the observed ratios of the scattered intensities are applied to the observed 
activity induced in Si in the direct beam, the fraction of the activity in Si 
at 30° which could be attributed to the scattered y-rays was found to be 15 
and 4 percent as calculated from copper and oxygen data respectively. Since 
the effective threshold for the ?°Si(y, p)?*Si reaction lies midway between those 
for oxygen and copper, the average of these two values was used. It can be 
seen that the distribution is still quite asymmetrical. The value of B/A is 
1002201: 

At 20 MeV the betatron intensity was lower and it was more difficult to 
obtain good statistics. The points may be more significant, however, since 
the background was completely negligible and it is clear that at this energy 
the entire effect is contributed by photons from the region of the giant reso- 
nance. The three points obtained at this energy are also shown in Fig. 8 
slightly displaced from the actual angles in order to avoid confusion. The 
value of B/A in this case is 0.9 + 0.1 and is much lower than that obtained 
by PRICE with quartz detectors. 

These values can also be compared with the work of JOHANSSON (°). He 
found angular distributions which were symmetrical about 90° with values 
of B/A of 0.96 and 0.82 for Pb using ZnS plastic scintillators biased to detect 
neutrons above 5 and 10 MeV respectively. The bremsstrahlung energy, 
however, was 65 MeV and it was not clear that the major part of the neutrons 
was produced by photons in the region of the giant resonance. 

An attempt was made to measure the angular distribution with" the pa- 
raffin moderated Rh counters but, due to insufficient shielding, the back- 
ground was too high to permit good measurements. The measurements, how- 
ever, gave an upper limit of 10% for the anisotropic component. 


2°3. Fraction of Neutrons in the Fast group. — The rough energy spectrum 
of Price shown in Fig. 5 indicates that about 16 percent of the neutrons are 
in the fast group above that of the neutrons expected on the basis of the 
statistical model. 

In the present experiment the fraction of the neutrons in the fast group 
can be estimated by comparing the observed (n, p) activities with that cal- 
culated using the total photoneutron cross-section and the corresponding (n, p) 
cross-sections on the assumption that all neutrons have an energy of 


(8) 8. A. E. Jowansson: Phys. Rev., 97, 434 (1955). 
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en 7.0) MeV. The necessity of absolute measurements of counter sensiti- 
vity for the silicon sample was eliminated by observing the ?SAI activity pro- 
duced by the 2*Si(y, p)?*Al which has been studied previously by KATZ et al. (°). 
It is then only necessary to compare the observed (n, p) induced 28A] activity 
measured in an identical sample and in the same counting geometry when 
irradiated with X-rays in the position of the bismuth sample. The ratio of 
the activity in a silicon sample placed 3 em from the center of the bismuth 
at 26 MeV to that found with a similar sample directly in the beam at the 
same energy was 0.011 while that ‘alculated on the assumption discussed 
above was 0.22. The observed (n, p) activity is therefore consistent with the 
assumption that 5% of the neutrons are emitted as fast neutrons, carrying 
away all the energy available. 

The corresponding number calculated from the (n, p) induced activity in 
aluminum indicates that about 10% of the neutrons are in the fast group. 
It is expected that there will be some activity induced in Al by neutrons from 
the statistical distribution but a large contribution of isotropic neutrons from 
this distribution would considerably reduce the relative anisotropic component. 
It may be that the larger apparent yield from the Al detector is due to dif- 
ferent counter efficiencies used in this work and in that used previously in the 
measurements of the (n, p) cross-sections. 

It seems reasonable to say that the present work indicates that 7 + 3% 
of the neutrons are in the fast group. This is considerably less than that 
obtained from the earlier work and it would be desirable to have further 
measurements on this point. 


8. — Discussion. 


The fact that the fast group of neutrons with the anisotropic angular dis- 
tribution is clearly associated with the giant resonance makes it interesting 
to see if the angular distribution and the fraction of neutrons in the fast group 
is quantitatively consistent with the assumption of shell model t ansitions. 

First, it is clear that practically all photons absorbed through individual 
proton transitions lead to a general excitation of the nucleus since the protons 
have a very small probability of penetrating the Coulomb barrier. These trans- 
itions account for 50%, of the total neutron yield but make no contribution 
to the characteristic fast neutron group. The remaining 50% of the transitions 
can be considered as electric dipole transitions from the upper closed neutron 
shells. The strongest of these are the 1h%/? — 1517? and the 1.12 — 1)? 


(9) L. Karz, R. N. H. Hastam, J. GOLDEMBERG and J. G. W. TAYLOR: Canad. 
Journ. of Phys., 32, 580 (1954). 
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transitions leading to final states in which the neutron has angular momenta 
of 6 and 7 respectively. The relatively large angular momentum barriers in 
these states increase their lifetime and make the consideration of the inter- 
action of neutrons with the rest of the nucleus important. When such an inter- 
action is introduced, the transitions from these upper states contribute largely 
to the statistical distribution and it is found that the largest contributions 
to the fast group of neutrons can be attributed to other transitions. 

The angular distributions to be expected for simple electric dipole transitions 
from a state with angular momentum / to one with /+1 was shown by Cou- 
RANT (1) to be of the form A+B sin? 4 where B/A = (l-+2)/2l. The value 
to be expected from bismuth will depend on the relative contribution of 
various transitions to the fast neutron group. 

The fraction of neutrons escaping directly without interaction with the 
rest of the nucleus can be expressed as # = 7,/(1,+17,), where J’, is the 
width for neutron emission and /”, is the corresponding width for the absorp- 
tion of the simple neutron state into a general excitation of the nucleus. 

As a rough approximation for J”, one may use the relation (11) /°,=2ky?T), = 
x 3h0T,,[R, where v is the neutron velocity, R is the conventional nuclear 
radius, and 7, is the transmission of the angular momentum barrier (12). For 
7 MeV neutrons having no angular momentum the value of /', is about 5 MeV. 
This value is reduced by the transmission factor for neutrons having angular 
momenta different from zero. 

To obtain an estimate of J’, one may use the model of Feshbach, Porter 
and Weisskopf (13) in which the potential for low energy neutrons is V(1+¢i)= 
= 42(1 + 0.037) MeV and the width for the absorption is 2¢V. For a neutron 
energy Æ., which is comparable to the binding energy B, one expects the 
absorption to increase by a factor ((#,+-B)/B)* which represents the depen- 
dence of the absorption on the excitation above the Fermi energy (*). For 
à neutron of 7 MeV J’, is about 10 MeV. 

In order to obtain an average value of B/A and F it is necessary to con- 
sider the enhancement factors for the possible photon transitions as well as 
the transmission of the angular momentum barrier by the outgoing neutron. 
The enhancement factors used are proportional to those given by WILKINSON (?) 
and may not be strictly correct but these do take into account, at least quali- 
tatively, the transfer of oscillator strengths from the transitions between lower 


(40) E. D. Courant: Phys. Rev., 82, 703 (1951). 
(1) J. M. BLarr and V. F. Weissxorr: Theoretical Nuclear Physics (London, 
1952), p. 558. 


(2) M. Lax and H. Frsupacu: Journ. Acoust. Soc. Am., 20, 108 (1948). See also 
ref. (11) page 361. 
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levels which are forbidden by the Pauli principle to the upper levels. The 


enhanced strengths (S) of various transitions, the neutron transmission factors, 
and the values of # and B/A are shown in Table I. 


TABLE I. — Shell model transitions in bismuth. 
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The headings of the various columns represent the initial (J) and final angular momen- | 
tum (J,), the number of neutrons in the shell (n,), the enhancement factor (&), the strength | 
of the transition (S), the transmission of the angular momentum barrier (JT j,) for 7 MeV | 
neutrons having angular momentum 7,, the fraction of neutrons escaping F=-Tynl(Tın+2), | 
the number of fast neutrons N;-(Sx#), and (B/4) the coefficient of the sin? 0 term of | 
the angular distribution. | 


It is interesting to note that although the strongest photon absorption 
takes place in the upper shell it makes only a small contribution to the fast 
neutron group. The largest contribution comes from the 2f — 2g transitions 
for which the angular momentum barrier is smaller. The average fraction of 
the neutrons which escape in these neutron transitions is seen to be 10% 
giving a fast component which is 5% of the total neutron yield. This esti- 
mate is in reasonable agreement with the observed value of 7% and it provides 
a way of understanding the relatively small fraction of neutrons in the fast 
group without the necessity of introducing a photon absorption of the co- 
operative type. 

The average value of B/A obtained on the basis of the above: model is 
seen to be 0.90 in agreement with the value observed at 20 MeV. 

The measurements on the fast group of photoneutrons from bismuth are, 
therefore, consistent with the interpretation of the giant resonance as a col- 
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lection of individual particle transitions from initial shell model states to final 
states in the continuum. 

In order to explain quantitatively the angular distribution and the yield 
of the fast neutron group one must take into account the absorption of the 
neutrons from the final single particle states into a general excitation of the 
(compound) nucleus. 


We wish to express our appreciation to Prof. G. WATAGHIN, director of 
the Institute of Physics for his active support of this work and for useful 
discussions. One of us (A.O.H.) wishes to acknowledge the most enjoyable 
hospitality of the Institute during his stay in Italy. 


RIASSUNTO 


Si sono misurate con diversi tipi di rivelatori (n, p) le funzioni di eccitazione dei 
neutroni rapidi prodotti nella fotodisintegrazione del bismuto. Queste misure indicano 
che i neutroni rapidi sono essenzialmente prodotti nella regione della risonanza gigante, 
il che offre una ulteriore evidenza sperimentale all’ipotesi che la risonanza gigante sia 
un insieme di transizioni tra stati di un modello a particelle indipendenti piuttosto che 
un assorbimento di fotoni dovuto ad una vibrazione cooperativa dei nucleoni risultante 
in un generale riscaldamento del nucleo. La distribuzione angolare della componente 
veloce dei neutroni provenienti dalla risonanza gigante pud essere rappresentata da 
un valore sperimentale di B/A dell’ordine 0.9 + 0.1 in accordo col valore teorico per 
transizioni nel modello a shell. Si & trovato che il numero relativo di neutroni veloci 
è cirea il 7% del numero totale dei neutroni emessi. Questo numero è in accordo con 
Vipotesi che i singoli neutroni vengano eccitati da livelli appartenenti alla shell chiusa 
più esterna a livelli del continuo, sempre che si tenga conto dell’interazione dei neu- 
troni in questi stati con il resto del nucleo come nel modello proposto da Feshbach, 
Porter e Weisskopf. 


23 - Tl Nuovo Cimento. 


IL NUOVO CIMENTO Vor. IV, N. 2 1° Agosto 1956 


Pair Correlations in Dilute Gases at Low Temperatures. 
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Summary. — In classical statistical mechanics, the correlation function 
between pairs of gas particles in a dilute gas is given by exp [— ßV (r)]; 
where 6 = 1/kT and V(r) is the potential of the force between the two 
particles. This paper presents the corresponding quantum mechanical 
formulae, including the generalization to Bose-Einstein and Fermi-Dirac 
statistics. The quantum mechanical corrections are of major importance 
in the low-temperature region, where they change the correlation function 
qualitatively. In the absence of bound states, the quantum pair correla- 
tion function approaches a finite limit as the temperature approaches zero. 
Various approximation methods are developed for the pair correlation 
function, including an application of a variation principle for the inverse 
of an operator, due to Friedman. 


1. — Introduction. 


This paper is devoted to a discussion of the statistical mechanics of dilute 
gases at low temperatures, in the approximation in which 3-body and more 
complex collisions between gas particles can be neglected. This is the same 
approximation which gives the correct value for the second virial coefficient 
but incorrect values for the higher coefficients in the virial expansion. Alter- 
natively, this paper may be considered an exact treatment of the statistical 
mechanics of a system of two gas particles enclosed in a large box with constant 
temperature walls, the box being empty otherwise. 


(*) Also supported by the Nuclear Research Foundation within the University 
of Sydney. 
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The behaviour of dilute gases at low temperatures is an old subject (12), 
and no longer of major interest for its own sake. However, the methods used 
here to discuss this problem allow generalization to more interesting low- 
temperature systems. 

The emphasis in the literature is primarily on the calculation of the second 
virial coefficient; this will form the subject of the following paper. In this 
paper, we make a detailed study of the pair correlation function in a dilute 
gas. We emphasize that effects due to the interposition of other particles 
between the particles of our pair are not considered in this treatment. Thus, 
in classical statistical mechanics, our pair correlation function is given simply by 


(al) q(r, BP) = exp [— PV (r)] classical, 


where = 1/kT and V(r) is the potential of the force between the two part- 
icles. The classical result fails at low temperatures, and we are concerned 
with the quantum mechanical generalization of this correlation function, and 
with another correlation function, q,(7,t), which enters when the particles 
obey quantum (Bose-Einstein or Fermi-Dirac) statistics. 

Our g(r, B) is called S(r) by UHLENBECK and BETH (2), and is not intro- 
duced explicitly by GROPPER (?) or GREEN (2%). The properties of this pair 
correlation function are not discussed at all, except for stating the obvious 
requirement 


(1.2) lim q(r, 6) == a, for all P. 


This is quite satisfactory if the virial coefficient is the main focus of interest. 
But in the generalization to other low-temperature phenomena, the pair cor- 
relation function itself is of more interest than the virial coefficient; this is 
so particularly because (as we shall show in the following paper) the main 
contribution to the virial coefficient at very low temperatures comes from 
values of the inter-particle separation 7 much larger than the range of the 
force between the particles, and hence also much larger than the normal inter- 
particle separations in denser systems such as liquids. 

No numerical results are given in this paper. The formulae are too cumber- 


() J. ©. HIRSCHFELDER, C. F. Curtiss and R. B. Brrp: Molecular Theory of Gases 
and Liquids (New York, 1954); see chapter VI in partienlar. 

(2) a) & E. UHLENBECK and E. Bern: Physica, 3, 729 (1936); 4, 915 (1937); 
b) L. GROPPER: Phys. Rev., 50, 963 (1936); 51, 1108 (1937); 55, 1095 (1939); 
c) K. Husimr: Proc. Phys.-Math. Soc. Japan, 22, 264 (1940); d) H. S. GREEN: Proc. 
Phys. Soc. London, A 45, 1022 (1952). 

(2) J. E. Kivparrick, W. E. Kerter, E. F. Hammer and N. Merroporis: Phys. 
Rev., 94, 1103 (1954). 
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some to allow evaluation by desk computing methods, but are suitable for 
evaluation by electronic computers. A program for evaluating the second 
virial coefficient already exists (*), and we intend to write a program for eva- 
luating the pair correlation function as soon as the Sydney SILLIAC comes 
into operation. 

The general derivation given in Sect. 2 differs from the literature (2) mostly 
through the more careful discussion of the contribution of the bound states; 
these are omitted completely by GROPPER and GREEN, and are treated in an 
ad hoc manner by UHLENBECK and BETH; these latter authors, however, do 
arrive at the correct final result. In our treatment the contribution of the 
bound states enters naturally as a consequence of the mathematics, and no 
special ad hoc treatment is necessary. For the same reason there is no diffi- 
culty about what normalization should be used. 

The rest of the paper is devoted to a discussion of the properties of the 
pair correlation function, obtained through various approximation methods 


2. — The Density Matrix of a Two-Particle System. 
We consider two non-identical particles in a box. The density matrix is 


the matrix element of the statistical operator exp[— PH], where B = (KT) 
and H is the Hamiltonian of the system: 


(2.1) H = — (h2/2m,)V?2— (i?m,)V} + V(|ri— rl 
— — (2 MV? — (fu) VE + Ver), 
where x is the coordinate of the centre of gravity, M the total mass, r the 
relative co-ordinate, and u the reduced mass. We write 
(2.2) U(x, r; x’, r’; 8) = <rr,|exp[— BH]|rir,> = “ar|exp[— PHk'r') = 
= U,(x—- x", B)G(r, r', B) , 
where the factorized form is possible because the Hamiltonian for the centre- 


of-gravity motion commutes with the Hamiltonian for the relative motion (4). 
The expression for U, is well known (?) 


(2.3) Uy(x — x’, B) = (2nh28/M)-3 exp | Ale "| 


HB 
(4) Strictly speaking, this is not true because of the fact that the system is enclosed 


in a box. However, the error involved here can be made arbitrarily small by letting 
the box become very large. 
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We shall be interested primarily in the function G(r, r’, ß) defined by 
Y I / = 
(2.4) G(r, r’, B) = <r|exp [— BH,.]|r") 


where H,,, is the Hamiltonian for the relative motion of the two particles, 
i.e., the last two terms in equation (2.1). @ satisfies the differential equation 
(2.5) oG/op =— HG; 


rel 


with the initial condition 
(2.6) Jim G( (es = Or r))E 


In the trivial case of no interaction between the particles, V(r) = 0, the 
solution of (2.5) and (2.6) is formally identical with (2.3), and is obtained 
from = 3) by replacing M by u, x by r, and x’ by r’. We shall call this function 
G(r, r’, B), 


I 


ulr—r'|: 


DE 


(2.7) Gr, r',ß) = (2ah?P/u) ? exp | — 


It is easily verified that the total density matrix in this simple case assumes 
a factored form with one factor for each particle: 


(2.8) (rır, 


exp [— PH ||rir,> = (2ah?B/m,)-*(2ah2B/m,)-* 


m(r, — rı)? + Mori — r;)? 


“exp | ~— DE 


We now proceed to solve (2.5) in general. We introduce the following 
notation : 


(2.9) t = h7B/2u 
(2.10) Wr) = 2uV (r)/h2, 


so that equation (2.5) assumes the form of a « heat-flow » equation with ¢ as 
the « time » 


(2.11) aG/at = V2G— Wir) 


and the «free» solution (2.7) becomes 


(2.7a) G(r, r',t) = (dnt)2 exp 


4t 


(P= S| 
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We decompose @ into spherical harmonics: 


(2.12) Gir, r’, t) = > Gir, 7, Her’) Inn), 


where 0 is the angle between the vectors r and r’, and Y,,,(0,@) are the stan- 
dard spherical harmonies (5). Equations (2.11) and (2.6) then split into sepa- 
rate equations, one for each value of 1: 


(2.13) aG,/dt = jr: — ene We) =— HG, 
(2.14) lim Gr, r',t) = d(r—r). 


We now make a Laplace transform on the variable t, i.e. we introduce 


fee} 


(2.15) AAG ie. 8) = je» — st]@.(r, 7’, t) dt. 


0 
The differential equation for Z, then becomes 

(2.16) HZ, + sZ, = d(r— 1). 

This equation must be solved subject to the boundary conditions: 
(2.17) Zr, 7,8) = 0 when ON and when 1% — co: 


We introduce the regular and irregular solutions of the homogeneous 
equation corresponding to (2.16), ie. of 


(2.18) Hui(r, o) + eul(r,o) = 0, 


where we write s = o? for later convenience. The solution w,(7, o) is defined 
by the conditions 


(2.19) ulr,c) >exp[+or] for r large; w,(0,c) = 0. 
A linearly independent solution v,(7, o) is defined by the condition 
(2.20) vr, 6) >exp|— or] for r large. 


(5) E. U. Conpon and G. H. Smorrzey: The Theory of Alomic Spectra (Cambridge 
1953), X Il. 
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This solution fails to vanish at the origin, of course, unless o? assumes special 
values corresponding to energies of possible bound states; for our purposes 
we must exclude this possibility, i.e., we must choose the Laplace transform 
variable s in (2.15) such that (h?/2u) Re (s) is larger than the binding energy 
of the most strongly bound discrete energy level of the two-particle system (°). 
This is of course always possible. 

We use the Wronskian identity 


(2.21) v.( Ouf Or) — ul dv,/0r) = 20 


which follows from the asymptotic forms (2.19), (2.20) together with the fact 
that the Wronskian is independent of 7. We also introduce the notation 


(2.22) i. = Maxımunm M) re = Minimum (7, 7’) . 
The solution of (2.16) and (2.17) is then given by 
(2.23) Zur, 1’, 8) = 48 autre, st) or, st). 


We now use the standard inversion formula for the Laplace transform 
(2.15), to get 


(2.24) CATS RTE) = (ni | as exp [st]Z,(r, 7’, 8) = 


© 


= ai [aa exp [ot}u(re, o)wı(r,, 0), 


a! 


where C is the standard Bromwich contour and 0’ is its image in the plane 
of o = si. 

We now transform the contour so as to get (2.24) into purely real form. 
This means essentially taking the contour C’ along the imaginary axis in the 
o plane; however, care must be taken if there are bound states, so as not to 
lose their contribution. Suppose there exists a bound state with angular mo- 


mentum / and energy 


(2.25) & = — (#?/2u)oi . 
In that case, the solution v,(r, o,) not only vanishes at infinity but also becomes 


(6) As we shall see, this is merely the usual requirement on the Bromwich contour 
in the inversion of the Laplace transform, namely that the contour must run to the 
right of all singularities of the Laplace transform function Z(s). 
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zero at r=0. No solution w,(r, o,) satisfying the conditions (2.19) exists, 
and it is shown in appendix A that w,(r, o), considered as a function of o for 
fixed r, has a pole of first order at o = o,, with residue proportional to v,(r, o:). 
More precisely, in the neighbourhood of o = o,, wir, 0) is given by 


ay (y oO 
(2.26) ul) ee 


ao 


J (wir, 0;))? dr 


+ regular terms. 


When we substitute this result into (2.24), the contribution of the pole at 
o — 0, becomes equal to 


(r, G)0(1", 61) 


J “(0 (7, 6)} dr 


0 


exp [or] © 


We introduce a symbol for the normalized radial wave function of the i-th 
bound state with angular momentum J: 


(2.27) ROS pe 
feo sur ar) 


In terms of this notation, the contribution of the i-th bound state to G,(7, 7’, t) 
is equal to 


(2.28) exp [o? pur pil? !) = exp [— Bee pul’) pul?) . 


Having taken care of the contributions of the poles along the positive real 
axis in (2.24), the remainder can be evaluated by taking the contour ©” to 
lie along the imaginary axis in the o-plane. We introduce the notation o = ik 
and the regular and irregular solutions of the Schrödinger wave equation: 


Yılr, k) = 0 BN op == (0 
(2.29) 
> sin (kr — dla + Ô;) for kr>l, 
(2.30) wilr, k) & cos (kr — fla + di) for kr > 1. 


In terms of these, we have 


| u(r, tk) = 21exp ir — Or lpr, k) k>0 
(2.31) 


| ufr, — ik) = (u(r, ik))* 
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| or, ik) = exp[— ila — à) (pir, &) — ipılr, #)) k>0 


| 90, = ik) = (or, ih))*. 


Combining these results, we get the following expression for @,(r, 7’, t), (2.24): 
= ’ oO Da ’ ’ ’ 


foo} 


(2.33)  Gitr,r’,t) = (2jm) | exp [— élgitr, k)gilr', k) + 
0 


ste > exp [— Be? Wwulr)pulr’) . 


We now have a complete solution for the density matrix of our two-particle 
system, given by (2.2), (2.3), (2.12), and (2.33). In practice, of course, this 
solution can be used only in conjunction with a. fast electronic computer. 
However, we shall develop approximation methods of various sorts, and we 
shall discuss the general behaviour of the solution in the limit of low tem- 
peratures. In the following paper we shall establish the connection with the 
calculation of the second virial coefficient. 

Before proceeding, we indicate the changes necessary if the two particles 
are identical particles rather than distinguishable particles. Apart from the 
obvious m, =m, u = 4m,, we must take into account the statistics of the 
particles. The matrix element (2.2) involves the operator exp|— PH] acting 
on the unsymmetrized base function 6(r,— r’) ö(r, — r.). We must now use 
base functions of proper symmetry, i.e., symmetric for Bose-Einstein statistics, 
anti-symmetric for Fermi-Dirac statistics. The normalized base functions are 


2-t(6(r,— 1r,) 6(r,— r,)  8(r,— r,) 67, — ri). 
Using the fact that the Hamiltonian, and hence also the operator exp [— PH], 
is invariant under the exchange of the two particles, we get the following 
expression for the density matrix of a system of two identical particles: 


(2.34) <(rir,)|exp [— BH]| (rir,)) = <rir.|exp [— BH] |rir.) + 


+ (rire | exp [— PH] | rr 
When we separate out the centre-of-gravity motion and use (2.12), we find 
that the effect of the quantum statistics is to restrict the sum over / to even 
values of 1 for Bose-Einstein statistics, odd values of ! for Fermi-Dirac sta- 
tistics. The two terms of (2.34) contribute equal amounts to those values of I 
which are retained in the sum (2.12). 
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3. - Born Approximation to the Density Matrix. 


Under certain conditions, namely if the influence of the forces between 
the particles are relatively unimportant, it possible to get an approximate 
form for the density matrix by expanding in powers of the potential. In this 
case it is easiest to proceed directly from the partial differential equation (2.11) 

1 


for G(r, r',t), rather than decomposing @ into a sum over angular momenta J. 
We write 


(Sal) een) CAA Ted), SE Gal 9) SE coc 


where @,, (2.7), is the density matrix for the relative motion in the absence 
of interactions, and G, is linear in the potential. By equating terms of the 
same power of W in equation (2.11), we get the following equation for G,: 


(3.2) 0G,/ot — V2G, =— Wir)@(r, r’, t) . 


From its definition, G(r, r',t) is the Green’s function for the operator on the 
left side of (3.2), and we therefore have the immediate solution 


t 
(3.3) ir roi) = Jar farce r't)W(r')G(r', r',i—t). 
0 


Since the «time» ¢ oecurs only in the known functions G, the integration 
over t' can be performed once and for all. The easiest method consists in making 
a Laplace transform on t, and using the fact that the integral over t’ is a con- 
volution integral, for which the Laplace transform is simply the product of 
the original Laplace transforms; the inversion of the Laplace transform so 
obtained is trivial. The result is 


(3.4) G(r, r',t) = Jar Ir— r’|,\r — r"|,t)W(r'), 
where 

5 x æ + a (x + a’)? 
829 KA: eit ti) = sr ax = Bee 2 
(3.5) (2, a at) (dm) ita! xp 7 | 


One special case of interest is t very small, i.e., 5 very small or very high 
temperatures. In that case the Gaussian in (3.5) is very sharp, so that A, 


is practically zero unless |r—r"| + |r—r" 


= 0, ie, unless r= r’=r". We 
can take W(r') = W(r) outside the integral, and perform the integration 
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over r’; this is done most easily by noticing that, for W(r") =1, the in- 
tegral (3.3) becomes equal to 
t 


(3.6) (CoN Wace i p fav = Gi (Tents atl) 


0 


We therefore get the following Born approximation expression for the density 
matrix at high temperatures 


(3.7) Gr, r', t) = Gy(r,r'; t)— tW G(r, r’, t) + ... 


= G(r, r’, t)(1— BV(r) +...) . 


It is easily recognized that this represents the first two terms in an expansion 
(in powers of the potential) of the « semi-classical » result 


G(r, r',t) ~ exp[— PV (r)]G,(r, r’, t) . 


Actually, this form as well as (3.7) violate a symmetry relation, according to 
which G(r, r’, t) must be symmetric in r and r’. The lack of symmetry arises 
because, when we took W/(r") outside the integral (3.4), we replaced r” by r 
whereas we might just as well have replaced it by r’. A reasonable compro- 
mise is therefore given by the following approximate form, valid at high 
enough temperatures: 


(3.8) G(r, r’, t) ~ exp [—4A(V(r) + Vir'))] Gr, r',t). 


This approximation is good provided that V(r) changes slowly over di- 
mensions of the order of t?. Once we get to low enough temperatures so that # 
becomes of the order of magnitude of the range of the potential, the « smearing » 
of the potential implied by (3.4) must not be ignored. 

In one respect (3.8) is much better than the Born approximation (3.4), 
at all temperatures: if the potential contains a repulsive core of great strength, 
the integral (3.4) gets a spuriously large contribution from the region of the 
core, whereas (3.8) becomes very small automatically whenever r or r’ (or 
both) fall within the repulsive core. In the limiting case of an infinitely high 
repulsive core, (3.4) breaks down altogether whereas (3.8) gives at least quali- 
tatively the right answer. 

We now turn to the (for us more interesting) behaviour at extremely low 
temperatures. At first sight one might be tempted to conclude that the Born 
approximation fails completely in that region, by using the following argument: 
the approximation (3.1) is obtained by expanding the density matrix @ in 
powers of the strength of the potential V, and retaining only the linear term. 
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This operation commutes with the operation of decomposing G(r, r’, t) into 
contributions from different angular momenta J, as was done to get (2.33). 
Hence (3.4) and (3.5) could also have been obtained by using the first Born 
approximation for the radial wave functions which appear in (2.33), and then 
performing the sum over ! by means of standard identities for Bessel functions (7). 
But it is clear from the integral in (2.33) that the main contributing region 
of wave numbers k is of the general order of { ?, and hence shifts closer and 
closer to zero as the «time » ¢ increases, i.e., as the temperature T approaches 
zero. The Born approximation is well-known to become invalid in the limit 
of zero energy, at least for | = 0. Hence we might try to conclude that (3.4) 
is of no use at very low temperatures. 

The above argument is quite valid if we keep r and r’ fixed while ¢ increases 
indefinitely. However, another limiting process is possible, and is of con- 
siderable interest. Let us increase both r and r’ as t increases, such that 
Ir| and |r’| are always much larger than #. In that case the Gaussian factor 
in (3.5) is always very small, and hence the correction term G,(r, r',t), (3.4), 


is always small compared to Gr, r',t). It is therefore at least plausible that 
the density matrix should be essentially equal to its « free » value, G(r, r',t), 
in this region, no matter how large t is. : 

This is plausible physically as well: according to (3.4) and (3.5), the effect 
of the potential is «smeared » over distances of the order of tt. Let b denote 
the «range » of the potential V(r). Now consider values of r and r’ such that 


(3.9) Iri>b +, [r’'|>b +. 


For such values, the effect of the potential should not be felt at all, since 
insufficient «time» has elapsed for the effect of the potential te «diffuse » 
into the region of r and r’ defined by (2.9). This argument is quite independent 
of the detailed validity of the Born approximation in the «interior » region, 
since the «heat flow » equation (2.11) was used in the « exterior » region only, 
where it reduces to the ordinary equation for heat conduction (). 

However, there is one exception to this rule, which will be important later 
on. Consider the case r/=—r; then the Gaussian factor which appears in 
(3.4) and (3.5) is equal to exp [— r?/t], and this is identical with the Gaussian 
factor exp [— (r—?’)?/4t] which appears in G(r, r',t), for this case. Thus, 
although the « correction » term G, still goes down very rapidly, the function @, 
against which it must be compared decreases equally rapidly. To get a quali- 
tative insight into what happens, consider the case t? > b, i.e., the statistical 
« smearing » distance is much larger than the range of the force. We can then 
approximate the integral (3.4) by setting r’= 0 in the kernel K. This gives 


7) &. N. Warson: Bessel Functions (Cambridge, 1948), see p. 366. 


( 
(8) H. S. Carsnaw: Conduction of Heat in Solids (New York, 1945). 
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the approximate result 


(3.10) G(r, r’,t) =— K(r, 7”, t) Jar wer") (0) En 


where f(0) is the quantum mechanical amplitude of the scattered wave in the 
forward direction, 0 = 0, as calculated in the Born approximation. In the 
special case r'=—r we therefore get 


(3.11) Gr, — r,t) + G(r,—r,t) +..= 


= (Ant) exp [— r?/t] (1 ab an =f = ; 


Thus the correction term is of relative order f(0)/r, rather than dropping 
off with r like a Gaussian. 

This behaviour can be understood very simply in terms of our heat flow ana- 
logy. The density matrix G(r, r',t) is the Green’s function for the heat flow 
equation (2.11); a delta-function «heat pulse» is produced at the point r’ 
at «time» t= 0, and G(r,r',t) then gives the «temperature » at position r 
and «time» ¢(°). If r and r’ are in arbitrary directions, the straight flow 
joining them does not pass through the origin; hence, as we increase the scale 
of r and r’ jointly, the straight line connecting them moves farther and farther 
away from the region in which the potential acts. Since the heat pulse travels 
in a straight line, to a first approximation, the effect of the heat pulse is pro- 
pagated according to the simple heat flow equation, i.e. G(r, r’,t) becomes 
asymptotically equal to G(r, r’,t). However, in the special case r'=—r, 
the straight line joining the two points passes through the origin, and hence 
the flow of heat is disturbed by the presence of the potential, no matter how large 
we make |r and |r’|. Since the potential « scatters» the heat pulse in all 
directions, but only the forward direction counts, the factor f(0)/r becomes 
plausible as well. Indeed, it is possible that (3.11) is somewhat more accurate 
than the Born approximation on which it has been based so far; i.e., it may 
make sense to compute f(0) by some method more accurate than the Born 
approximation (e.g., as a series over phase shifts), and substitute the result 
into (3.11). We need not follow this up for our present purpose. 

We must still discuss the influence of the bound state terms in (2.33). Of 
course, the Born approximation does not yield bound states at all. But we 
now ask whether bound states, if they do occur, change the conditions under 
which the density matrix becomes essentially equal to the «free» density 

(°) We recall that this is purely an analogy; the « time » ¢ is really 226/24 = h?/2ukT, 
and the «temperature » for this heat flow equation has nothing to do with the actual 
physical temperature 7, which determines the «time ». 
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matrix G(r, r’,t). We shall see that they indeed do so. Let us assume that 
both r and 7’ are large enough so that the wave function of the bound state, 
y,(r), already has its asymptotic form 


(3.12) Wir) = N exp -- or]. 


The normalization factor N depends upon the details of the wave function. 
We can find an order of magnitude estimate for N by assuming that the 
asymptotic form (3.12) is valid all the way in to r= 0. This gives 


(3.13) N = (26) #. 


The contribution (2.28) of the bound state reduces to N? exp [o?t— or — or’). 
Using the estimate (3.13), combining with (2.21), and assuming / = 0 for 
simplicity, we get the following approximate value for the contribution of 
the bound state to the density matrix: 


(3.14) ° (4arr')-N? exp[o%t — or — or'] & (Snorr')! exp[o*t — or — or']. 
We want this to be small compared to the «free » density matrix G(r, r’, t); 


since the exponentials are by far the most rapidly varying factors, the con- 
dition becomes 


’ j en) 
(3.15) exp [ei — or — or] < exp |— Fr" 
or 

— r!'\2 
(3.15a) Pe ie en 

In the special case r = r’ the condition becomes 

(3.16) r > dot. 


This condition differs from (3.9); it is less stringent for small t, more stringent 
for large 7; it can always be fulfilled, however, by choosing r large enough. 
The situation is quite different for r =-—-r'; condition (3.15a) then re- 
duces to 
o*t — 2or + r?ft = (ot? — rt ??< 0 


and this can obviously not be fulfilled. Thus for r=—r the asymptotic 
behaviour of the density matrix G(r, 7’, t) is determined by the bound states; it 
reduces to the «free» density matrix plus correction terms, equation (3.11), 
only in the absence of bound states. 
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4. — A Low-Temperature Expansion for the Density Matrix. 


We shall now obtain an expansion for the density matrix G(r, r’, t) which 
is useful in the low-temperature region. The «time » t, (2.9), is dimensionally 
the square of a length. The length in question is the reduced de Broglie wave 
length of the relative motion of the two particles, if the energy of relative 
motion is equal to ft — kT (1). The parameters defining the convergence 
of the expansion we shall now derive are the ratios r/f® and r’/t!, both of which 
must be small compared to 1. Thus this expansion complements the results 
of Sect. 3, which apply when r/t? and 7’/t® are large compared to 1. 

At liquid helium temperatures, and with masses m,, m, equal to the mass 
of a helium atom, the length t? is roughly 2.5:10- em which is about equal 
to the range of the repulsive force. Hence it is necessary to go to much lower 
temperatures, of the order of 0.1 °K, before the expansion derived below be- 
comes useful quantitatively. However, it is instructive qualitatively, and will 
be used in the next section in conjunction with a variational principle for the 
density matrix. 

We start from equation (2.33) and ignore the bound state contributions 
for the moment. The radial wave functions g,(r, k) can be expanded in power 
series in k, with coefficients which are functions of 7 only, as follows: 


(4.1) gilt, k) = Eur) + mult) + Kopalr) ++.) . 


When we substitute this expansion into the integral in (2.33), we get integrals 
of the form 
co 


(4.2) ein fexp [— k2t]K” dk = (4act3)-* 


0 


(2N —1)!! 


where the «double factorial» is defined by 
(4.3) NME MS. RM)" 


The result, ignoring bound state terms, is 


D LON N 


(4.4) G(r, 7’, t) = (4nt)-+ 2 ene > Pil?) Piv(1") . 


nin =N 

(0) Unfortunately the quantity of the dimension of a length commonly employed 
in the literature [see reference (1)] is not 1, but rather A = (2zt)?. We have found, 
consistently, that the extra factor (27) in the conventional definition is misleading, 
the true «smearing distance » being {? rather than the conventional 4. In view of the 
fact that 1? has a rather slow temperature dependence, this extra factor (2x)? represents 
a change of a factor 6 in the temperature at which certain estimates become valid. 
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We substitute this into (2.12) to get 


© = en | 


(4.5) Cir, re (Art) à Sr he 
where 

: oY / Ag r r 
(4.6) Ne) er > Pin(r)Pin(r) VY (0) Vo?) , 


ry Itn+n'=M 


® being the angle between the vectors r and r’. 

We are particularly interested in the leading term of this expansion, i.e., 
the term M — 0, and hence 1 =n =n'=0 in (4.6). This term gives the 
approximate result 


(4.7) G(r, Ps t) Ss (dat 3 3 Pool? Po olr ) : 


which is valid in the absence of bound states under the condition rt? <1 
and rt? <1. 

The function g(r) is the radial wave function for S-wave scattering in 
the limit of zero kinetic energy of relative motion. This function is well known 
in scattering theory (1); its asymptotic form for r larger than the range of 
the potential b is 


(4.8) OND) =e = wi Oe IE. >= Dp 


where «a is the «scattering length». Substituting this into (4.7) we get 
: . a\ [{ a 3 
(4.9)  Gir,r,t) =a (1 —*) (1 à for bar<tt, bar<t. 


For » & t and r'< t}, the «free» density matrix G(r, r',t) is approximately 
equal to (4zt)~!. We therefore get the following result in the absence of bound 
states: 

G(r, r’, t) __ Pool? )Poo(?" ) 


4.10 linge = AAMC 
) ae COUT “t) rn 


That is, the effect of the potential, in the limit of zero temperature 7, or in- 
finite « time » t, is to multiply the density matrix by a temperature-independent 
factor. This contrasts sharply with the behaviour of the semi-classical approx- 


(4) J. M. Beare and V. F. WaissKxorer: Theoretical Nuclear Physics (New York, 
1952); see chapter II and the references quoted there. 
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imation (3.8), in which the ratio (4.10) is an exponential function which becomes 
infinite for values of r and r’ at which the potential V is attractive. Thus, 
in the absence of bound states, the quantum mechanical « smearing » is so 
effective that the infinitely high classical peak reduces to the mild, finite peak 
(4.10). It should be noted that (4.10) is correct in the limit t + co, r and r’ 
fixed. For finite but large t, r and r’ must be less than t? in order that (4.10) 
be a good approximation. Thus the approach to the limit (4.10) is not uni- 
form in the variables r and 7’. 

We remark that in the special case r'=—r (4.10) joins smoothly on to 
the « exterior region » result (3.11); this can be seen from the fact that (11) 


(4.11) lim f(0) =—a. 

On the other hand, for r'— r the ratio @/@, approaches unity in the exterior 
region much faster than (4.10) would indicate, so that (4.10) does not join 
smoothly onto the result for the exterior region. 

So far we have assumed that there are no bound states of the two-particle 
system. According to (2.33) the bound states, if any, contribute factors with 
exponential temperature dependence, which dominate the density matrix in 
the extreme low temperature limit. Of all the bound states, the one with the 
highest binding energy eventually dominates. This is normally an S-state; 
let its energy be &, ’, the superscript serving as a reminder that this is a nega- 
tive quantity. Then in the limit of very large t, we get from (2.12) and (2.33) 


(4.12) G(r, 1 t) ~ Pol) Polr ) exp[ L Dee à 


bares! 


instead of (4.7). Thus, in the presence of bound states, the density matrix 
does have an exponential temperature dependence at extremely low tempe- 
ratures, but the exponent is independent of r and 7”, the dependence on r 
and r’ arising through the wave functions which appear as multipliers of the 
exponential. This must be compared with the classical exp[— PV (r)] where 
the r-dependence is in the exponent. 


5. — Variation Principle for the Density Matrix. 

We return to the fundamental differential equation (2.11) for G(r, r’, t). 
If we define @ to be zero when ¢ is negative, we can rewrite this differential 
equation in the form 


(5.1) (6/06 — V2 + W(r)) G(r, r',t) = 0(r—r') dt). 


29 - Il Nuovo Cimento. 
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Let us define the more general function K(r, r’, t,t’) by 
(5.2) Kir, re 01) = Grete, 0) 
and the linear but non-Hermitean operator A by 
(5.3) A = ojot— V2 + Wir). 


If we then consider K as the kernel of a linear operator X, we see that (5.1) 
becomes the operator relation 


(5.4) AR 


where 1 is the unit operator, with kernel 


(5.5) tl > dr rot). 


We are now in a position to use the Friedman variation principle ('?) for 
the inverse of an operator. This reads, in our case, as follows: 


Cr, 1 Kr, 032 
GELTEND 


(5.6) r,t|R\r',t)> = 


If X on the right hand side of the equation is the exact inverse operator to A, 
then (5.6) is an identity. Putting a trial operator for Æ into the expression 
on the right hand side of (5.6), we get an improved value for the matrix 
elements of Æ, this value being variationally correct. 

Returning now to the function G(r, r’, t) by means of (5.2), (5.6) becomes 


(G(r, Te 1))? 


re \ : Sth 
f dt” f aer"@(r, r”, t—1)(0/6t’— VE + W{r'))G(r'r! , #) 
0 


As a first approximation, we may insert as trial function the density matrix 
Gr, r',t), (2.7), in the absence of a potential. (5.7) then reduces to 


= (G(r, Tan t))? 
5.8 f 2 
0:5) A) G(r, r’, t) G(r, r’, t) ( 


(2) F. L. Frrepman: M.I.T. thesis (unpublished); the proof is reproduced in a 
paper on shower theory, M. H. Karos and J. M. Brarr: Austr. Journ. of Phys., 7, 
543 (1954), see Appendix III of that paper. 
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where G, is the Born approximation correction to @,, defined by (3.4) and (3.5). 
If we assume that G, is much smaller than @,, and expand the denominator 
of (5.8), we get the Born approximation (3.1). However, since (5.8) was de- 
rived variationally, it is generally a better approximation than (3.1), and takes 
no more work to compute. For example, a large repulsive potential will make 
(3.1) negative within its range, whereas (5.8) stays positive but becomes very 
small, as it should. However, even (5.8) breaks down for an infinite repul- 
sive core. 

A better appreximation in the intermediate temperature region could pre- 
sumably be obtained by inserting the approximation (3.8) as a trial function 
on the right hand side of (5.7). However, the integrations become difficult, 
and we shall not pursue this subject farther. 

Of much more interest to us is an approximation valid in the extremely 
low temperature region. To do this, we construct a trial function by the use 
of (4.10). That is, our trial function is 
(5.9) Gates rt) = Rol) Role’) Gr, r,t) , 


trial 
where 

(5.10) LEA) = Pea) 

In other words, R,(r) is the actual radial wave function of the S-state at zero 


energy, rather than r times that wave function. From (4.8) we see that for 
large r, R,(r) is given by 


(5.11) Ro) = 1— alr (for large r). 
Thus our trial function (5.9) behaves correctly for r, rt}, and also for very 
large r, 7’. The trial function is of course quite wrong for small ¢ (high tem- 
peratures) within the range of the potential. 

In substituting (5.9) on the left side of (5.7), we can use the fact that 
G(r, r',t) satisfies the equation 


(5.12) (— V2 + 0/dt) Gr, r',t) = ö(r — r')ô(t) 
and R,(r) satisfies the equation 

(5.13) (— Vi + Wir))R(r) = 0. 

The denominator of (5.7) then assumes the form 


(5.14) D = R,(r)(Ro(1"))?Go(r, rn’, t) — 


t 
— R,(r)R,(r') | dt" iI dr'G,(r, r',t— t Vp Rr") Vp G(r", rt"). 
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It is easy to show that a trial function symmetric in r and r’ makes the 
denominator D of (5.7) a symmetric function of r and r', the only additional 
proviso being that the trial function must vanish for negative values of the 
variable t (as we have assumed all along). Therefore we rewrite (5.14) in a 
way in which the symmetry between r and r’ becomes manifest, namely 


(6415) Dia Dre, SOE URS) + Ro(7")) Ro(7) Rob )Go(r; r’, t)— 


— LR (r)Ro(r") | dt" | Br Ve R(")- Velen, rt —#)Go(r," 7, t”)] . 


0 


The integration over t” can be done explicitly, and leads to the function K 
defined by (3.4) and (3.5). Furthermore, it is advantageous to take out a 
common factor R,(r) Ro(7") G(r, r',t), since this is just the trial function and 
hence cancels against one of the factors in the numerator of (5.7). We there- 
fore define the kernel M by 


(5.164) M(r—r’,r'—r',t) = — en 


: En 1 (s— s’)?— (|s| +|s'|)? 
168) M(s,3,t) = | are Re 
(5.165) M(s, s’, t) fan T 4x! 1 | ; 


and get the following result for the iterated density matrix: 


(5.17) Ge = GE ? 
where 
(5.18) P(r, r',t) = $(R3(r) + Rör'))— 3 Jer vers): 


-V.-M(r— r',r—-r!,b). 


We now transform this expression for F in such a way that it becomes 
apparent that F approaches unity for r, "<< #, as of course it must according 
to (4.10), (5.9), and (5.17). The kernel M has singular points at r’=r and 
r'—r. We therefore write it in such a way that the singularity appears 
explicitly : 


(5.19a) M(s,s',t) = (4n|s|)' + (4x|s'|)1 — WEES oO) 5. 

3 pS Ven (s— s’)?— (|s|+|s'|)?? 
195) Mis ms { 2 later =o LEE 

(5.19b) M,(s, s’, t) be Frule exp 4 | ; 
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The part of the integral not involving the regular kernel M, can be done 
immediately. We integrate by parts, and get contributions from surface 
integrals at infinity and around the points r’=r and r’=-r’. The surface 
integral at infinity gives 1, since R,(r) approaches 1 for large r. The surface 
integrals around the excluded points give a result which cancels exactly the 
first term on the right hand side of (5.18). We therefore get a transformed 
expression for F: 


(5.20) Pr, rt) =e à Jar wre AW Pip i Teo) 


We now integrate by parts once more. In order to avoid getting contri- 
butions from the surface at infinity, we replace Æÿ(r") by Ré(r’)— 1, which 
vanishes at infinity; this replacement obviously does not change the integral 
in (5.20), but has the result that the surface at infinity does not contribute 
in the integration by parts. There is no need to exclude little spheres around 
the points r“=r and r’= r’, since the kernel M, is regular at those points, 
anyway. We therefore get our final result in the form 


(5.21) F(r, r',t) =1— à far (ie NL re er, Oe 


Although it is not obvious at this stage that the integral approaches zero 
as ¢ approaches infinity (r and r’ being kept fixed), we shall show that it does 
so for some special cases, later on. Equations (5.17) and (5.21) give a reason- 
able approximation to the exact density matrix G(r, r',t) at very low tem- 
peratures (very high values of t). 


6..— The q Function. 


In the discussion of more complicated systems, BUTLER and FRIEDMAN (1) 
found it expedient to write the density matrix as a product of two factors, 
one of which is the density matrix in the absence of interactions, the other 
indicating the modifications due to the interactions between the particles. 
In this section we shall be interested in the diagonal element of the density 
matrix, which we write in the form 


exp [— PH) |rirs>4(ris, t) 


(6.1) (rır, | exp [— BH \\|r,r.> ISU 


where H, is the Hamiltonian in the absence of interactions between the part- 


(3) S. T. BUTLER and M. H. FRIEDMAN: Phys. Rev., 98, 287 (1955). 
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icles, i.e., the kinetic energy only. Combining (2.2), (2.4), and (2.7), we get 
the following definition of the q function: 


(rt) Gr, Wt) 


— 
lon 
bo 

— 

HD 

= 
Hi 
+ 

— 
2 
| 


Combining this with the general solution (2.12) and (2.33), we get an explieit 
expression for the q function: 


co 
fo} 


2 (21 + 1) E fer [— kt ]e2(r, k) dk + 


1=0 


0 


ne exp [— Bel wii? (). 


In this form the q function can be computed directly with the help of a high 
speed digital machine, and we intend to do so as soon as the Sydney SILLIAC 
comes into operation. Meanwhile, however, in order to get a qualitative feeling 
for the behaviour of this function, we shall specialize the results obtained so 
far for the general density matrix G(r, r',t) to this special case. 

The Born approximatien (3.1), (3.4), and (3.5) leads to the result 


(6.4) 1) 


where y(r,t) is given by 


(6.5) Al) = — am [= be gem Mr) dire (Born approx.). 


The assumption of a central force, i.e. W(r’) a function of |r’ only, allows 
us to perform the integration over angles explicitly. The result is 


(6.6) rt) = — fre r',t)W(r')r” dr’ , 
where 

= De bear Ye (set)! ER tee 
(6.7) HET) I (ext a | — ert | | ; 


erf (2) being the conventional error function (1%). 
In the limit of very high temperatures (very small £) it follows from (3.7), 
and can also be shown directly from (6.6) and (6.7), that y(r,t) approaches: 


(4) E. JAHNKE and F. Empe: Tables of Functions (New York, 1943). 
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the form: 


(6.8) LD = — tW (r) = — BV(r) (small t, Born approx.) 
Hence in this limit (6.4) gives the Born approximation to the classical result 
(6.9) q(r, t) = exp[—tW(r)] = exp[— BV(r)] (classical). 


The arguments in Sect. 3 show that the q function approaches 1 rapidly 
for r>t? if there are no bound states; in the presence of bound states, the 
q function still approaches 1 for large r, but the region of validity is now 
given by two conditions, (3.9) and (3.16), the latter becoming more stringent 
at very low temperatures. 

The low temperature expansion discussed in Sect. 4 gives the following 
result: 


2 (2M +1)!!, 

(6.10) ESA a Sr; Tr), 
M=0 

where 

(6.11) Str,r) =77? D (21+1)pulr)quu(r) 


Tin in = M 


and in particular 


(6.12) lim g(r, t) = Solr, r) = (quo(r)r) == (Bor)? . 


This result, valid in the absence of bound states, shows first of all that 
the q function approaches a finite limiting form at very low temperatures, 
and secondly confirms the conjecture of FEYNMAN (5) that this limiting form 
is given by the square of the wave function of the ground state of the system 
(in the case of no bound states, this means the S-state at zero energy; when 
there are bound states, their contributions must be added to the expansion 
(6.10); there are then terms exponential in t{, with the leading term multiplied 
by the square of the ground state wave function). 

It is easy to see, for example by considering the special case of a purely 
repulsive hard core interaction (no attraction outside) that the expansion (6.10) 
converges too slowly at liquid helium temperatures to be of much practical 
use, even for values of r just outside the core. The limiting form (6.12) is 
approached only at appreciably lower temperatures, less than 1071 degrees 
Kelvin. 

Going on to the results from the variation principle, Sect. 5, the improved 


(15) R. P. Feynman: Phys. Rev., 91, 1291 (1953). 
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Born approximation (5.8) leads to 
(6.13) g(r, t) = (1— x(7, t))-! (improved Born approx.) 


where y(r,t) is given by (6.6) and (6.7). (6.13) is a much better approximation 
than (6.4) if the potential has a strongly repulsive region; there (6.4) becomes 
negative whereas (6.13) stays positive but approaches zero, which is at least 
qualitatively the proper behaviour. 

Of more interest to us is the variational result applicable at low tempe- 
ratures, given by (5.9), (5.17), and (5.21). This gives for the q-function: 


(6.15). Fret) = Birr). — à Ja (Ron 1)VEMi(r— r", r—r', t) = 


exp lee re r")?/t] 


=A (rt) far(riur) 1)(1 2(r r'}2/t) 


rag 


The integrations over the solid angle can be performed explicitly, and yield 


(6.16) ale) == AL =a Jar crier) —1)(}r—7r'|exp[— (r— r')2/t] — 


0 


— (r +r')exp[— (r + r')2/t]). 


This expression is suitable for direct evaluation by hand computing methods; 
if necessary. Since our main interest is in the qualitative behaviour of the 
g-function we shall investigate the behaviour of (6.16) for two extreme regions 
of r only, namely r>t! and r<t!. For r > t, the main contribution to 
the integral comes from the region 7’ near r; we assume also that A,(7’) can 
be replaced by its asymptotic form, (5.11), valid outside the range of the 
potential. The term exp [—- (r+r')?/t] can be neglected compared to the other 
exponential, so we finally get (b = range of potential) 


(6.17) F(r,t) & 1 + (tr) [LAS 2a + a?fr')|r—r'|exp[— (r—7r'}2/6]. 
; 


For the term (— 2a) we can replace the limits of integration by co to +00 
within the limits of our approximation, and we then get — 2a/r. We expand 


ere: 
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the term a?/r' in a power series in the variable r— +r’, and keep the first two 
non-vanishing contributions. The result is 


(6.18) Pir, t) ~ 1— 2afr + fr? + atfrs +... 


== R:(r) + att/r* ... FORTE te 


When we combine this with (6.14), we see that the iterated q function ap- 
proaches 1 for r > t much more rapidly than the trial function Ri(r) did. 
Actually, the q function should approach 1 exponentially for r>t!, but the 
variation principle has obviously produced a correction in the desired di- 
rection. 

The discussion of the opposite limiting case, r < t!, is much more involved 
and we shall give only the outline of the calculation. Starting from (6.16), 
we split the range of integration into two regions, 7’< 7 and 7’ > r. For r<r, 
we expand the exponentials in power series, and keep only the leading term. 
The corresponding contribution is 


(6.19) — (2/tr) fr — 1) dr’. 


In the region r' > vr, we write 
(6.20) Ri) —1 = (R3(r') — (1 — afr'}) — 2a/r' + (a/r')?. 


The difference in brackets vanishes outside the range of the potential. Hence, 
if this range b is much less than t? (as we shall assume henceforth), we can 
also expand the exponentials for this contribution, the leading term giving 


oo 


(6.190) — (2/t) [rer — (1 afr')e)dr' | 
As regards the remainder of (6.20), we cannot expand the exponentials in 
(6.16), but must evaluate the integrals directly. The term — 2a/r’ then leads. 


to the contribution 


(6.19c) — (a/r)(1 — exp [— 4r?/#]) ~ — 4ar/t 


whereas the term +(a/7’)? leads to the result 


22% © 


(a?/t) = Jexp [— x7] do [or (exp [— (4— %)?] + exp[— (+ a) à 
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where 4, = r/t?<1. The first integral gives 2 as the leading contribution; 
in the second integral we write 


exp [— (4 — @)?] + exp [—(# + a)?] = 2 exp [— ©] cosh (2a x) exp [— a? ] 


and expand in powers of 4, again keeping only the leading term. This leads 
to the integral 


foo) 


few exp [— #2] dx = — Ei(— #2) = In (t/r?) — C + order (r?/t) , 


Xo 


where Ei(z) is the standard exponential integral (1%), and © = 0.5772, is 
Euler’s constant. Thus, finally, the contribution from the term (a/r’)? in (6.20) 
to the integral (6.16) is 


(6.19d) (a?/t)(2 + C— In (tr?) + order (r?/t)) . 


Combining the various contributions (6.19), we get our final result in the form 


2 te i” 
(6.21) F(r, t) 1 “ in ( ) | ae - order (1/t?) , [for r << #], 
= 
where 
(6.22) v(r) = (2 + Cha? = dar — 2 |r'(R2(r') — (1 — a/r!}?) dr — 
0 / 


r 


= ein freer) 1)dr’. 


0 


This combined with (6.14) shows, as expected, that the q function approaches 
the value Air) in the limit of very large t. The logarithmic term in (6.12) 
is probably spurious, i.c., a result of the approximation used for the trial 
function (5.9); we believe that F(r, t) should really allow a power series expan- 
sion in ¢1, at least for small 7. The logarithmic divergence of F(r,t) near 
r = 0 which seems to appear in (6.21) is actually cancelled by a similar logar- 
ithmie term arising from the first integral on the right of (6.22), so that 
r= 0 is a regular point of this expansion. 

It should be noticed that terms of order a?/t appear here where a is the 
scattering length. Higher order terms contain «‘/t? ete.; hence this expansion 
converges poorly if the scattering length is large in absolute value, i.e., if we 
are close to a scattering resonance at zero energy. Apparently this is the case 


Fa 
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for the interaction between two helium atoms (*1%). This implies that the 
region of temperatures in which (6.21) and (6.22) represent a reasonable 
approximation for helium gas is even lower than the T < 0.1 °K mentioned 
before, and is therefore of no interest from a practical point of view. 

Since the difficulty arises as a result of the S-wave part of the density 
matrix (only this part shows the zero energy resonance) it should be possible 
to treat this part more directly. We have succeeded in doing so, by assuming 
a specific form for the potential, with 3 adjustable parameters (a core radius, 
and well depth and range of the attraction outside the core). However, the 
S-wave does not become really dominant until temperatures less than 0.1 °K 
are considered, and we therefore do not reproduce this rather lengthy cal- 
culation here. 

We emphasize that, while the expansion (6.21) and (6.22) does not converge 
very well, this does not affect the usefulness of the general variational for- 
mula (6.16). Indeed, we believe that (6.14) and (6.16) give a reasonable ap- 
proximation to the correct q function even in the liquid helium temperature 
range. We intend to check this numerically after the SILLIAC comes into 
operation, by comparing this variational approximation with the exact result 
computed directly from equation (2.33). 

Meanwhile, we recapitulate the salient properties of the q-function at low 
temperatures: in the absence of bound states, it approaches the square of 
the S-state radial wave function at zero energy for r € t, and approaches 1 
very rapidly (exponentially) for r > #. Bound states contribute additional 
terms as shown in (6.3); these terms eventually dominate the g-function for 
small values of r, but for very large values of r (the condition is (3.16) now) 
the qg-function still approaches unity. 


7. — The qp Function. 


If the two particles in our system are identical particles, the density matrix 
is given by (2.34). The diagonal element of this matrix is 


(T1) <(ryr2)|exp = ßH]|(r,r;) == <ryr,|exp =- ßH]|rır; Lge 
exp [— BA]|rar.> 


SE KOE 


where the plus sign is used for Bose-Einstein statistics, the minus sign for 
Fermi-Dirac statistics. BUTLER and FEIEDMAN (!°) write the second term on 


(4) J. E. KicpaArriCK, W. E. KELLER and E. F. Hammer: Phys. Rev., 97, 9 (1955). 
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the right side of (7.1) in the form 


(7.2) rır, |exp [— BH]|mri> = ap(niz) t)<ryr,|exp [— BHo]| rar 

where the subscript « P » denotes the permutation in question (in our case 
the only permutation other than the identity is the interchange of the two 
particles), and H, is the unperturbed Hamiltonian (kinetic energy only). Com- 
bining (2.2), (2.4) and (2.7), we get the following definition of the q, function: 


CSS) OS) = a — ; = (Ant) exp [r2/t|G(r, — r, t) . 


Combining this with the general solution (2.12) and (2.33), we get an explicit 
expression for the q, function: 


(14) ir, = ee exp [r2/t] > Fan): 
9 = 
joe kt lpz(r, k) dk + Sep. y2.(7) 
“0 


Comparing with (6.3), we see that the difference between the q function 
and the q, function is twofold: the alternating signs in the sum over / in (7.4), 
and the extra factor exp[r?/t] in (7.4). At first sight, we might think that 
this Gaussian factor will dominate the q, function for values or r > #. How- 
ever, the discussion in Sect. 3, especially equation (3.11), has shown that in the 
absence of bound states this Gaussian factor is cancelled exactly, and indeed 
the Born approximation gives for large values of 7, that is r >t’, 


(7.5) (ACA) — ee t+... for r > #, no bound states, 


where /(0) is the value of the quantum mechanical scattering amplitude, /(0), 
in the forward direction, 0 = 0. 

On the other hand, we have also shown in Sect. 3 that the presence of 
bound states changes the picture completely. The behaviour of the q, function 
for large values of r is then determined by the factor exp [r?/t] in (7.4), be- 
cause the bound states have wave functions which decrease only exponentially, 
like exp [— or], for large values of r. 

In their analysis, BUTLER and FRIEDMAN (1°) make the approximation 


(7.6) gr, t) = qr, t). 
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This approximation is reasonable, and expected to yield at least qualitatively 
correct results, if there are no bound states. If bound states do exist, however, 
the approximation (7.6) is qualitatively wrong and should not be used. The 
«tail» of the second term in (7.1) is then not Gaussian, exp [— r?/t] = 
= exp [— 2a7?//?], but exponential, exp |— 2or], with the coefficient in the 
exponent determined by the binding energy of the bound state (17). 

We now specialize the various approximation methods given earlier for 
the density matrix to the g, function. The Born approximation is given by 
(3.1), (3.4), and (3.5); in combination with (7.3) we get 


G(r, —T; t) 
HT (76) = an ? ex ra, 
(7.7) Gp(7, t) j G(r, ri) leer Ure 


where 


Ws) ee far ( | | J | 


4x\r—r'| Axir +r' 


u 


2 Be eal | \2 
exp |” CRT SA WAGE Nec 


At 


Since we assume a central force field, the angle integrations over r’ can 
be done once and for all. This is carried through in Appendix B. The result is 


(7.9) Art) =— [a rn, t)Wr’)r? dr’, 
0 
where 
ret? 
2tt 2 
(7.10) K,(r, r,t)= — exp | — — [exw [y?|dy . 


0 


(17) In this connection, we also mention that the approximation of replacing equa- 
tion (22) by equation (23) in reference (1?) is of insufficient accuracy quantitatively, 
although the qualitative conclusions drawn from that approximation are unaffected. 
Equation (23) of reference (1?) is equivalent to the following approximation for the 
q function: x 

qr, t) =exp[— PH] 1. 


In the limit of very large t, and no bound states, this gives 


Inne og) ER, (r) 

t>o 
instead of the correct result (6.12). However, qualitatively these two functions behave, 
in the same way: zero inside a repulsive core, a maximum in the attractive region 
and a limiting value 1 for large r. 
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The lack of symmetry between r and 7’ in the kernel (7.10) is the result 
of the division by @,(r, — r,t) in the defining equation (7.7). is defined 
by (2.22). 

In the low temperature limiting case of a force range bD<t? and r > b, 
we can replace r by 7’ in the significant region for the integral (7.9), and we 
can replace K, by its limiting form for r_ — r'<t, namely K,(r, 1’, t) = 2/r. 
This gives 


ee 


(ele) GA Se [ircror? ar = + a 


where f(0) is the forward scattering amplitude in the Born approximation. 
Combination of (7.7) and (7.11) gives the result (7.5) which was derived more 
simply earlier. 

The second limiting case of interest is the high temperature region, i.e. 
r > t and force range b also much greater than #?. It is easy to see that a 
good approximation for x,(r,t) is then given by 


r 


(7.12) ee) m | W(r') ar". for r > tt, b> 4. 


0 


However, in any practical application this function is multiplied by the Gaussian 
factor exp [— r?/t], which is by assumption very small. Thus the entire effect 
of the quantum statistics is small at high temperatures, which is of course a 
well known result. 

We now turn to the low-temperature expansion discussed in Sect. 4. This 
gives the result 


EN 2 (2 AN) TS 

(7.13) gp(r, t) = exp [r2/t] > mn S,(r,—r), 
M=0 = 

where 

(7.14) ST) = 1 > Ja Dental). 


l4n+n'= mM 


It would perhaps be more in the spirit of this expansion also to expand 
the factor exp [r?/t] in (7.13), and to collect terms of the same power in f-1. 
However, the steps are trivial and we shall not state the result explicitly. 
(7.13) and (7.14) give the following limiting behaviour at very low tempe- 
ratures (r being kept constant during the limiting process) 


(7.15) lim qp(r, t) = 2947) = (Ro(r))? . 
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That is, the q, function approaches the same limit as the q function. 
Finally, we consider the results from the variation principle, Sect. 5. The 
improved Born approximation, (5.8) leads to 


1 


(7.16) q(t, t) = i— y,(r, 0) 


(improved Born app.), 


where y, is given by (7.9) and (7.10). Just as in the q function, the impro- 
vement over the straightforward Born approximation is most noticeable if 
the potential contains a strongly repulsive region. In such a region (7.16) 
stays positive but becomes very small, whereas the Born approximation (7.7) 
becomes negative and therefore qualitatively wrong. 

The trial function adapted to the low-temperature region, (5.9), leads to 
(5.17) and (5.21). The corresponding result for the q, function is 


(R(r)}? 
Ceili’ i) 
en ER 
where 
(7.18) Pet) =1— ‚Jar (RNA Mer r rt). 


The angle integrations are done as in Appendix B, the Laplacean being per- 
formed afterwards; since the other factor is independent of angles, the dif- 
ferentiations with respect to the angles implied by the Laplacean give zero upon 
integration over angles. We then get 


§ 9 j 
aß) TENGE, ti) = à far (Ger) - PET (r er Köln, rl, 0) = 


r co 
fr Dy! 2 


= = eur) (aac) — 1} dr’ — ICE (EU) ( — Her Te tr Op. 


In this form the result can be evaluated by hand computing methods if 
necessary, but machine computation is definitely preferable. By arguments 
very similar to the ones employed near the end of Sect. 6, we can show that 
F (r,t) approaches 1 in the region r<#, b<t, thereby recovering the 
limiting behaviour (7.15) of the correct solution, as well as of the trial function. 
The only difference is that now there are correction terms of order a/t® where 
a is the scattering length, in addition to terms of orders ft! and 1! In (k). 
Until numerical computations of the correct q, function are available, it is 
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difficult to assess the accuracy of this variational result, but at least the 
limiting behaviour is correct. 

We mention, finally, that the various approximate results for the q, function 
obtained in this section are valid only if there are no bound states of the 
two-particle system. If bound states do exist, they dominate the behaviour 
of the g, function at low temperatures, and must be considered explicitly. 


We would like to thank Drs. 8. T. BUTLER and M. R. SCHAFROTH for many 
very valuable discussions. 


APPENDIX A 


The Residue of u(r,o) at a Value of o corresponding to a Bound State. 


In Sect. 2, we have defined two linearly independent solutions of the radial 
Schrédinger equation (2.18) by the conditions (2.19) and (2.20). The solution 
v(r, 0) approaches the wave function of the bound state as o approaches the 
value o, given by (2.25). The solution u(r, o) does not exist in that limit. 

We start by establishing a general relation between w(r, o) and v(7, o) for o 
not equal to o,. u(r, o) satisfies the differential equation 


u (Ul +4 
(A.1) 4 3 = ) 


L Wir) + yn A 

and we know another solution, v(r, 0), of this same equation. Using standard 
methods from the theory of differential equations (18) we can write the general 
solution of (A.1) in the form 


7 


(A.2) Av(r, o) + Bo(r, 9) | 


v2(r', 6)? 


! 


dr 


where A and B are arbitrary constants. We now adjust A and B so as to 
get the solution u(r, o) defined by (2.19). Since u vanishes at r = 0, we must 
set A = 0. When we go to large r, the main contribution to the integral comes 
from r’ close to r, because of (2.20). Substituting the limiting form v(r,o) = 
= exp|— or] into (A.2), we find that B must be set equal to 2c in order to 


(5) L. C. INcE: Ordinary Differential Equations (New York, 1944), Section 5.22. 
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make (A.2) approach exp[-+ or]. Our desired relation is therefore: 


dy’ 
(A.3) u(r, 6) = 2ov(r, d fes : 
0 

Next we investigate the behaviour of (A.3) as o approaches a pole o,. 
Since v(0, o,) = 0, and v(r, o,) behaves for small r like r'+!, the integral (A.3) 
diverges at its lower limit when o approaches o,. 

For the sake of simplicity, we carry through the development for the 
special case / = 0, and indicate at the end the modifications required for other 
values of 1. We assume that o lies close to a pole o,, and write 


(A.4) CR 
(A.5) ih oil, 42) SWC GS GAD) ES 


Since the divergence of the integral in (A.3) occurs at the lower limit, we need 
the behaviour of v(r, o,) and of w(r) near r = 0. For ! = 0 we have 


(A.6) D O1) = an -— ... wir) = b + … for small 7, 
where a and b are constants. Substitution into (A.3) yields 


2o,0(r 
(A.7) lim (eu(r, 0, + &)) = nel 
E—0 ab 


This is the desired residue, and it merely remains to find a general expression 
for the product ab. To do this, we notice that the Wronskian of v(r, o,) and 
w(r) at r = 0 is equal to ab: 


(A.8) (w(dv/dr) — v(dw/dr)),= = ab. 
The differential equation satisfied by w can be found by setting o = o, +e 


in (A.1), substituting (A.5) for the unknown solution, and equating terms 
of order €. The result is 


pee ele | 
Ee) dr? | r2 


d2w (= + 1) 


+ Wir) + o) w = — 20,0(r, 01) + 


From this and the differential equation satisfied by v(r, 61), i.e., equation (A.1) 
with o = o,, we immediately get the Wronskian relation 


(A.10) (w(dv/dr) — v(dw/dr)) — ab = — 20, |, OE) Ole % 

0 
It remains to show that the bracketed term on the left side approaches zero 
as r approaches infinity. To do this, we compare the defining equation (A.5) 


30 - Il Nuovo Cimento. 
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with the asymptotic form of v(r, o) for large r: 


(A.11) v(r, 0, + €) æ exp [— (6, + €)r] = (7, 1) + ew(r) + Order (e?). 


This shows that the asymptotic form of w(r) for large r is given by 
(A.12) wer) 2 — rexp[— cr]. for large r. 


Letting » approach infinity in (A.10) and combining with (A.7) we get the 
desired result 
(A.13) lim (ew (r, 0, + e)) Ge v(r, 01) 


© 
€—0 


fo?(r', o,) dr’ 
0 
For non-zero values of J, the only change is in the behaviour of v(r, 5;) 
and w(r) near * = 0, i.e., in equation (A.6). If we write 


f) 


. Da 
(A.6') Dich) = BR" Zr oe w;(r) 


el 


+. (for small r), 


the rest of the proof goes through without change. The proportionality of 
v.(r, 6,) to r!*! is well known, and the fact that wi(r) is proportional to 77! can 
be shown easily from the differential equations. 


APPENDIX B 
Evaluation of an Integral. 


We wish to perform the integration over angles in (7 .8). By symmetry, 
the terms |r—r’|-1 and |r + r’|-? give the same result, so we consider only 
one of them, and multiply the result by two. Choosing the direction of r as 
our z-axis, the integration over the polar angle y gives a factor 27. Instead 
of the polar angle 6 we introduce the variable 


(B.1) p = (r? +r? — 2rr! cos 6)? , 
to get 
= r+r 
2 12 
(B.2) WCU) same = farmer) exp|—;, dp: 
0 Ir-r'| 


-exp [— (p/2t)(2r? + 27°? — py]. 
In the integral over p we now introduce the notation 


(B.3) gt = Qr2 + 2r?, 
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and the new variable of integration w through 


(B.4) p=asinu. 
This gives 


foe} 
12 


Less 

(B.5) GAO) = — [artarın we) exp i 57 J (a?/2t) , 

0 
where 

Hy 

(B.6) Je) = Jaw COS u exp [— @ Sin u COS u) 

Lo 

sin fy = |r— r'|/a sin = (r + r')Ja. 


It is important for the evaluation of this integral to notice that the angles 
M and u, add up to a right angle. That is, the triangle with sides |r— r'|, 
r+r', and a is a right triangle. If we replace the variable « in the integral 
(B.6) by the variable y = In — u, we obtain 


My 
(B.7) Jo) = fay sin u exp [— x sin u cos u] . 
Bo 
We now set up à differential equation for J(x). To do this we differentiate 
with respect to « under the sign of integration, to get 
by 
dJ/da = — [exp [— € sin u cos y] sin u cos? udu= 


Ho 


Ki 


— 3 fexp[—e sin y cos u] sin udn — 


Ho 


by 
== à Jexp [— # sin u cos u] sin wd(sin u cos u) . 


Lo 


The first integral on the last line is just J(x) itself, because of (B.7). The 


second integral can be transformed through an integration by parts: 


Wy 


d 
(20) fs u iz (exp [— x sin u cos u]) du = 
2 = (22) (sin “4, — Sin u,) exp [— # sin u, COS u) — 2(a)"J(@) . 
He (4 Me 
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Here we have again made use of the fact that fo + Hi = 3%, 80 that 
sin fu COS Hi = Sin u, COS Myo. Combining terms, we get the following differential 
equation for J(x): 


(B.8) dd /de +401 + 4)J (2) = sina mere 


= exp [— @ sin u, COS Mo] - 


This must be solved subject to the initial condition 


Hy 
9; 
(B.9) dO) = feos u du = sin u, — Sin Uo = a 5 


Ho 


Since this is a first order linear differential equation, the solution is im- 
mediate, and is given by 


(B.10) J(#)=4F(sin y, — sin po)a-* exp [— nz exp [4y— y sin u, COS Mo] dy = 
0 


COL) 
= (2/x)t exp [— 4a] | exp [e?] dz. 


0 


Substitution of this result into (B.5) then yields the desired formulae (7.9) 
and (7.10). 


RAS SS WAN AEO) (C)) 


Nella meccanica statistica classica, la funzione di correlazione tra coppie di parti- 
celle del gas in un gas diluito & data da exp [— BV(r)], dove ß=1/kT e V(r) è il poten- 
ziale della forza tra le due particelle. Il presente lavoro espone le corrispondenti for- 
mule della meccanica quantistica, compresa la generalizzazione alle statistiche di Bose- 
Einstein e di Fermi-Dirac. Le correzioni introdotte dalla meccanica quantistica sono 
particolarmente importanti nella regione delle basse temperature, dove modificano 
qualitativamente la funzione di correlazione. In assenza di stati legati, la funzione di 
correlazione delle coppie si approssima ad un limite finito coll’approssimarsi a zero 
della temperatura. Si sviluppano vari metodi di approssimazione per la funzione di 
correlazione delle coppie, ivi compresa un’applicazione di un principio variazionale 
per l’inverso di un operatore, dovuta a FRIEDMAN. 


(*) Traduzione a cura della Redazione. 
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The Second Virial Coefficient Near Absolute Zero. 


J. M. BLATT 
The F.B.S. Falkiner Nuclear Research and Adolph Basser Computing Laboratories 


School of Physies (*), The University of Sydney - Sydney, N.S.W. 


(ricevuto il 4 Giugno 1956) 


Summary. — A new proof of the quantum mechanical formula for the 
second virial coefficient is followed by a discussion of the behaviour of 
this coefficient in the limit of very low temperatures. Comparison is 
made with earlier work. 


1. — Introduction. 


At very low temperatures the second virial coefficient of a gas cannot be 
computed from the classical expression (1) 


(1.1) Be 2a (ar) —1)rdr, 
0 
where 
(1.2) ar, BP) = exp[— BV(r)] (classical) 


is the classical value of the pair correlation function in a dilute gas; here 
B =1/kT and V(r) is the potential of the force between the particles. Rather, 
it is necessary to use quantum mechanical expressions for the pair correlations, 
and to take account of the quantum statistics of the particles. 

Although there is considerable literature on this subject, the matter is 
not in a completely satisfactory state. The derivations of GROPPER (?) and 


(*) Also supported by the Nuclear Research Foundation within the University 
of Sydney. 

(2) J. O. HIRSCHFELDER, C. F. Curtiss and R. B. Brrp: Molecular Theory of Gases 
and Liquids (New York, 1954); see Chapter VI in particular. 

(2) L. GROPPER: Phys. Rev., 50, 963 (1936); 51, 1108 (1937); 55, 1095 (1939). 
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GREEN (*) give results which agree with that of UHLENBECK and BETH (') 
only if two gas particles cannot form a stable molecule. The contribution of 
bound states (stable molecules) does not appear in the results of GROPPER 
and GREEN; UHLENBECK and BETH do include such contributions, but by 
means of an ad hoc argument; in particular the normalization coefficient in 
front of this contribution is only made plausible, not derived directly from 
first principles. 

Sect. 2 of this paper is devoted to a mathematical derivation of the formula 
of Uhlenbeck and Beth starting from the results of the preceding paper (°) 
on the quantum mechanical pair correlation function. Sect. 3 is devoted to 
the discussion of the extreme low-temperature limit; the results are the same 
as the ones obtained by UHLENBECK and BETH, but we gain some qualitative 
insight regarding the region of r which makes the main contribution to the 
integral (1.1). Unlike the classical case, this is not the region of r in which 
the potential is most strongly attractive, but rather is outside the range of 
the potential altogether. Furthermore, the asymptotic formulas are shown to 
be of little practical use even at liquid helium temperatures. 

The asymptotic formulas given by GREEN (*) are discussed in Sect. 4. They 
agree with UHLENBECK and BETH as long as there are no bound states. 

Since the extreme asymptotic formulas cannot be used until very low 
temperatures are reached, an alternative approach is desirable. This can be 
achieved by the use of the «effective range» expansion for the scattering 
phase shifts (°). This is carried out explicitly for the S-wave contribution to 
the second virial coefficient, in Sect. 5. 

No numerical results are given in this paper, primarily because the eva- 
luation of the exact expression for the second virial coefficient is already coded 
for an electronic computer (7). - 


2. - Derivation of the Formula for the Second Virial Coefficient in Terms of 
Phase Shifts. 


The second virial coefficient is given by ({) 


(2.1) BR BRD 


(3) H. 8. GREEN: Proc. Phys. Soc. London, A 45, 1022 (1952). 

(4) G. E. UuLenBEeck and E. BerH: Physica, 3, 729 (1936); 4, 915 (1937). 

(5) J. M. Brarr: Henceforth this paper will be called «I», and equations in I will 
be denoted by (I, ...). 

(6) J. M. Brarr and V. F. Weisskopr: Theoretical Nuclear Physics (New York, 
1952); see chapter II and the references quoted there. 

(7) J. E. Kicparriok, W. E. Keuter, E. F. Hammer and N. METROPOLIS: Phys. 
Rev., 94, 1103 (1954). 
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where the + sign holds for Bose-Einstein statistics, the — sign for Fermi- 


Dirac statistics, and the quantities B and B’ are expressible in terms of the 
pair correlation functions q(r,t) and q,(r,t) defined in I: 


(2.2) B= 5 | §7(1 — g(r, t)) , 


(2.3) Bi = — 5 | erage t) exp[— r°/t] . 


Here «t» is related to the temperature through 
(2.4) en MmET — hb im , 


m being the mass of each gas particle. 
We shall use the expressions for q and q, derived in I, and transform the 
result so as to yield the usual expression (1), for the second virial coefficient. 
We start with formula (2.2). The function g(r, t) is given by equation (I, 6.3). 
In the special case of no force between the particles (ideal gas), the wave func- 
tion g(r, k) reduces to the regular solution of the free wave equation 


(2.5) Fy(r, k) = (dakr)'J,,,(kr) 


and (I, 6.3) reduces to the identity (). 


| (2.6) 1 = (4act?)br2 (A + Dm [exp[— k4]F2(r, k) dk . 
= 0 
We then obtain 
(2.7) 1 — q(r, t)=(4at?)tr-2(2/20) Vy eines [— kr, k) — g(r, k))dk. 
1=0 

0 
Substitution into (2.2) gives 
(2.8) Bey Bs, 


1=0 


(2.9)  B, = A(4mt)(2 + 1 far ax exp [— kt F(r, k) — g30r, k)) — 


— 2ac(4act?)#(21 + 1) > exp [— pet 


(8) This identity can be derived by performing the sum over / first, using formula (9) 
on p. 366 of Watson: Bessel Functions (Cambridge, 1948). 
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The contribution from the bound states has been evaluated by noticing that 
the y,,(r) in (I, 6.3) is by definition the normalized wave function of the i-th 
bound state of angular momentum /, so that the integration over r gives unity. 

The continuum contribution must be handled carefully, since it is not 
permissible to interchange the orders of integration over r and k. We there- 
fore integrate over r to some large value r = R, and afterwards let À approach 
infinity. It is shown in Appendix A that the following is an identity (6, is the 
scattering phase shift): 


R 
i 16 
(2.10) 2 | (Ft, k) — g(r, k))dr = — En + 3 sin (2kR + 26,)— $ sin (2kR). 


0 


For any finite R we can interchange the orders of integration over r and k, 
and we obtain 


(2.11) [ofowoor ravie k) — q(r, k)) = 


= — : Jar exp [— k?t](dd,/dk) + 1 dkexpl— kt](sin (2kR + 26,)— sin (2kR)) - 
1] 0 


0 


We need the limit of this as À approaches infinity. The integrals in which R 
occurs explicitly may be considered to be Fourier integral transforms of cer- 
tain functions of k, the transform variable being p = 2R. By the Riemann- 
Lebesgue lemma, these integrals approach zero as R approaches infinity, at 
least as fast as R-!. The conditions of the lemma are not stringent at all and 
are certainly satisfied by such smooth functions of k as exp [— kt] sin (20,), 
exp [— kt] cos (26,), and exp [— kt]. 
We therefore get an expression for B as follows: 


foo} 


(2:12) B= —.2(4nt?)} > +1) (x > exp [pele + [ak exp tj (A) i 
1=0 î u ‘ 


Next we perform a similar transformation on B’, (2.3). The function q,(r, t) 


- 


is given by equation (I, 7.4). For the ideal gas we get the identity 


foo} 


(2.13) 9,(r,t)=1 = (Ani) 2 exp} À )(214+1)(2/x) | exp [— kt] F2(r, k) dk . 
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We add and subtract 1 from q,(r,t) in (2.3) to get 
BES ty IR 
(2.14) 13 — 5 fara — q,(r, t)) exp [— 7?/t] — 5 Jar exp [— 72/t] . 


The second integral represents the second virial coefficient of an ideal (Bose- 
Einstein or Fermi-Dirac) gas, and is equal to 4(at)? = 2-2/3 where À = (2at)? 
is the conventional (1) quantity of the dimension of a length. The first integral 
can be transformed in exactly the same way as B,, and gives the same result 
as B,, (2.12), except for a factor (— 1). Thus in the total second virial co- 
efficient, (2.1), these contributions cancel for odd (even) /, and add up for 
even (odd) {, depending upon the statistics. The final result is 


(2.15) Ba = + (xt)? — (Int)! >’ D (21 + 1) exp[— fe] — 
v=0 à 
anes a 
— (dat)? >" (20 +1 [ar exp [— ket] = = £ 
1=0 


This is identically the same result which is obtained by the more usual ap- 
proach (14); the primes on the sums over / mean even ! only for Bose-Einstein 
statistics, odd J only for Fermi-Dirac statistics. 


3. — Behaviour at very Low Temperatures. 


We now investigate the behaviour of the virial coefficient (2.15) at extrem- 
ely low temperatures (as we shall see later, these temperatures are not prac- 
tical for dilute gases). First of all, if bound states exist, it is apparent from (2.15) 
that they dominate the low temperature virial coefficient. This is also obvious 
physically, since the formation of «molecules » becomes more and more im- 
portant as the temperature is lowered; eventually most of the gas consists 
of molecules (assuming always that the density is kept low enough that for- 
mation of the liquid state does not occur). It is clear that the virial series is 
not well adapted to such a case. 

In the absence of bound states (i.e., for sufficiently weak attractive forces 
between the particles of the gas), we must estimate the integrals in (2.15). 
Tt is well known from the quantum mechanical theory of scattering that the 
phase shift 6,(k) is proportional to k?1 for low values of k. We write 


e 21+1 
ea) (1 + Order (k2)) , 


(3.1) ö,(k) = Sem 
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where a, is a constant (for a given potential) which we shall call the « scattering 
length of order !» and the double factorial is defined by 


(3.2) CIE Dir = 13.9. Ore ye. 


At very low temperatures, and hence very large ¢, the main contribution to 
the integral in (2.15) comes from very small values of k, namely k < t7}. 
We can therefore use the asymptotic form (3.1), to get the following leading 
term for the contribution of a given J in the absence of bound states: 


2 
al 


ı 
(3.3) QB, = 4n(2l + Lait (3) (1 + Order (1/t)) . 


In the limit of very large t, the most important contribution is the S-wave, 
7 =0, with 


(3.4) 2B, = Anal un 


For Bose-Einstein statistics, therefore, the behaviour of the second virial 
coefficient at very low temperatures, in the absence of bound states, is given by 


(3.5) B, = — Ynt)! + 4xat + Order (1). 


The asymptotic behaviour is different for Fermi-Dirac statistics where the 
lowest contributing J is the P-wave, 1=1. We get, again in the absence 
of bound states 


(3.6) B_ = + Ant)! + 6na? + Order (t-?) . 


We observe that the ideal gas term, + 4(zt)?, dominates for sufficiently low 
temperatures over the effects of the interparticle potential, unless the potential 
is sufficiently attractive to produce bound states. 

These results agree, except for notation, with the results of UHLENBECK 
and BETH (*), and we shall see that they also agree with the results of GREEN (?) 
provided there are no bound states. 

It is of interest, however, to find out which region of 7 contributes most 
to the second virial coefficient. Consider the integral (2.2); the function q(7, t) 
which appears in the integrand has been studied in I. At very low tempe- 
ratures, g(r, t) has the following behaviour: 


(3.7a) q(r, t) = (R(r)} for r<t*, t large 


(3.7b) qr, thy 1 for r >t’, t large 
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The transition between these two regions is rather sharp. For qualitative 
arguments, therefore, we replace q(r,t) by (3.7a) for r<#, by (3.7b) for 
r >t. Furthermore, we assume that t? is much larger than the range of the 
potential V(r), so that we can replace the zero energy S-wave radial wave 
function R,(r) by 


(3.8) R,(r) = 1—(a/r) , for r > b. 


Substitution in (2.2) yields the approximate form 
4 4 
(3.9) 2B, ~fa — K?)4ar? dr =| Gar — a)4a dr = 4ra,t + Order (1). 
0 b 


This is precisely the asymptotic form (3.4), and we see from this qualitative 
derivation that the main contribution to the integral comes from the region 
r ~ À, not from the region in which the potential V(r) is most strongly attractive. 
This is quite different from the classical expression for the second virial co- 
efficient, and accounts at least to some extent for the fact that the quantum 
mechanical second virial coefficient at low temperatures is not very sensitive 
to the details of the potential V(r) (7). 


4. — Comparison with Green’s Calculation. 


We are now in a position to compare our results with those of GREEN (?). 
Green starts from the same expressions we use, (2.1) to (2.3), but treats them 
in a different way. He expands the pair correlation function in a power series 
in the inter-particle potential, and then operates formally with this series. 
This is equivalent, in quantum mechanical terminology, to working with infi- 
nitely many terms of the Born expansion, and should therefore give correct 
results whenever the Born expansion for the wave function converges. This 
is indeed the case: Green’s final results are equivalent to ours if there are no 
bound states. If bound states do exist, Green’s formulation fails to include 
their contribution; this is understandable because the Born expansion fails 
to converge to the correct solution in that case. 

It is of some interest to show the equivalence between Green’s formulas 
and our asymptotic expressions in more detail. By looking at Green’s for- 
mulas (23) and (24), it is apparent that his function t(7) is the radial wave 
function of the S-state in the limit of zero energy, and is identical with the 
function R,(r) defined by (I, 4.1), (1, 5.10), and (I, 5.11). Green’s equations 
corresponding to our (3.4) are his formulas (15) and (16), which become in our 
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notation 
(4.1) OM By. = tf eer oye +... 


We write the integral in terms of gr) = rR,(r) and make use of the wave 
equation for @o(7) 


(4.2) A? Goo/dr? = W(1) Poo(7) 


in order to get 


(4.3) 2B, = sur PE ay 


Since the asymptotic form of @ (7) for large r is r— a,, a, being the S-wave 
scattering length which appears in (3.1) (for |! — 0) and in (3.4), we write 


(4.4) Pool) =r— do + g(r), d'onde d2g/dr2. 


The function g(r) defined this way vanishes at infinity, and is equal to a, 
when r = 0 (since g must vanish at the origin). Substituting (4.4) into (4.3) 
and carrying out an integration by parts yields 


(4.5) 2B, = 4nt(y(0) — 9(00)) == Axa , 


which is identical with our result (3.4). 

If one expands the phase shift ö,(k) in a power series in k?, with leading 
term given by (8.1), the result for the second virial coefficient, is a power 
series in t-1. There are no logarithmic terms in ti, nor does t? appear explicitly. 
We do not know the cause of the difference between this and Green’s equa- 
tion (19), but in any case these expansions converge disappointingly slowly 
at reasonable temperatures. Fig. 1 of reference (5) shows that the calculation 
of DE BOER and MICHELS (°) has only moderate accuracy, in spite of the fact 
that they included phase shifts for 1 = 6. Clearly an asymptotic form which 
is derived from the S-wave only is not even qualitatively correct at liquid 
helium temperatures. We cannot agree with Green’s surmise that the asymp- 
totic form is sufficient at temperatures slightly below 1 °K. 


(?) J. DE Boer and A. MıcHELs: Physica, 6, 409 (1939). 
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5. — Effective Range Approximation. 


In scattering theory it is shown (%) that the following expansion for the 
S-wave phase shift yields an excellent approximation for low values of the 
wave number k: 


(5.1) k cot 6) = — 1/a, + 4rok? + Order (kt) 


where a, is the S-wave scattering length and r, is called the « effective range ». 
Similar expansions hold for higher values of J. The first non-S-wave contri- 
bution to the virial coefficient of a Bose-Einstein gas is the D-wave, | = 2. 
Equation (3.3) shows that this contribution goes to zero in the low-tempe- 
rature limit, and so do the contributions from / = 4,6, Thus the S-wave 
does determine the virial coefficient completely, at sufficiently low tempe- 
ratures, and we shall use (5.1) to get an asymptotic result which converges 
better than (3.4), and reduces to (3.4) at extremely low temperatures. 
It follows from (5.1) that 


(5.2) dô, RES 1 + Son? | 
À > “ (1 — 4rpak?)? + (ak)? ; 


Ze 
We substitute this into the integral (2.12) for ! = 0. We expand (5.2) into 
partial fractions; the zeros of the denominator of (5.2) shall be called — u? 


and — »?, respectively; they are given by 


(5.3) u — (2/r5)(1 hide (LE 2r,/a0)?) 


(5.4) = (2/7?)(1 — To] do — (1 — 2r0/a0)*) 0 


We then get, in the absence of bound states, 


aut? a 1— dau? 1— grav? 
5.5 MT EEE k ex ket Zen |, 
(5.5) o= Fr = =) je exp [ ] | hk? + y? k2 + y2 
0 

At this point we use the definite integral 

2 Kexp| ve? 
(5.6) J (x) = À PE 1 de u ed — erf (x#)) , 

0 


to get our asymptotic formula: 


at? 
Ay (Gy — 270 


4 
(on) 2By = 47 | ) (ut — Fraps) J (ut) — (7 — Lrodov)J (v?t)) . 
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The less accurate asymptotic form (3.4) can be obtained from (5.7) by 
using the limiting form 


(5.8) J (x) = (xx) "À for large «. 


However, this is not accurate unless the argument of J is indeed large. By 
looking at (5.4), we see that »? is approximately equal to (a)? provided the 
scattering length a, is large (this is apparently the case for helium) (1). Thus 
the argument v*t is of the order of t/a. At liquid helium temperatures @ is of 
the border of a few Angström units, very much less than the absolute value 
of a). One would have to go to temperatures of the order of 10-3 °K before (3.4), 
and hence (3.5), becomes a good approximation for helium. This point is quite 
apart from the question of the contribution of higher values of 1. 


eee 


We would like to thank Dr. S. T. BUTLER, Dr. M. R. SCHAFROTH, and 
Professor H. S. GREEN for valuable discussions concerning this paper. 


APPENDIX A 
Proof of Equation (2.10). 
The differential equation satisfied by the radial wave function (7, k) is 


HET) 


y2 


(A.1) (d'y/dr?) - G Je = Wh, 


We write down the same equation for a neighbouring value of k, say k + &, 
multiply (A.1) by o(r, k + e), the other equation by g(r, k), and subtract. 
The result is 


d i / 
(A.2) A [p(r, k + e)p'(r, k) — pr, k)p'(r, k + €)] = (2ek+ e2)o(r, k)p(r, k + €) ; 
where the dash denotes differentiation with respect to r. Since the « free » radial 


(9) Although the comparison of calculated second virial coefficients with expe- 
rimental values does not allow us to determine whether a bound state of two helium 
atoms exists, the comparison does show that the absolute value of the scattering length 
is very large compared to usual atomic dimensions. That is, the potential either barely 
fails to allow a bound state, or else is barely strong enough to allow one. In the first 
case the scattering length is large and negative, in the second case, large and positive. 
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Qt 


wave function F(r, k) satisfies (A.1) with W(r) = 0, we also have 


(A3) en (Fir, k + &)F'(r, k)— P(r, k)F'(r, k+ e)) = (2ek +82) F(r, k)F(r, k +e). 


We subtract (A.2) from (A.3) and integrate the result over r from r = 0 to 
r = R. Furthermore, we keep only the first order terms in e. This gives 


(A.4) 2ek [Pr k)— @(r, k)) dr = F(R, k+e)F'(R, k)— F(R, k)F'(R, k+e) — 


— 9(R, k + e)p'(R, k) + 9(R, k)p'(R, k + €) + Order (e°) . 


The contribution of the lower limit, r = 0, to the right hand side of (A.4) vanishes 
because both F and m vanish at r = 0. We now use the asymptotic forms, 
valid for kR > 1 and R >> b, the range of the potential: 


(A5) Pur,k) zsin (kr— 4x), gr, k) z sin (kr — Mx + 6,(k)). 


We expand the right hand side of (A.4) in powers of &, keeping only the linear 
term. The result is equation (2.10) of the text. 


RIASSUNTO (*) 


Una nuova dimostrazione della formula della meccanica quantistica per ilsecondo coef- 
ficiente del viriale & seguita da una discussione del comportamento di tale coefficiente 
al limite delle bassissime temperature. Si fanno dei confronti con lavori precedenti. 


(*) Traduzione a cura della Redazione. 
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Summary. — We have investigated the vacuum polarization current 
arising from the superposition of a constant electromagnetic field e-h=0, 
h? — e2 > 0, with a small arbitrarily varying field, without resorting to 
a power series development in the constant field. The energy density of 
a photon field in the constant field is also given. 


1. — Introduction. 


In this paper we have investigated the vacuum polarization current arising 
from the superposition of a small arbitrarily varying electromagnetic field 
with a constant electromagnetic field, which in a particular frame becomes 
a constant magnetic field, fy, pointing in the #,-direction. The effect of the 
latter field consists only in a modification of the vacuum current caused by 
the former field. This is because a magnetic field is incapable of polarizing 
the matter vacuum. In this specific situation one can calculate the vacuum 
current without resorting to its series development in the magnetic field. Some 
difficulties met in discussing the gauge invariance properties of the vacuum 
current, have been completely removed using an extension of a procedure 
suggested by J. SCHWINGER (1). The vacuum current can be expressed co- 
variantly as sum of three terms, one of which depends only on the current 
associated with the varying field and the other two depend in a gauge invariant 
manner on the derivatives of the same field. The charge renormalization pro- 
cedure affects only the first term. If the small field is interpreted as the quan- 
tized field associated with a photon field, the current terms depending on the 
derivatives give rise to additional terms in the Hamiltonian which describe 
the coupling between the photons and the magnetic field. 


(2) J. Scuwincer: Phys. Rev., 82, 664 (1951). See especially Appendix A. 
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The full Hamiltonian will be invariant with respect to translation in space 


and time, but not invariant with respect to rotations around the axis forming 
a non vanishing angle with the magnetic field direction. If, for instance, a 
photon with a definite linear momentum and definite circular polarisation enters 
the magnetic field region perpendicularly, it will leave out the magnetic field 
region as a mixture of the two opposite circular polarizations. But this is 
possible only if the two components of the initial circular polarization, polarized 
parallely and perpendicularly to the magnetic field, propagate with different 
velocities in the magnetic field region. 

Therefore, the magnetic field region will behave for a light wave as an 
anisotropic dielectric. 


2. — Calculation of the Polarization Tensor Æ,,(x, x’). 


it We have first attempted the calculation using the « bound interaction 
picture » in which the «bounded field » is the constant magnetic field. No 


difficulty arises in connection with the vacuum definition, since the negative 
and positive energy levels of the corresponding Dirae equation have a spacing 
of 2m?. An entirely different situation would have arisen if we had started 
with a pure electric field (2). In such a case the negative energy levels of 
the Dirae equation go continuously into the positive ones (°). 

We have choosen this particular gauge associated with the magnetic field h,, 


ala) = — Flat ; A(@) = ho ; az = dy = 0. 


The vacuum current is correspondingly: 


War Ende $ ; 
> lim y, 9 — tea,(x')] — m}AM(a', æ) = 0. 


gx 


By adding a small arbitrarily varying field A (#) the vacuum current be- 
comes 


NCIS 5 | Bal") dix”, 
with 
Ku(&, ©) = (i A%), Jr(@) Doe(@, 2°) = 
en 5 tr{y,[y.(0,—t¢a,(a))—m]A (a, 2" y (es —iease))— mA, æ) + y >}, 


(2) W. H. Furry: Phys. Rev., 81, 115 (1951). 
(2) M. Demeur: Ac. Roy. Belg. Ol. des Sci., 28, fase. 5 (1952). 


31 - Il Nuovo Cimento. 
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and (*) 
= ; ie : , 
(1) iN (aoa) —= (Am): exp 5 Nyy (a0, — Lido) | 
i m? + inyrehrp RE? s 2 eh: 
exp 5 - Bie us a *) Hi a + = ely CE etn =) | 
| | zi sin Chis nn 
ehys 26 
ie i à N: 1 iN Ne 
= exp |— 5 Nyy (HX, — 0.) [ Aa (ts, ©) — y1y2Ana.(d, © > 
E a ie F 5 
(2) AM (a, æ') = Sz? exp | — D Ms (yt — oa} 
l m2 + tyyyrehy» BEE 2 20e 
exp E | BA + zz rt) nd Si = ? hes Fu etn Al 
. (4 a FA) = dp = 
[ew 2B th 
—— sin — 
eh» 2B 


= exp 


ve L i fg VAN 
ar Nyo( Ho, — zo) [Ag x) — Yıya AS (X, æ )] ; 
with 
& =#,—2 ; A= eet. 


For the following discussion it is convenient to introduce two other functions 
R(z, x), R(#, x’) defined by: 


i / © 2 oh 2 
; exp 2 | Ba 4 3 eh; (2 — ctn =) 
R(x, x’) = - = ws poe ees m a0 dp; 
; (4x)? 2 ehs 
08 


The properties of the y,-matrices assure that K PACE æ') is an even function 
of hy», as required by the Furry theorem. 

We shall investigate now into the properties of the vacuum current with 
respect to the two independent gauge transformations of the potential a,(7), 
A,(r). The invariance of the vacuum current respect to the a,(7) gauge trans- 
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formation is easily established, because this transformation affects essentially 
only the phase factor appearing into (1), (2) and leaving the expressions of the 
form A(z, &')A®(x', x) invariant. The invariance requirement of the vacuum 
current with respect to A;(x) transformations (and consequently the charge 
conservation) is fulfilled if 


Instead, it is 


0,K „x — O(a — a’ )[O,AQ? + 6, 1,0, RY] + tel À, 0,4? + 
An Cuba + data Ou Noa Mad Bog) + 5, (AO, RA, ,.0,R™)) , 
with 


dus = du Air Om ? 
which is different from zero, and by letting eh,— 0, the r.h.s. reduces to the 


well known indeterminate expression 
— 09 (@— 7) 0 A (A). 


In order to test how the invariant regularization procedure (?) works in 
this case, we have simplified the very involved expression of Æ,,(x, x’) re- 
taining only the lowest order contribution from the magnetic field. Intro- 
ducing the electromagnetic tensor associated with the magnetic field, the 
approximate Æ,,(p) tensor can be written covariantly in such a way that it 
is possible to separate gauge invariant expressions from non gauge invariant 
expressions, such that the latter acquire the typical form: 


fu fit 


oO 


1— y 
exp |i 70 <p Re)" pe + Re ine ae, 


a 


where R(z) = exp [im?z| and n = 2, 3. 
Introducing a convergence factor exp[—|z|e] and performing an integ- 
ration by parts (5) one obtains the result: 


gn 1 
Jove R(z)t exp 


(4) W. Pauzr and F. VILLARS: Rev. Mod. Phys., 21, 434 (1949). 
(5) See reference (1), p. 440-441. 


ill re de, 
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and extending this procedure to the whole K,,,(p) expression one obtains finite 
and gauge invariant result in the second order of the magnetic field. No 
necessity arises of using the regularization condition 


R(0) = R'(0) =0. 


This was predictable from the observation that the singular A (a, a’) and 
A(x, v') functions, developed in power series of h,, can be written down as the 
sum of the corresponding singular functions without magnetic field A®(1) and 
A(2), plus derivatives of the latters with respect to m?; and these derivatives 
are less singular on the light-cone than the corresponding functions. 

This procedure has been proved to be fruitful in the lowest order term 
in the magnetic field; perhaps it is suitable for handling higher order terms ; 
but we do not know if the development of Æ,,(+, x’) in power series of eh 
is meaningful, because we do not know if K,,(x, 2’) is analytic at the point 
ely = 0. We have not gone further because a more direct approach was 
used as described in the following. 


3. — Gauge Invariant Approach. 
The vacuum polarization current 1s given by: 


0j, (2) = ie lim tr ACC x") » 


ax" 


where G{x',æ") is the Green function of the operator 
; pP 
. ri 
yl 10, — eA,(@)] + m. 


According to J. SCHWINGER (!), 6j,,(x’) is equivalently expressed by 


0) ,(x") aia 


foo} 


= . lim - | exp [— im?s] tr <x'(s)|I7,(s) + IZu(0) + fo„III,(8) — I1,(0)]|æ"(0)> ds , 


0 


where the transformation function <«’(s) 


æ"(0)> obeys the differential equation: 
id,<a'(s)|w"(0)> = <a'(s)|H|a"(0)> , 


and the operators +, and IT ee eA, obeys the coupled differential equa- 
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tions 
dx 
« Pree s) A 
(3) — = 211; 
ds 
all CF CF 
u Em | CH ay 
(4) SO gd lg Ve SCO =o 
ds an CZ, 


with the commutation relations 


Le, IT] = id UT, II] = ieP,, . 


uv ? 


TER is the electromagnetic tensor associated with the potential vector À, (x) 
and H= IT’, — $eo,,F,. 

We will solve the differential equations (3) (4), by decomposing F (2) 
into the sum of a constant electromagnetic tensor h., (associated with the 
magnetic field parallel to the x,-axis) and the tensor f,,(x) associated with 
the small arbitrarily varying field; then introducing first order approximation 
for the f,,(x) field we will obtain the exact solution for the h,, tensor. Simi- 
larly the transformation function <x'(s)|æ"(0)> will be exact in the h,, field 
as long as the varying field f,,(@) is considered only in first order. 

The integration of the coupled equations (4) gives 


(5) IT, (s) = IT,(0) cos (2eh,,s) + I7,(0) sin (2eh,,s) + 


s 


= | ®,(s') sin [2eh,,(s — s')] ds’ + | D, (s') cos [2eh,,(s —- s’)] ds’. 


0 


(no summation; w and » take only the values 1, 2) 


s 


(6) I,(8) = H,(0) + | @,(s!) ds’; r= 3,4, 
0 
where 
RS 2 Ofrale*) | Of: (&*) 
Das") = 2efralw* TF Rae + LE 


@,(s') is the right hand side of (4) in which the operators +, and IT, have 
been approximated with the corresponding starred quantities, which are the 
solutions of (3) (4) with vanishing f,,,(v). That is 


a*(s') = x(0) + I(s’)II(0) 


IT*(s') = R(s’)II(0) , 
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with 
cos (26h28) sin (2eh,:8') 0 0 
|— sin (26h25) cos (2ehrss’) 0 0 
1) =) 
0 0 1 0 
0 0 0 al 
sin (Zehjss') 1— cos (26h25!) 
= 0 0 
ehy» eh» 
cos (2eh,s') — 1 sin (26h35) h N 
I(s') = eh eh 
0 0 25! 0 
0 0 0 261 
The introduction of (5) and (6) into (3) gives: 
= ; sin (2eh Ss)  . 1 — cos (2eh,,s) 
(7) % (Ss) = %.(0) = 211,(0) Doc es Sr N ne 35 
at fe @,(s') ds! 4 1e [2eh,,(s — s')] 


Ruy eh 


0 


(no summation; w and » take only the values 1 and 2) 
(8) æ,(s) — æ,(0) = 2s11,(0) + > | (1 — >) ®D,(s') ds’, 
0 


By (5) and (7) one obtains 


s 


(9) IT, (s) — I1,(0) = eh, [a,(s) — x,(0)] + [or 


0 


eh, sin (2eh,,S) 


(10) IT (8) + 1,0) ~ 1— cos (2eh„s) 
SOW yy 


[x,,($)— a, (0)] + 
(ee s')}{ cos [2eh „(8 — s’)] — cos (2eh,, 
| 1— cos (2eh,,s) | 


0 


cos [2eh,,(s — s')]— cos (2eh,,8') 
| = uv ur) ! al 
| | 1 — cos (2eh,,5) Pit 


DI fs‘ 


0 


(no summation; w and » take the values 1, 2), 


!) ds’ + 


P,,(8') ds’ I 
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and from (6) and (8) one obtains 


IL, (s) + I1,(0) = oe Je: = 1) @,(s'\ds’ (r — 3,4). 


Since ®,(s’) contains already linearly the f (x) field and 


PC; 
lim <x'(s)|æ(s) — æ(0)|æ"(0)> 
th 4 
vanishes whatever the transformation function, it is sufficient in our approxim- 
ation to use the transformation function of the constant magnetic field with 


f(t) = 0. 


Introducing the Fourier transform of 
1 : : 
TC On) Iw(k) exp[ik-z]d!k, 


we have then to calculate the following matrix elements 


(a) lim <a'(s)|exp [ik-x*(s')]|x"( 
(b) lim <a’(s) |exp [tk-«*(s’) JT (8’) |@"(0)> 
(¢) lim ws ) | rm | a"(0)> ’ 


which will be examined in the appendix. 
The covariant result is 


N a 2e? 1 h pS Rs eh ee si ; 
(11) 09,20), = aa Jr Jas Ja kexp{ik-æ']exp[AÆ] 


Sl eho ctnh (ehys) 
men 


jl 
neh) v sinh (ehsv) — | YFurlk)kı + 


. | 1 etnh (ehs) (1 = sinh | ich afi) Rick, —- 


ezhes eh ° inh (ehys) 
1 vsinh (eh,sv) etuh (ehos) 2 cosh (eh sv) 
e:h?s eh, sinh (ehos) eh, sinh® (ehys) 


2 cosh (ehgs) 
eh, sinh? (ehos) 


| eh fi(k) )hirk 1 , 
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with 


92 
R=— sm: +-ke(1 ) —[kıhuhuk,]- 


1s(1— v2) cosh (ehysv) — cosh (ehgs) 
2 eh, eh sinh (els) 4 


where h,; = He, uf, and &,,,, 18 or 51, it (rsuv) forms an even or odd 
permutation of (123 4) and is zero otherwise; h, is the real scalar quantity 
Vh Pipl In order to obtain (11) two changes of variables have been made, 
namely 
v 
s'— 45 > 8 5? 
and 


15 


Charge conservation of (11) is easily verified, as well as the even parity 
of the integral with respect to the magnetic field, (Furry theorem). The 
Oj (2) current contains three terms, the first = which can contribute only 
if the Ti (x) current associated with the hey ) field is different from zero. 
The other two terms give contribution if at up one of the quantities | 


Of(a’) | Ofi(æ). Ofea(@’) . Ofea(a’) 
Ro x 

is different from zero. The term depending upon J'(x') is the only one that 

requires charge renormalization. This is accomplished by decomposing the 

J%'(x') dependent term into 


eh, etnh (eh s) 


12 
dE) sinh (eh s) 


D? 
v sinh (eh sv) — 7 ok É Zee 
8 


which transfers the singularity of the integral at r = 0 into the second term 
of (12). 

Performing an integration by parts over v in the second term of (12) we 
obtain 


CRT El 92 
En - 5 [= exp [—- sm?] dsd* (a!) + PF dv | ds | d¢kexp[ik-a’] exp[ R]- 
(4x)? 3 | 2s = 


0 
ja etnh (eh,s) 


5 v2 
ann v sinh (eh, Sr 


ho 
he ae 
"eh Sum De e®h3 sinh (ehos) |] JR), 


3 1 ) 
= 5 == oa +5 a sinh (eh,sv) | er 


| fee 
3 
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_ and the logarithmic divergent multiple of the external current can be ignored 
if we perform the usual charge renormalization. This does not depend on 
the magnetic field strength, which is reasonable, the sources of the constant 
field being located at the infinity. 

The finite covariant result can be expressed by 


= 1 à F4 02 ise 
Br ee, a" ieee 5 += 2) DE (2) + 


CE fra’) Deus i 
ate M, er pee 12 Far a). | hy Rey o + M, io, er 12 SF ul Zu hile Le 


The M, functions cannot be given in closed form, unless one chooses very 
special f,,(z’) fields. 

In the a case in which f,,(@’) is the quantized tensor field asso- 
ciated with the free photon field A,(@'), the expression (13) simplifies to 


14 


rac 7 02 02 2 of (x') 
a D a(S +) i hy TD + 


œ 82 = Aula! 
LM. c he fe = i) au hy iher a ) 
4} 


00% Lp 


and this current gives rise to an energy density of the photons in the mag- 
netic field 


(14) es 4: A (a) 0j (x!) : 


which adds to the energy density of the free photon field. In a paper to 
follow we will examine the physical meaning of the non-linear effects contained 
n (14). We will also study the analytical properties of the M; functions in 
the neighbourhood of A, = 0, and an approximate expression for (14). 


The author is indebted to Prof. J. SCHWINGER for valuable discussions 
during his stay at the Les-Houches Summer School. 
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APPENDIX 


The matrix elements a), b) can be calculated following the procedure of 
reference (1), Appendix A. We give the results 


a) lim <x’(s)|exp [ik-«*(s’)|”"(0)> = exp [ik-a’] exp [— IN] lim <a'( s)|x"(0)>, 


æ'—2" a’ —x' 


b) lim <a'(s)|exp [ik-#*(s’)JIZ,«(s’) |«”(0)) = 


—=— exp [ik-«'] exp [— IN] Rs )In (s)Rı(s (yf — I(s (8) Jrokr lim <a'(s 3) |a”(0)> 
where 


99! 
N = i(k? + DIE : - | H 4(ki + R2)- 


sin (26h,s') [1— cos (2ch,,s')] sin (2eh»s) 
his eh 1 — cos (2eh,,s)] : 


and <æ'(s)|æ4"(0)> is given in reference (!) p. 668. 
In order to caleulate 


€) COCA 


we notice that à term of this form arises when we calculate the transformation 
function in the case of a «large» electromagnetic field Ah, and a «small » 
electromagnetic field whose only component is f,, — 1. Comparing the cor- 
responding transformation fanction in first order in f,,, with the exact one 
(reference (1) p. 668) we obtain the results: when ! =1 and m = 2, orl — 3 
and m = 4, o,, can be brought at the right or left side of the transformation 
function, according to the fact that o, commutes with itself and with o.,. 
In all the other cases: 


sin (€h,8) 


<a (8) | Om [æ"(0)> = <a'(s)|@"(0)> exp [— toneh128] 1m Bins 
12° 


RIASSUNTO 


Abbiamo calcolato la corrente di polarizzazione del vuoto indotta dalla sovrap- 
posizione di un campo elettromagnetico costante, caratterizzato da e-h=0, h? —e? > 0, 
e un «piccolo» campo comunque variabile, senza usare il procedimento perturbativo 
per quanto si riferisce al campo elettromagnetico costante. Si é inoltre calcolato il con- 
tributo alla densité di energia di un campo di fotoni dovuto all’accoppiamento dei 
fotoni con il campo elettromagnetico costante. 
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On the Consequences of the Possible Existence 
of the Hyperdeuteron (*). 


M. FERENTZ and S. RABOY 


Argonne National Laboratory - Lemont, Illinois 


(ricevuto l’11 Giugno 1956) 


Summary. — It is suggested that the observation of a hyperdeuteron is 
an indirect method for detection of the neutral cascade particle which is 
predicted by the scheme of Gell-Mann and that of Salam and Polking- 
horne. The consequences for these schemes are examined and some 
possible methods for preferential selection of one of the schemes are 
suggested. 


1. — The Hyperdeuteron. 


The recent schemes for classifying the new particles (1?) require that the 
negatively charged cascade particle, Æ7, be a member of a charge doublet. 
Its partner is a neutral particle which should decay « weakly » (~ 10-1 s) in 
the following way 


Ho — A0 + 7°. 


Direct observation of this decay is clearly difficult, but we suggest that obser- 

vation of a positively charged hyperfragment of about the same mass as a 

deuteron is an indirect method for verification of the existence of the =°. 
Within the G and SP theories this is the only possibility for a hyperdeu- 


(*) Work performed under the auspices of the U. S. Atomic Energy Commission. 

(4) M. GELL-MAnN and A. Pats: Proceedings of the International Physics Conference 
(Glasgow, July 1954). This scheme will hereafter be designated as the G. scheme. 

(2) A. SALAM and J. ©. PoLKINGHORNE: Nuovo Cimento, 2, 685 (1955). This scheme 
will be designated as the SP scheme. 
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teron since the alternative possibilities A°+p, X&°-+p, and &+-+n are excluded (?). 
Experimental evidence of the binding of the A° to nucleons in the heavier 
hyperfragments indicates that a nucleon-A° system would be unbound. The 
x-nucleon possibilities are excluded since the reactions 


ts 


+ pp +A 


DE + n + p + Ae 


would proceed rapidly.(—10-?*Ss), whereas the only energetically possible 
decays for the E°-p system are weak interactions. A mode of decay of the 
metastable E°-p system has been given by GATTO (*). 


Ht = (E+ p) > p+ Aetna’. 


There exists a picture (5) which may contain a decay of a hyperdeuteron. 
A K particle is observed to come to rest and produce a star, from which a 
singly charged hyperfragment ejects a 26 MeV proton, after coming to rest. 
This observation is consistent with GATTO’s suggested decay mode. 

It is in the classification of K-mesons that the G and SP schemes differ. 
in the G scheme the conservation of strangeness is violated in the production 
of & particles by K~ absorption. In the SP scheme, on the other hand, the 
process (5) 


TR DE D EDS 


is fully allowed. Thus, if the creation of hyperdeuterons by a K~-meson beam 
is firmly established in the future, this would be a definite indication of nature’s 
preference for the SP as against the G scheme. It should be noted, however, 
that the observation of hyperdeuterons in cosmic ray events or as a result 
of nucleon-nucleon events is consistent with both schemes. 

The existence of the hyperdeuteron implies that the &-nucleon binding 
is stronger than the A’-nucleon binding. In the SP scheme the interaction of 
the & with nucleons is via the + field while the A® interacts via the 0 field. 
There is no reason to believe that the coupling constants of both fields are 
equal. In the G scheme the coupling of © particles to nucleons is performed 
via two K-mesons as against the single K-meson coupling of the A-nucleon 
interaction. For large enough coupling constants the two K-meson coupling 


(3) J. M. Buarr and S. T. BUTLER: Nwovo Cimento, 3, 409 (1956). ~ 

(4) R. Garro: Nuovo Oimento, 8, 318 (1956). 

(5) E. P. GEORGE, A. J. Herz, J. H. Noon and N. SOLNTSEFF: Nuovo: Cimento. 
3, 94 (1956). 

(5) We shall use the term K-mesons when referring to the G scheme or to the 
experimentally observed mesons. In the SP scheme the two kinds of K-mesons will 
be designated as t-mesons and §-mesons. 
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can be stronger than the one K-meson coupling. If this were the case hyperons 
of still higher strangeness would be bound even more strongly to nucleons. 


2. — Particles of Higher Strangeness. 


The assumption that « Nature abhors » multiply charged elementary par- 
ticles may be used to delimit the number of types of elementary particles in 
the G and SP schemes. SALAM and POLKINGHORNE, in their paper, observe 
that with this assumption only a hyperon triplet (0, 1) and a K-meson singlet 
(0,0) might still exist. The (0,0) K-meson is almost certainly undetectable 
(lifetime ~ 102% s) and a (0,1) hyperon of mass greater than 2800 would go 
rapidly to a nucleon and a 0. The same assumption applied to the G scheme 
allows only a nucleon number one, strangeness —3, negatively charged singlet, 
and a nucleon number zero, strangeness 2, positively charged singlet, and their 
anti-particles. 

If the S = — 3 particle has mass greater than 3550 electron masses it would 
be unobservable because of the fast decay 


Q > & + K° 
or 


Ones aK 


It is reasonable to suppose that the mass of this particle would be greater than 
2850 electron masses (the sum of the rest masses of the x and &) and, there- 
fore, would not overlap the mass of the missing SP particle. The detection 
of a weakly decaying charged particle between 2850 and 3550 electron masses 
would indicate a preference for the G scheme. 

The Q particle would be made in association with three K-mesons and it 
is unlikely that this particle can be produced in the Bevatron since the threshold 
is too high. ‘ 

The hyperon in the event reported by EISENBERG (7) is in the 2800 to 
3550 mass range and its weak decay is consistent with 


QT = A! + KT 
in the G scheme. We would expect the alternative modes 


Q- + B+ 7° 
or 


OF = Bo tn 


to be observed since these reactions, in fact, require less energy. 


(7) Y. EISENBERG: Phys. Rev., 96, 541 (1954). 
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If the S =2 boson had mass greater than 1930 electron masses it would 
not be observable since it would go strongly into two K-mesons. For a mass 
less than the 1930 electron masses its creation would be expected in asso- 
ciation with the © particle. One cosmic ray event (5) shows a 3” created 
with two neutral K-mesons. This cannot be used to exclude the S = 2 boson 
since at high energies the threshold differences would be counterbalanced by 


the increased phase space available for three body decay. 


8. — Conelusions. 


1. Any observation of a hyperdeuteron is consistent with at least one of 
the two schemes discussed. 

2. In both the G and SP schemes a hyperdeuteron is uniquely made up 
of a 2° bound to a proton. 

3. The SP scheme would allow &° creation or hyperdeuteron creation as 
a result of a K” absorption, while such an observation is forbidden by the 
G scheme. 

4. With the assumption that only singly charged elementary particles 
exist, the two schemes lead to different properties for as yet unobserved par- 
ticles. The existence of a weakly decaying charged particle with mass greater 
than 2800 but less than 3550 is consistent with G but not SP, whereas an 
observed particle of mass less than 2800 would favor SP. 

5. Both the G and SP schemes will be untenable if future experimental 
results corroborate both the Eisenberg picture and the formation of the Æ°-p 
hyperdeuteron by K”-meson absorption. 


We would like to express our appreciation to M. HAMERMESH, G. R. RINGO, 
and L. C. TENG for many stimulating discussions. 


(8) S. D. SORRELS, R. B. LEIGHToN and ©. D. ANDERSON: Phys. Rev., 100, 1457 (1955). 


RIASSUNTO (*) 


Si suppone che l’osservazione di un iperdeutone sia un metodo indiretto per la 
rivelazione della particella neutra della cascata predetta dallo schema di Gell-Mann 
e da quello di Salam e Polkinghorne. Si esaminano le conseguenze di tali ipotesi per i 
predetti schemi e si suggeriscono alcuni metodi possibili per la scelta preferenziale di 
uno di tali schemi. 


(*) Traduzione a cura della Redazione. 
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On n-Pentane Bubble Chambers. 


P. BAssı, A. LORIA, J. A. MEYER (*), P. MITTNER and I. SCOTONI 


Istituto di Fisica dell’ Universita - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 29 Maggio 1956) 


Summary. — Both a clean and a dirty n-pentane bubble chamber have 
been operated. A description is given together with the results of an 
investigation into the influence which working conditions have on the 
sensitive time, and the size and number of the bubbles produced along 
the tracks. The number of bubbles per cm and their size are practically 
constant over a wide range of the final pressure; the foam limit does not 
depend on the final pressure. The sensitive time can be appreciably 
increased by an increase of the final pressure and there is a temperature 
range of a few degrees where the number of bubbles per em is practically 
constant. 


1. — Introduction. 


The first bubble chamber was made and operated in 1952 by D. A.-GLA- 
SER (1). With this instrument the passage of ionizing particles through a 
superheated liquid is rendered visible by means of the small bubbles of vapour 
which appear along the trajectories; the superheating is obtained by a sharp 
decompression of the liquid. 

A spherical vapour bubble will grow spontaneously in a superheated liquid 
when its radius is greater than a critical value r,.. The energy necessary to 
form in a reversible and isothermie way a bubble of radius r, is 


1620° 


wv, = > 
* 3(pe— p)?’ 


where o and pp are respectively the surface tension of the liquid and the pres- 


(*) On leave of absence from the Faculdade de Filosofia, Ciencias e Letras, Sao 
Paulo (Brazil). 

(1) D. A. GLASER: Phys. Rev., 87, 665 (1952); 91, 762 (1952); Suppl. Nuovo Ci- 
mento, 11, 361 (1954). 
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sure of the saturated vapour at the working temperature 9, while p is the 
hydrostatic pressure (?). 

An ionizing particle may be expected to be able to form bubbles if it 
transfers energy of the order of w, to the critical volume of radius 7,: in fact, 
experience shows that it is best to work with liquids of low surface tension, 
brought to considerable. superheating by means of large pressure variations. 
Conditions favourable to the formation of bubbles can be maintained only 
for very short periods of time (*), certainly less than 10-48, and perhaps by 
some orders of magnitude: this fact has so far prevented counter control of 
bubble chambers. 

The mechanism of bubble formation is not yet fully understood. GLASER (1) 
initially proposed an electrical model based on the repulsion of ions of the 
same sign; this theory has been developed by L. BERTANZA, G. MARTELLI 
and A. ZACUTTI (4). It seems however that the great majority of the ions 
recombine in 10-§ s (5), which raises doubts about this type of model. 

The bubbles could also be due to a local heating resulting from a direct 
transfer of kinetic energy from the ions, or clusters of ions, as produced for 
example by 6-rays, to the nearby molecules during the recombination: however, 
the lack of precise information about the processes involved renders the basis 
for the development of such a theory very insecure. 

Liquids successfully used are helium, hydrogen, deuterium, some hydro- 
carbons, sulphur dioxide, methyl alcohol, xenon, tin tetrachloride; the tem- 
perature of operation ranging from about — 269 °C for He to about 390 °C 
for SnCl,. 

Bubble chambers are of two types, «clean» and «dirty ». Clean chambers 
have their sensitive volume limited by a single glass surface, free from any 
irregularity: between the sensitive zone and the movable part there must 
therefore be a temperature gradient. On the other hand the various types 
of dirty chamber have metallic parts, gaskets etc. in direct contact with the 
sensitive liquid. Here a temperature gradient is not essential, but may be 
used to enable the compression system to work at room temperature. 

There are two possible modes for the recycling: rapid recycling with cycles 
of the order of tenths of a second (*) in which the bubbles are recompressed 
practically where they originate, and slow recycling with cycles of the order 
of a minute, in which the bubbles rise and then coalesce at the summit of 
the chamber. 

In this article we describe in some detail a clean and a dirty n-pentane 
bubble chamber. They were expanded for periods of about one s at constant 
intervals — the value of which is called the recycling time — of about one 
minute from a fixed initial pressure of 25 atm to a regulable final pressure, 
equal or greater than atmospheric. A greater initial pressure allows faster 
recycling because the bubbles disappear more quickly. Our results concern 


(2) M. VOLMER: Kanetik der Phasenbildung (Dresden 1939). 
(2) D. A. GLASER and D. C. Raum: Phys. Rev., 97, 474 (1955). 
(4) L. BERTANZA, G. MARTELLI and A. Zacutti1: Nuovo Cimento, 1, 324 (1955); 
2, 487 (1955). 

(5) L. B. Lons: Kinetic Theory of Gases (London, 1934). 

(6) J.- LEITNER, N. Samios, M. Scuwarrz and J. STEINBERGER: Rep. Nevis 10 
Columbia Univ. New York. 
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the influence of working temperature #, final pressure p, recycling time T 


| and expansion ratio 6 = AV/V, where V is the volume of the pentane, on 


the sensitive time t during which the chamber reveals the traks of the part- 


|: icles which pass through it, on the number n of bubbles produced per em 


and on the diameter a reached by the bubbles when they are photographed. 

The number n itself is not given: reference is made instead to a similar 
parameter, the apparent bubble density N, which has been directly measured 
and faithfully reflects the behaviour of n. 


2. — Description of the Apparatus. 


21. The clean chamber (7) (Fig. 1) is a glass bottle 1 of square cross 
section having dimensions of 50 X 50x 150 mm?, with two faces optically worked 
and a domed base. It should be capable of withstanding internal pressures of 
the order of 30 to 40 atm, but for greater 
security it has been mounted inside a pressure 
tank having two glass windows 2 and filled 
with water at 12 atm, equal to half the max- 
imum pressure which has been applied to the 
pentane. The pressure on the water is obtained 
by a piston loaded with a suitable weight. 

The lower end of the tank is provided 
with a connector 3 for coupling directly to 
the terminal flange of the compression system. 
The bottle is mounted neck downwards and 
the rim is held tightly onto a corresponding 
profile on the inner surface of the connector 
by a force of about 60 kg. This is effected by 
a lever which transmits its thrust to the base 
of the bottle via a small plunger 4 mounted 
in the roof of the tank. A small teflon washer 
5 prevents direct contact between the glass 
rim and the metal, but the seal is made by 
means of an O-ring 6. Mounted in this way 
the bottle is not rigidly held by metallic sup- 
ports and is therefore free from thermal stresses. 
The choice of water for the liquid to fill the Fig. 1. - The clean chamber in 
space between the bottle and the tank presents its pressure tank. 
several advantages over the use of other li- 
quids: for example being insoluble in pentane it would not interfere with the 
functioning of the chamber if a small quantity happened to penetrate inside, 
further its high specific heat makes it particularly suitable for thermal stabili- 
zation. For this purpose the water is heated by a nichrome resistance 7 insulated 
with fiber-glass and situated in a groove, machined in the outer surface of the 
tank. The change in volume of the water with temperature is transmitted via 
the movements of its compression piston to a relay system which controls the 
current in the resistance. 


(7) P. Bassı, P. Mirrner and I. Scoroni: Nuovo Cimento, 2, 1334 (1955). 


32 - Il Nuovo Cimento. 
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The temperature gradient between the sensitive zone and the moving 
diaphragm is formed in the neck of the bottle by means of the water cooler 8. 
We measure directly, using a mercury thermometer, the temperature of the 
metal body of the tank: however it has been noted that this coincides to within 
1 °C with that of the pentane as deduced from the measured pressure of the 
saturated vapour. 

Operating conditions are reached after a heating time of six hours. 


2-2. The dirty chamber (Fig. 2) consists of a brass cylinder 1 which is 70 mm 
in diameter and 40 mm deep, fitted with two plane glass windows 2; the seals 
are made with teflon gaskets. The connection to the terminal flange of the 
compression system is obtained through a tube 3 of 20 mm internal diameter 
by 170mm length, machined from the same brass 
block as the chamber, and along which the tempera- 
ture gradient is formed. 

There are three heaters: two of them 4, consisting 
of nichrome wire insulated with fiberglass, are wound 
directly onto the chamber in grooves, machined in 
the outer surface of the body. The third is about half 
way up the vertical connecting tube and, together 
with a water cooler 5 situated lower down, defines the 
zone of the temperature gradient. An electric contact 
thermometer measures the temperature of the main 
body and maintains it stable to within a few tenths 


of a degree; a thermocouple located between the ther- 
mometer and the lower heater ehecks the stability 
of the temperature in the useful zone. 
Operating conditions are reached after a heating 
time of one hour. 
Fig. 2. — The dirty 


chamber. ; : 
2:3. The compression system (Fig.3) has been used 


with both chambers since they are interchangeable. 
It consists, essentially, Of a hydraulic lever. The metallic dise 1 of 300 mm 
diameter is free to move between two volumes, one external (a) and one inter- 
nal (b). The seal between (a) and (b) is made by means of a rubber mem- 
brane, whose periphery is clamped between the metal pieces 2 and 3, while 
its central part is fixed to the external face of the disc. 

Volume (a) is in communication with the atmosphere through holes in the 
metal piece 2, while, by means of a valve 4 a reduction of pressure may be 
produced in volume (b): this valve consists of a three-way distributor in which 
moves a piston operated by a motor. Solid with the dise 1, through a threaded 
rod 5 screwed into it, is the piston 6 which moves in a cylinder 7 of 50 mm 
diameter. The front surface of the piston faces volume (¢) filed with light 
mineral oil. When a partial vacuum is produced in (b), a pressure which can 
reach 35 atm is applied to this liquid. 

The relative positions of the disc and the piston can be changed by turning 
the threaded rod. Thus one can adjust both the stroke and the position of 
the piston to suit the quantity of liquid in (¢) and in the chamber: the stroke 
may also be adjusted by means of the screwed collar 8. 

It is possible to fix the final pressure by means of the synthetic rubber 
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diaphragm 9, separating volume (e) from volume (d) which is filled with nitrogen. 
As long as the pressure in (c) is greater than that in (d) the diaphragm rests 
against the perforated plate 10. The pressure in (c) is transmitted directly 
to the pentane via the teflon membrane 11 which is free to move between 
two perforated metal plates. Filling of the chambers is effected through holes 
in the terminal flange 12 of the compression system. 


@) ey 


' ’ ' : ' 
' ‘ ‘ 


\_ NITROGEN 


Fig. 3. — The compression system. 


A small piston, held in an equilibrium position by a spring, acts on a 
contact which is closed only during the interval of time in which the pressure 
in (c) is less than a value determined by the tension of the spring. It is pos- 
sible to measure the pressure in (¢), which is also that in the chamber, by means 
of a manometer. The recycling is regulated by an arrangement based on time 
controlled relays. 

Photographs are taken with a stereoscopic angle of 35° at a distance of 
50 cm from the center of the chamber: the magnification is 0.2. During the 
decompression the shutters of the cameras remain open and a microsecond 
flash may be triggered while the contact mentioned is closed. 


8. — Results. 


31. — Since the compression system does not allow the beginning of the 
cycle, and therefore the beginning of the sensitive time t to be determined 
with precision, the sensitivity of the chamber has been explored at random 
in an interval following the decompression which certainly includes 7. We 
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have used 1 ms pulses of y-rays from RaD injected with a repetition time 7’ 
of 40 ms. The delay between the pulse and the flash is t = 1 ms. 

The mean number of Compton electrons produced by a pulse is about 20 
in the clean chamber and 10 in the dirty chamber (Plate I). It may be held 
that the ratio t/r’ is equal to the ratio of the number of photographs with 
pulses to the total number: the pictures were considered as recording a pulse 
if they showed at least five tracks. The values of t so obtained lie bet- 
ween 10 and 30 ms. 

The counting of the bubbles and the measurement of their diameter a has 
been carried out by direct observation of the photographs of one camera pro- 
jected at a suitable magnification onto a screen. Suppose that the magnification 
is full scale (though this need not be so). To be sure of always having minimum 
ionization, tracks were selected which had lengths of at least 1 cm, and the 
counting was confined to portions of 0.5 cm starting from the origin. Twice 
this number is what we call the bubble density N. It should be noted that 

-- values for N obtained under 

ag ] different conditions may be 

F usefully compared as N differs 

from the real mean value » 

| of the number of bubbles per 

| em by a factor which is prac- 

tically constant for the various 
7 ; Gases. 


3:2. - We have found that 
in our clean chamber the end 
of t is determined by boiling 
from the walls with a fre- 
queney which increases with 
temperature, and actually that 
by expanding the chamber at 
153.5 °C withcut y-rays, boiling 
always starts from the walls. 
This does not invalidate the 
FINAL PRESSURE p= 1atm. distinction between clean and 
dirty chambers, since on com- 
parison considerable differen- 
ces have been noted particu- 
WORKING TEMPERATURE Bin“ larly in the value of t: the 
(Je = are dre ı 0 difference is however not as 
oak 2 + aes pe complete as had been thought. 
Fig. 4. — The bubble density and the diameter of In Fig. 4 N and a are 
the bubbles in the clean chamber as a function of plotted against temperature 
the working temperature, fora final pressureof latm. #9 for final pressure p=1 atm. 

The first of these curves shows 
that there is an interval of 9 of a few degrees in which N is practically 
constant. The second curve shows that a decreases with increasing Ÿ. 

In Fig. 5 N and a are given as functions of p for 9 = 153.5 °C, the value 
selected as being in the middle of the range where N is relatively independent 
of 9. It is to be observed that N is almost constant for the interval of p from 


40) 


Zi 
DIAMETER OF BUBBLES a IN cm 


BUBBLE DENSITY N /cm 
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Plate. I. — Compton electrons produced by y-rays from RaD in the dirty chamber, 
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1 to 9 atm, i.e. the same value of N extends practically to that value of p beyond 
which tracks cannot be formed. The interval is quite considerable: at 153.5 °C 
the vapour pressure of pentane 
is 17 atm. It should be noted 
that the same number of bub- 
bles per cm are formed al- 
though the energy w, for p=9 
atm is four times that for 
1 atm. 

With p increasing above 20 
9 atm, N decreases very rapid- 
ly: this explains the oceur- 
rence of tracks having abnor- 
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growth of a spherical homo- 10 
geneous vapour bubble in a 
liquid at constant temperature 
and pressure. Compressibility 
and viscosity of the liquid are 
ignored: cooling due to eva- 
poration is instead taken into 
account. To a first approxim- 
ation 


DIAMETER OF BUBBLES a IN cm 


mally low density if the part- Ss ‘NG 
icles cross the chamber while = \ 
the pressure is still too high. È \ 
PLESSET and Zwick (5) ha- 2 5 | 
ve calculated the rate of & RS \ 
ip Ont 
a 
a 
a 


WORKING \ TEMPERATURE 
6 \=153.5°C 
i] 


dr 8\? FINAL PRESSURE p IN atm. 
= (2) @— 8’). 
dt TT Fig. 5. — The bubble density and the diameter of 
| K | (=) 1 the bubbles in the clean chamber as a function of 
AS Mie) en the final pressure, for a working temperature of 
co} y - : ! 
AN 153.5 °C. 


where 3 is the temperature 
of the liquid, # is that at which the pressure of the saturated vapour is equal 
to the hydrostatic pressure, Æ is the thermal conductivity, D the ditfusivity, 
c the latent heat of evaporation and o the vapour density. 

From this expression one sees that: 


1) for equal working conditions a should be proportional to 4/# and to K; 
2) for constant 9’, a should be proportional to ÿ — ÿ'; 
3) for constant 9, a should decrease with increasing 0’. 


Previous experimental results (%°) agree with conclusion 1). Our mea- 
surements seem instead to indicate that a decreases with increasing Ÿ for con- 
stant 9’ and practically does not vary with varying # for constant 0. The 


(8) M. S. Presser and $. A. Zwick: Journ. Appl. Phys., 25, 493 (1954). 
(2) H. C. Drrrcer, and T. F. GERECKE: M. S. Thesis, Univ. California, Berkeley. 
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disagreement might be explained by considering that the decrease of pressure 
is slowed down by the growth of the bubbles. 
In Fig. 6 r is given in terms of # for p =1,7,9 and 11 atm: measure- 
ments have been made at inter- 
ER Be vals of 3 °C and errors in T are 
less than 10%. It appears that 
al with a suitable choice of tem- 
perature, the sensitive time will 
increase with an increase of the 
final pressure of the cycle: for 
example, passing from 1 to 9 
atm atatemperature of 153.5°C, 
tz increases from 24 to 34 ms. 
This may be explained by the 
observation already made that 
the superheating of the chamber 
almost always ends with boiling 
from the walls. The increase 
of the final pressure probably 
lowers the growth of the bub- 
bles with a consequent increase 
of the sensitive time. From 
Fig. 6 one sees also that the 
foam limit, i.e. the temperature 
above which the liquid cannot 
be rendered sensitive to radiat- 
ion, is independent of the final 
pressure. 


0 
145° 150° 155° 9 160° 165° 
WORKING TEMPERATURE @ IN°C 1 
33. — A dirty chamber can 


differ to varying degrees from 
a «clean» chamber in its be- 
haviour. A criterion could be 
the maximum temperature at 
which a surface succeeds in maintaining the superheating for a time equi- 
valent to that of a glass surface free from irregularities. We have found that 
in pentane, with p = 1 atm, instead of a temperature of 150 °C for glass, one 
obtains — 50 °C for rubber and teflon gaskets and ~ 100 °C for araldite seals. 
On the other hand it has been possible to obtain metal surfaces which are as 
«clean» as glass (1). 

In Fig. 7 N and a are given as functions of Ÿ for p — 1 atm. 9 has been 
measured with a mercury thermometer in the metal body of the chamber. 
This might introduce an error of the order of 1 °C in the temperature of the 
liquid. 

With the dirty chamber there is also an interval of a few degrees over which 
N is practically constant. The value of 21 for N is slightly higher than the 
corresponding value of 18 obtained for a clean chamber: perhaps this may 


Fig. 6. — The sensitive time of the clean chamber 
as a function of the working temperature for 
various final pressures. 


(9) M. Annis, P. Bassi, P. Mirrner and I. Scoronr: Univ. College Conf. London 
(1955). 
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be explained by the fact that 
in the clean chamber the bub- 
bles were much larger and over- 
lapping could more easily occur. 

In Fig. 8 N and «a are given 


as a function of p for 0= „ Sais 
=155 °C: the results are similar € Hf = 
to those obtained with the clean = / x 
chamber. . / = 
All the above measurements > / a 
have been made with a recycl- = 1% à 
ing time T=1 min and an ex- = H S 
pansion ratio 6=1.107. Table I re ¢ & 
shows some data concerning = S 
the dependence of z on p, | à = Jo: 
T and 6, taken at d = 155 °C. 2 
In addition to the informa- 


: FINAL PRESSURE p=tatm. 
tion presented in Table I a), we 


observed that the dependance 
of t on p decreases with in- 
creasing T and disappears for 
T greater than 4 min. 

This leads one to think that 
this dependence would be more 
marked in the case of rapid 
recycling. We think that in ge- 
neral the dependence of t on p 
is due to the influence of the 
growth of those bubbles which 
originate at the walls. 

The dependence of t on T 
indicated by Table Ib) can be 
justified by considering that 
with an increase of T the liquid 
infiltrates deeper into the inter- 
stices of the gaskets, thus lead- 


0 
145° 150° 155° 160° 165° 
WORKING TEMPERATURE @ IN °C 


\ 

\ 

\ 6 =155°C 

Fig. 7. - The bubble density and ! 

the diameter of the bubbles in the 

dirty chamber as a function of the 

working temperature, for a final 
pressure of 1 atm. 


E 
uu 
se 
Le] 
4 
ty 
— 
a 
a 
S 
a 
re 
S 
x 
fen 
~ 
Ww 
= 
I 
Ss 


Fig. 8.— The bubble density and 
the diameter of the bubbles in the 
dirty chamber as a function of the 
final pressure for a working tem- 
perature or 155°C. 
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Tage I. — Dependance of the sensitive time + of the dirty chamber on final pressure p, 
recycling time T and expansion ratio Ô for a working temperature of 155°C. 


= = T 


D 1 9 atm OS OK. 
a) T 12 17 ms T=] min | 
b) IN 1 2 4 min Ore OT, | 
T 12 22 29 ms p = 1 atm | 
| 
| Ô 1.065 1.089 TOR T= 2 min 
2 T ll 19 22 ms well 


ing to an apparently greater degree of cleanliness. 

The dependence of t on 6 can be understood if one considers that with 
increasing 6 more time is needed in order to produce the amount of vapour 
to recompress the liquid. We note also that N and a are necessary largely 
independent of à and T. 


We wish to thank Prof. A. ROSTAGNI for the interest he has taken in this 
work. We are indebted to Dr. M. ANNIS who was associated in the early 
stages of the experiments. We are grateful to the technicians of this laboratory, 
and particularly to Mr. B. BALLIN, Mr. E. MAccATo and Mr. G. RIZZATO for 
their invaluable help. One of us (J.A.M.) wishes to aknowledge a grant from 
the Conselho Nacional de Pesquisas (Brazil). 


RIASSUNTO 


Si descrivono due camere a bolle a n-pentano, una pulita ed una sporca. Vengono 
quindi esposti i risultati di una ricerca sull’influenza che le condizioni di lavoro hanno 
sul tempo sensibile, sul numero di bolle per em di traccia e sulla loro grandezza. 
Il numero di bolle per em e la loro grandezza sono praticamente costanti in un ampio 
intervallo della pressione finale; il «foam limit» non dipende dalla pressione finale. 
Si puö allungare il tempo sensibile aumentando la pressione finale e vi & un intervallo 


di qualche grado nella temperatura in cui il numero di bolle per em è praticamente 
costante. 


| 


LETTERE ALLA REDAZIONE 


(La responsabilita scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


On Certain Hydrodynamical Considerations of an Imperfect Fluid 
in a General Relativistic Field. 


S. BHATTACHARYA 


Calcutta 


(ricevuto il 7 Aprile 1956) 


In this short note let me introduce an outline of hydrodynamical considerations 
of imperfect fluid. If allowed I may remark that the perfect fluid which pervades 
the static universe becomes imperfect wherever condensations appear. Professor 
McVirre (!) has shown that universe begins to expand when # condensations appear 
in different distant regions of the static universe. So it will be of interest to con- 
sider the field equations of condensations from this new standpoint and correlate 
these equations to those of the rest of the universe. 

Stress-energy-momentum-tensor (?) of the fluid here is 


1) TP = — pg!” — Zug + ul Ry + gf H's) + (o..+ p-+ 31%, ,) (dr /ds)(da’/ds), 
where uw = coefficient of viscosity, A = dr'/ds and «s» is proper time. For ‘the 


meaning of other things ToLman’s book may be consulted. 
From 1% = 0 the analogues of classical equations can be written as 


1 À ; , OW 6] ; 

T°, = 0 = op./ox + (0. + p. + £10. 4) = Fu, +9, nn) — UN Un ee 
OT 

(2) 


Ay AS ; 00.. ou, dv, Ow, 
Diy = (+ Be + EMA (Um +0, + Wy) + ta + 


0% ey 02 


where dx/ds = u, du/or = u,; Ou,/0x = u,, etc. etc., in proper coordinates. 
The equation of conservation of mass is 


(3) (9.4°) =0 ? 


() M.N.R.A.S., 91, 274 (1930-31). 
(?) Tolman’s Relativity thermodynamics Cosmology, p. 217, p. 219. 


502 S. BHATTACHARYA 
where 0, = density of proper mass; in proper coordinates (3) becomes 
(u, + v, + w,) = d log o./di. 


Circulation along a closed curve (3). — Let me define circulation around a closed 
curve moving with the fluid as 
Qs i 2; dx; 


c 


in terms of covariant component of velocity vector. 

To calculate the rate of change of circulation w.r.t. proper time around the closed 
curve ¢ moving with the fluid we take the intrinsic derivative with respect to (w.r.t.) 
proper time. 

Then 


62 0; 
(4) — | dx; | pres = 
Os À Os 
dd, bee TY dix? a ( ; dei . 
= ae je L; + O= (A; i) as Lis 


ce (a 


In proper coordinates of course A, = 1° because g;; = g'i assume the Galilean 
values. 


Here 


OA a" 
Os ig ds 


di, gelog CG, 0; , dx? 
ds 2 


m dx? 
— 5 À ME ( = 
U Da ds 0%; Ox; Ox, "ds 


: dA; gel Ogi da? 
ds 2 0%, "ds 


02;\ dx? 1} 6(g,,.A72*) on 0À;\dx? OA; i 
—— 29; pu O0 + A 55 Pas d: 51 ds : 
(=) ds | Ox, = Or; Ox; ds RCE Aa 


where 4,, (dz,/ds) = A; and À, 77= 1 in generalized co-ordinates and A,;—4,, = 0 
but in proper co-ordinates AA’ = (dx?/ds)? =1, or A*=A; =1 and (A; ;—A,;) reduce 
to (U; U5) = 0. 

Comma before an index denotes covariant differentiation w.r.t. that index. 
In the case of geodesic (A; ; — A,,) vanishes, so circulation along a geodesic is in- 
dependent of time. j f 


(because of summation convention) = 


(*) Proc. Camb. Phil. Soc., 24, 478 (1928); also Prof. H. Lamß’s Hydrodynamics has.been consulted. 
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On the Positive Excess at Low Energies and at Sea Level. 


G. Poranrt and G. SALVATORI 


Istituto di Fisica dell Universita - 


Trieste 


(ricevuto il 25 Giugno 1956) 


The positive excess of the hard com- 
ponent of the cosmic radiation at sea 
level is fairly well known for energy 
values ranging from 0.5 to 20 GeV; 
outside this energy interval the data 
are rather uncertain because of experi- 
mental difficulties or because so far the 
statistics are poor. At low energies some 
experimental evidence suggests that the 
positive excess tends to zero. This cir- 
cumstance supports the phenomenolo- 
gical theory developed by Pupri and 
DALLAPORTA (1), according to which at 
sea level the abundance of low energy 
particles locally generated, sensibly redu- 
ces the primary excess. Support to this 
point of view has been given also by Con- 
VERSI (?\ and SHAMOS and MOREWITZ (?). 

Using the method suggested by Sna- 
Mos, Levy and Lowen (#), based on the 
competition between decay processes and 
nuclear capture of mesons in samples of 
different atomic number (carbon and 
sulphur) we have reconsidered the pro- 
blem of the positive excess and carried 


QG) Progrees in Cosmic Ray Physics, ed. J. G. 
WILSON (1952) p. 317. 

(2) M. CoNVERSI: Phys. Rev., 79, 749 (1950). 

() H. A. Morewitz and M. H. SHAMOS: 
Phys. Rev., 92, 134 (1953). 

(*) M. H. SHAMOS, M. G. Levy and I. S. 
LOWEN: Phys. Rev., 74, 1237 (1948). 


out measurements at low energies. The 
experimental set-up is shown in Fig. 1. 
The trays of counters A and B consti- 
input telescope, the 


tute the trays 


Fig 1. - Experimental arrangement. 
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C and D, placed below the absorbers, 
reveal through delayed coincidences the 
electrons from meson decay, which are 
stopped into the absorber. The electronic 
circuit is supplied with a delayed coin- 
cidence AB, OD, between the trays 4B 
and OD. The width of the pulse from CD 
is 0.4 us; the delay time is fixed within 
1.7 and 10 us. With the intent to elimi- 
nate as much as possible fluctuations in 
the rise of the pulses, the experimental 
arrangement has been verified with par- 
ticular care in order to obtain a ready 
answer of the electronic circuit to counter 
pulses. The reaction circuit suggested by 
Picard and ROGOzINSKI (5) has given 
satisfactory results. 

Two series of measurements have been 
carried out using: (@) concrete absorber 
of 60 g/em? plus 45 g/cm? of lead, and 
(b) air under a thin layer of about 1 g/cm?. 
The mean momenta concerned with mea- 
surements, calculated using Gross cur- 
ves (6), taking account of the width of 
the various overlaying materials, of the 
angular aperture of the telescope and 
meson zenithal distribution, were found 
to be: 


(a) 2759 MeV/c, (b) 871%? MeV/c. 


According to these values the number of 
mesons having momentum included with- 
in the maximum value and the mean 
one is equal to the number of mesons 
having momentum between the latter 
and the minimum. 

The value of the positive excess has 
been evaluated Conversi’s rela- 
tion (?): 


using 


1 


Ree ey 
EN JN.)— 1 


(5) E. PICARD and A. ROGOZINSKI: Jour. 
Phys. et Rad., 14, 304 (1953). 

(5) D. I. X. MONTGOMERY: 
Physics (1949), p. 319. 


Cosmic Ray 


where N, and N, are the extrapolated 
values at zero time, corrected for back- 
ground, of the mesons stopped into the 
two absorbers (Carbon, 7.7 g/em?, and 
Sulphur, 7 g/em?). The factor k accounts 
for the relative efficiency of the two 
absorbers both in stopping the mesons 
and allowing the decay electronsto go out 
and become detectable. The value of 
the % factor is very critical in order to 
derive from the measurements reliable 
information on the positive excess since, 
for instance, a 10% uncertainty on k 
produces an uncertainty of about 20% 
on the positive excess, which could mask 
the decrease of the positive excess at 
low energies. Since on the other hand 
the hope to evaluate k with an uncer- 
tainty less than about 10% is rather 
optimistic because its value is influenced 
by so many physical factors, we have 
preferred to evaluate k using the Shamos 
and Morewitz data, obtained with mesons 
of momentum 300 + 70 MeV/c (R = 
= 1.06 + 0.03) which is close enough 
to the momentum determined in the 
measurement (a). In this way hk appears 
to take the reasonable value 1.075 +0.07. 
Assuming k constant in the examined 
energy interval, the positive excess in 
the series (b) of measurements is: 


R(872% MeV/c) = 1.01 + 0.07. 


This result, although considered in 
relative sense, confirms that the positive 
excess tends toward zero at very low 
energies. 


We are indebted to Prof. P. Bassı 
for helpful discussions and to Mr. F. DE- 
MANINS for aiding us in the management 
of the electronic devices. 
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LIBRI RICEVUTI E RECENSIONI 


-OSWALD BLACKWOOD, WILLIAM 
KELLY: General Physics, John 
Wiley & Sons, Inc., New York. 


I libri di testo di fisica per gli stu- 
denti che frequentano le classi di prepa- 
razione ai corsi universitari, sono- certa- 
mente quelli di più difficile compilazione ; 
la ragione di cid sta nel fatto che essendo 
cotesti libri, rivolti a giovani che molto 
spesso non hanno in modo preciso nè spic- 
cata tendenza per un particolare ordine 
di studi, neraggiunta una sufficiente matu- 
rita generale, specie nelle matematiche, 
finiscono molto spesso 0 col dire troppo 
poco o col dare alla trattazione una 
impostazione cosi esageratamente specu- 
lativa che lo studente difficilmente 
riesce a penetrare nel vivo dei fenomeni 
fisici e dei metodi guidano allo 
studio di essi. 

O. BLakwoop e W. Kerry, autori 
del testo General Physics di cui recen- 
temente è comparsa la seconda edizione 
per i tipi di John Wiley, New York, si 
sforzano, ed in parte riescono, a dare al 
loro libro una impostaziene spiccata- 
mente pratica, nel senso di attingere 
dalla esperienza quotidiana elementi per 
introdurre lo studente allo studio della 
fisica; il testo per cid è ricco di disegni, 
erafici e diagrammi che servono bene 
alla comprensione dei diversi argomenti. 

Ai capitoli tradizionali della fisiea 
classica, meccanica, fisica molecolare e 
calore, vibrazioni e suono, elettricita e 
magnetismo, ottica, & stato aggiunto un 
ultimo eapitolo sulla « nuova fisica »: in 
esso vengono dati cenni sulla radioatti- 
vita e sono introdotte alcune semplici 
nozioni fondamentali di fisica del nucleo, 


che 


con un cenno sui raggi cosmici e sullo 
sfruttamento della energia nucleare. 

Completa la parte espositiva una 
ricca raccolta di problemi, tratti quasi 
tutti dalla comune esperienza fisica. 
Un’appendice fornisce la soluzione dei 
problemi proposti. Inoltre un largo que- 
stionario invita lo studente a formulare 
le risposte a quesiti che hanno carattere 
qualitativo ed intuitivo. Ogni capitolo si 
chiude con un breve sommario. 

L’aspetto tecnico della impostazione 
del libro & forse in aleune parti un po’ 
troppo spinto; cosi nel capitolo sulla 
elettronica si corre il rischio che lo stu- 
dente davanti ad uno schema di un cir- 
cuito ricevente o trasmittente non com- 
prenda gran che. 

L’impiego dello strumento matema- 
tico viene fatto con molta moderazione, 
esso è limitato alle forme più semplici ed 
è veramente « chiarificatore e generaliz- 
concetti della fisica intesa 
come scienza vitale ». 

Concludendo il libro che presentiamo 


zatore dei 


è un buon testo scolastico da preferire 
indubbiamente a tanti altri d’intonazione 
meno tecnica e più diremo « filosofica ». 
Ottime la stampa e tutta la veste 

tipografica. 
M. SANTANGELO 


EVANGELISTA TORRICELLI — De Infi- 
nitis Spiralibus, a cura di Ettore 
Carruccio, 1 vol. in-8° di pp. 76. 
Domus Galilaeana, Pisa, 1955. 
Sodas 


L’ordine in cui il prof. CARRUCCIO ha 
presentato, corredandola di una fedele 
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traduzione italiana e di utili note, questa 
famosa memoria del TORRICELLI, & di- 
verso da quello in cui essa @ apparsa 
nel 1919 nell’edizione faentina delle sue 
Opere (vol. I, parte II). E stato tenuto 
conto infatti delle osservazioni critiche di 


Errore BORTOLOTTI, ed & stato effet- 
tuato inoltre un nuovo controllo sulle 


pagine del manoscritto torricelliano nella 
raccolta « Discepoli di Galileo » della Bi- 
blioteca Nazionale di Firenze. 

Della spirale logaritmica, definita dal 
TORRICELLI nel 1645, viene presentato in 
questo seritto un metodo di rettifica- 
zione, che costituisce il primo esempio 
storico di rettificazione mediante riga e 
compasso di un arco di curva. L’intro- 
duzione all’attuale edizione fornisce inte- 
ressanti notizie sul classico problema, che 
DESCARTES ritenuto insolubile 
« par les hommes », e sugli ulteriori risul- 
tati ottenuti dal TORRICELLI intorno alla 
spirale che egli chiamava « geometrica », 
contrapponendola a quella « aritmetica » 
di ARCHIMEDE. 


aveva 


V. SOMENZI 


O. F. Mossorrr — Seritti. Vol. IT, 
t. II (Nuova teoria degli Stru- 
menti ottici), 1 vol. in-8° di pa- 
gine 16+306. Domus Galilaeana, 
Pisa, 1955, L. 4000. 


La raccolta degli scritti principali del 
Mossortt, iniziata nel 1942 da L. GABBA 
e G. POLVANI, € giunta a completamento 
con questo secondo tomo del secondo 
volume, curato da GIOVANNI POLVANI. 
(Il primo tomo, apparso nel 1951, con- 
teneva Scritti di Fisica, Meteorologia e 
vari, mentre il primo volume era dedi- 
cato agli Seritti di Astronomia, Geodesia 
e Matematica). 

Il titolo Nuova teoria degli Stromenti 
Ottiei copra i quindici capitoli e la Nota 
pubblieati tra il 1858 e il 1861 dal Mos- 
sorri negli Annali di Matematica pura 
ed applicata, oltre che nelle suddette ri- 


E RECENSIONI 


viste, e le Tavole del dott. ANGELO Forti 
apparse sul Nuovo Cimento del 1859. 
Queste Tavole erano state elaborate « per 
dedurre con semplici interpolazioni i 
raggi di curvatura di un obbiettivo apla- 
natico composto di tre lenti a contatto » 
in casi più particolari di quello trattato 
nel Capitolo III della Parte IV ed ultima 
della Nuova Teoria; il Mossorri stesso 
fu indotto dalla loro utilita ad integrare 
tale capitolo con la Nota del 1860 ed a 
considerarle poi come un complemento 
essenziale della sua opera. 

La presente edizione, molto accurata, 
reca anche le varianti, in genere di im- 
portanza trascurabile, fra luna e l’altra 
delle diverse pubblicazioni subite dai 
medesimi seritti. 

V. SOMENZI 


G. PerrAU — La théorie des fonctions 
de Bessel exposée en vue de ses 
applications à la Physique Mathé- 
matique. Centre National de la 
Recherche Scientifique, Paris, 
1955, p. 477. 


Questo volume contiene una ricea e 
pregevole raccolta di nozioni e di for- 
mule sulle funzioni di Bessel e sulle fun- 
zioni ad esse collegate. Tale raccolta, che 
tiene conto anche di recenti risultati, € 
orientata soprattutto verso le applica- 
zioni fisiche, delle quali sono forniti nu- 
merosi ed interessanti esempi. 

L’opera & divisa in 24 capitoli, ai 
quali fanno seguito aleune tabelle nume- 
riche e tavole grafiche. I primi 16 capi- 
toli sono dedicati alla teoria e gli ultimi 8 
alle applicazioni. 

Poiché & assai difficile riassumere la 
vastissima materia contenuta nei 16 ca- 
pitoli di carattere teorico, ci limiteremo 
a dire che, ad un primo gruppo di 4 capi- 
toli, ove sono definite le funzioni di Bessel 
di 12, 22 e 32 specie (funzioni di Hankel) 
e ne sono studiate le rappresentazioni 
integrali, fanno seguito altri 4 capitoli 
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dedicati agli sviluppi asintotici, ai teo- 
remi di addizione e di moltiplicazione, 
agli zeri delle funzioni di Bessel ed al 
calcolo di integrali in cui figurano tali 
funzioni. Seguono 6 capitoli nei quali 
sono studiati vari tipi di funzioni colle- 
gate à quelle di Bessel (funzioni di Lom- 
mel, di Anger, di Weber, di Struve, di 
Kelvin, di Bessel integrali, ecc.), nonchè 
eli sviluppi in serie procedenti secondo 
tali funzioni (serie di Neumann, di 
Fourier-Bessel, di Kapteyn, di Schlo- 
milch, ecc.). In due successivi capitoli si 
parla dei rapporti fra le funzioni di Bessel 
ed i più comuni sistemi di polinomi orto- 
(di Legendre, di Laguerre, di 
Tchebyscheff) e dei vari tipi di equazioni 
differenziali i cui integrali sono esprimi- 
bili con funzioni di Bessel. 

Segnono, come si è gia detto, le ap- 
plicazioni che danno spesso lo spunto ad 
interessanti complementi. Sono studiati 
il problema di Keplero sulle orbite ellit- 
tiche (con un cenno sulle funzioni di 
Bessel di pitt variabili), il problema di 
Bernouilli sulle piccole oscillazioni di una 
catena pesante, il problema dei cammini 
a caso. 

Successivamente si passa a trattare 
questioni sulla propagazione del calore, 
sulle vibrazioni delle membrane e delle 
piastre circolari, sulla diffrazione della 
luce, sulla propagazione dell’elettricita e 
delle onde elettromagnetiche. 

Infine ultimo capitolo & dedicato ad 
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aleuni problemi di meccanica ondulatoria. 

In complesso si tratta di un buon libro 
che pud essere veramente utile ai cultori 
di matematica sia pura che applicata. 

La consultazione & abbastanza facile 
perché ogni capitolo & diviso in numerosi 
paragrafi con titolo; cid supplisce, al- 
meno in parte, alla mancanza di un 
indice analitico. 


ALDO GHIZZETTI 


L. HEFFTER — Begründung der Funk- 
tionentheorie auf alten und neuen 
Wegen. Springer-Verlag, Berlin- 
Göttingen-Heidelberg, 1955, p. 63- 


Si tratta di un opuscolo di carattere 
prevalentemente storico sui concetti e 
sui teoremi che dominano la teoria delle 
funzioni analitiche di una variahile com- 
plessa. 

Dopo un’introduzione di carattere 
elementare, si espone l’evolversi del con- 
cetto di funzione analitica e delle ipotesi 
poste a base dei fondamentali teoremi 
di Cauchy e di Morera. Si espongono fra 
l’'altro i contributi di Goursar e di 
Loomax-MENCHOFF, quelli dovuti al- 
l’Autore e si fanno istruttivi confronti 
fra le varie possibili trattazioni. 
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